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Abstract 10 
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In the present paper, we consider relationships between the basic solution concepts of set-12 
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1. Introduction 25 
 26 
Set-valued optimization appears naturally in many branches of science, such as game 27 
theory, economics, finance, physics, control theory, biomathematics and so on. The aim of 28 
this paper is to show some relationships between the basic solution concepts of set-valued 29 
optimization, the properties of continuous multifunctions with compact and convex values 30 
and the existence of efficient continuous selections in finite dimensional Euclidean spaces. 31 
 32 
In present paper, we will consider an application of the Maximum Theorem and the Distance 33 

method in set-valued optimization problem. So, let ⋅  be the Euclidean norm on nR , 34 

yxyxd −=),(  for nRyx ∈,  be the Euclidean distance and τ  be the topology induced by 35 

d . It is known that the Euclidean norm is strictly convex. 36 
 37 
We will focus our attention on set-valued optimization. The general form of this optimization 38 

problem is to find a variable mRXx ⊂∈ , 1≥m , so as to maximize ( )xF  subject to Xx ∈ , 39 

where  the  feasible  domain  X  is  nonempty and  nRXF ⇒: , 2≥n , is a given 40 
multifunction [1]. 41 
 42 
It is known that the image of each point by a multifunction is nonempty and if the 43 
multifunction F  is function with vector values, then the above problem reduces to a multi-44 
criteria, multi-objective or vector optimization problem. Additionally, if 1=n , then F  is a real 45 
function and we are in the framework of classical optimization. 46 
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 47 

Definition 1. Let nRM ⊂  be a nonempty set. A point Mx ∈  is called an efficient point of M  48 

if and only if )}({}{ nRxMx ++= I . The set of the all efficient points of M  is denoted by 49 

( )MEff  and it is called an efficient set. 50 

 51 
Remark 1. It is well-known that if M  is nonempty compact and Mx ∈ , then ( )MEff  is 52 

nonempty, ( ) MMEff ∂⊂  and there exists a point ( )MEffy ∈  such that )}({ nRxy ++∈ , see 53 

also [2] for more details. 54 
 55 

Recall that n
n Rzzzz ∈),...,,( 21  is an ideal point for compact set M  if and only if 56 

}),...,,(|max{ Mxxxxxz nii ∈= 21  for every },...,,{ ni 21∈ . It is easy to show that there are two 57 

cases: Mz ∂∈  or Mz ∉ . 58 
 59 

The multifunction nRXF ⇒:  is usually identified with its graph 60 
)}(|)(),{()( xFyXFXyxFGraph ∈×∈= . 61 

 62 
For our set-valued optimization problem we study the following solution concepts. 63 
 64 
Definition 2. (a) A pair )(),( FGraphyx ∈  is called an efficient solution if and only if Xx ∈  65 

and ))(( xFEffy ∈ . The set of the all efficient solutions of )(FGraph  is denoted by ),( FXEff  66 

and it is called an efficient-graph set. 67 
(b) A pair )(),( FGraphyx ∈  is called a Pareto-optimal solution if and only if Xx ∈ , )(xFy ∈  68 

and ))(( XFEffy ∈ . The set of the all Pareto-optimal solutions of )(FGraph  is denoted by 69 

( )FXPO ,  and it is called a Pareto-optimal set. 70 

 71 
From above definition it follows that ( ) ),(, FXEffFXPO ⊂ . 72 

 73 
Remark 2. In our set-valued optimization problem it can be shown that if the feasible domain 74 
X  is compact and F  is upper semi-continuous with compact and convex values, then )(XF  75 

is compact [3 – Proposition 9.7]. As a result there exists a point )(XFy ∈  such that 76 

( ))(XFEffy ∈ , i.e. there exists a point Xx ∈  such that )(xFy ∈  and ),(),( FXPOyx ∈ , see 77 

also [1] and [2]. Usually, a Pareto-optimal solution is not necessarily uniquely determined, but 78 
there are several Pareto-optimal solutions [4]. 79 
 80 

