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ABSTRACT     7 

 8 

   The class of Inverse Gaussian distributions is q uite  9 

   commonly used as a life-time model in reliabilit y studies. 10 

   The books by Chhikara and Folks [1] and Seshadri [2] 11 

   present extensive discussions on classical infer ence   12 

   for the parameters of Inverse Gaussian distribut ion. 13 

   However, in this paper, we switch our attention to find its  14 

   geodesic equation. We applied two different algo rithms to  15 

   solve some partial differential equations, where  these  16 

   equations originated from the Inverse Gaussian 17 

   distribution. As expected , the two algorithms y ield the 18 

    same result. 19 
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INTRODUCTION 29 

 30 

The inverse Gaussian distribution is particularly i mportant  31 

to probabilists and physicists due to its relation to 32 
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Brownian motion. Balakrishnan N. and Chen W.W.S.{3]  have 33 

completed the tremendous task of computing the mean s, variances 34 

and covariances of order statistics for all sample sizes up to 35 

twenty five and for many choices of the shape param eter. The 36 

major reason for taking up this study is to make us e of the  37 

tabulated values of means, variances and covariance s of order 38 

statistics in order to derive the best linear unbia sed estimators  39 

of the location and scale parameters based on compl ete as well 40 

as Type-II censored samples. Aside from the theoret ical issues, 41 

the distribution has much to offer to the practicin g statistician 42 

in many important areas of application. For example , the 43 

pioneering work of Tweedie[4] used the inverse Gaus sian in a 44 

clinical trial study of the effect of a drug on the  first passage 45 

time taken for a jejunal biopsy capsule, on leaving  the stomach, 46 

to travel from the pylorus through the duodenum and  into the  47 

jejunum. Working in collaboration with statistician s in the  48 

Clinical Cancer Research Institute in Liverpool, Tw eedie studied 49 

the distribution of survival times in a series of p atients 50 

who had been treated for cancer, and fitted the inv erse Gaussian 51 

with considerable success. He also found that the a ntilognormal 52 

and Weibull were poor fits. In this paper, instead of studying 53 

all previously stated topics of interest, we switch  to a new 54 

direction, by finding the geodesic equation of an i nverse 55 

Gaussian distribution. We used two different algori thms to 56 

approach this purpose, and found that both algorith ms reach the 57 

same result. In section 2, we list the fundamental tensor we need 58 

for later use. In section 3, we present two algorit hms to show 59 

the process of deriving the required geodesic equat ion. In 60 

section 4, we repeat some more detail procedures on  how the 61 

fundamental tensor has been derived. Six Christoffe l symbols 62 

have been collected in the appendix. There are many  related books 63 
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published in this area of study, including Kass R.E . and Vos 64 

P.W.[5]and Amari S-I[6].  65 

    66 

2. LIST THE FUNDAMENTAL TENSOR 67 

The standard or canonical form of the two-parameter  Inverse 68 

Gaussian distribution has the probability density f unction 69 

given by,  70 
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It is known that, in this form of the distribution,  u  is the 72 

mean and 
v

u3

 is the variance, Furthermore, 
v

u
 is the square  73 

of the coefficient of variation. From the equation above, we 74 

derive the metric tensor components for this distri bution as 75 

follows, 76 
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 Using the results above, we can easily derive the required basic  78 

 tensor metric and Christoffel symbols as follows: 79 
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 82 

 83 

   84 

  3. The Geodesic Equation 85 

 86 

One method to find the geodesic equation of the Inv erse Gaussian 87 

distribution is by solving a triply of partial diff erential 88 

equations given in the appendix. (see Struik, D.J. or Grey, A 89 

[7][8]) We seek its solution as below. To avoid con fusion, we 90 

will only index those formulas that we will use lat er, and we 91 

will ignore the others:  92 
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And the first fundamental form of distance function  is given by 94 
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 It needs only two out of the three equations above  to find the    96 

 geodesic equation. We will choose equations (1) an d (3). To    97 

 simplify the notation, we let 98 
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 Dividing the equation (4) by p, and integrating on  both sides with  100 

 respect to p, we get 101 
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 Where we choose C=ln A 103 
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 Square both side, we get 105 
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From equation (3), we see that the first fundamenta l form of Inverse 107 

Gaussian Model is given by: 108 
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Put (5) and (6) together we get 111 
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By taking the square root of equation (7) 113 
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Integrating both sides, we get 116 
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Where A, B are arbitrary constants. 118 

Alternatively, we can find the geodesic equation of  the Inverse 119 

Gaussian distribution by solving one partial differ ential equation. 120 

This idea originated from French mathematician Darb oux’s theory. A 121 

detailed proof has been given in Chen[9][10]. From section 2, we know 122 

that the coefficient of the first fundamental form of  1=∇Ζ is given 123 

by,   
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To solve the partial differential equation above, w e may use the 125 

separable variable method as follows:  126 

      By multiple above equation vu2 3
, we derived 127 

       

 , A)zv21(vzu  or

1z
v

u
z2v 

22
v

22
u

3

2
u

3
2
v

2

=−=

=+
 128 

        Break this into two parts, we get 129 
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   The general solution of the geodesic equation co mbined (8)  133 

   and (9), hence we get  134 
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   Applying the Darboux Theory, we finally find that t he geodesic 136 

   equation of Inverse Gaussian Distribution is giv en by 137 

            B
Avv

Adv

2

1

u

2
or       B

A

z
22/3

=∫
−

±±=
∂
∂

 138 

   Where A and B are arbitrary constants. This result is the same 139 

  as the previous one. 140 

 141 

 142 

4. Deriving The Basic Tensor 143 

 The probability density function of two parameters  of the  144 

 Inverse Gaussian distribution is given by 145 
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From the equation above, we derive the metric tenso r components 147 

for the distribution as follows, 148 
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For the next step, we need to find the expectation of these second 151 

order partial derivatives. The answer is almost str aightforward, 152 

and we just list them below: 153 
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 156 

5.  appendix  157 

 158 

We list the six well known Christoffel Symbols as f ollows. For 159 

a detailed derivation, see Struik[4] or Grey[5]. 160 
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 In general, the solution of the geodesic equation depends upon   162 

 a pair of partial differential equations as seen b elow:  163 
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