Remark 3. Consider a multifunction nRXF ⇒: . 81 
(1) By a continuous selection f  for F , we mean a continuous function )(: XFXf →  such 82 

that )()( xFxf ∈  for all Xx ∈  [5]. 83 

(2) Let F  have compact values. By an efficient selection f  for F , we mean a function 84 
)(: XFXf →  such that ))(()( xFEffxf ∈  for all Xx ∈ . 85 

 86 
In this paper, we study our set-valued optimization problem where the multifunction F  is 87 
continuous on X  and it has compact and convex values. In this case we get that ),( FXEff  88 

is nonempty and if X  is compact, then ( )FXPO ,  is also nonempty. We prove the existence 89 

of two different efficient continuous selections which correspond to the two set-valued 90 
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optimization solutions, respectively. Here we use the Maximum Theorem and the Distance 91 
method in set-valued optimization. 92 
 93 
 94 
2. Main result 95 
 96 
In this section, we start our analysis with the first basic theorem. 97 
 98 
Theorem 1. 99 

Let mRX ⊂  and nRXF ⇒:  be a continuous multifunction with compact and convex 100 
values. The following statements are true: 101 
(a) There exists an efficient continuous selection )(: XFXf →  for F  such that 102 

),())(,( FXEffxfx ∈  for all Xx ∈ . 103 

(b) If mRX ⊂  is compact, then there exist an efficient continuous selection )(: XFXf →  for 104 

F  and a point Xx ∈  such that ( )FXPOxfx ,))(,( ∈ . 105 

 106 
Remark 4. We often use the Maximum Theorem (or Berge Maximum Theorem) as a 107 
mathematical tool in optimization and nonlinear analysis. In order to give the proof of 108 

Theorem 1 we will use this theorem in its classical variant: “Let nRS ⊂  and mR⊂Θ ,  109 
RSg →Θ×:   be  a  continuous  function, and  SD ⇒Θ:  be  a compact-valued and 110 

continuous multifunction. Then, the function Rg →Θ:*  defined by 111 

( ) ( ) ( ){ }θθθ Dxxgg ∈= |,max*   is  continuous  on Θ , and  the  multifunction SD ⇒Θ:*  112 

defined  by  ( ) ( ) ( ) ( ){ }θθθθ *,|* gxgDxD =∈=   is compact-valued  and upper semi-113 

continuous on Θ ” [6] [7]. 114 
 115 
The above remark allows us to prove the theorem. 116 
 117 
Proof of Theorem 1. 118 
(a) Let )(XFS =  and Xx ∈ . For each },...,,{ ni 21∈  we define a function RXmi →:  by 119 

)}(),...,,(|max{)( xFyyyyyxm nii ∈= 21 . It is easy to see that these functions n
iim 1=}{  are 120 

continuous on X , see Remark 4. As a result we get a continuous function nRXm →:  such 121 
that ))(),...,(),(()( xmxmxmxm n21=  for all Xx ∈ . Observe that for each Xx ∈ , )(xm  is an 122 

ideal point for )(xF . 123 

Now, let us define a function RXSg →×:  by ∑ = −−= n
i ii xmyxyg 1

2))((),(  for all 124 

Syyyy n ∈),...,,( 21  and for all Xx ∈ . Clearly, g  is continuous on XS ×  and 125 

))(({)( nRxmxF +−⊂  for all Xx ∈ . 126 

Let Xx ∈ . We also see that either )()( xFxm ∉  or )()( xFxm ∂∈ . 127 

First, let )()( xFxm ∉ . From )(xF  is compact and convex it immediately follows that there 128 

exists an unique )(xFz ∈  such that )}(|),(max{),( xFyxygxzg ∈=  and 0<),( xzg . 129 

Second, let )()( xFxm ∂∈ . This means that 0=))(),(( xFxmd  and 0>)),(( yxmd  for all 130 

)}({\)( xmxFy ∈ . In this case, let )(xmz = . We get that )(xFz ∈  is unique and 131 

)}(|),(max{),( xFyxygxzg ∈= . 132 

UNDER PEER REVIEW



 4

Finally, from the construction of )(xFz ∈  it follows that ))(()(}{ nRxFxFz ++= I , i.e. 133 

))(( xFEffz ∈ , see also [2]. 134 

From Remark 4 (or the Maximum Theorem) it follows the multifunction YXF ⇒:*  defined 135 
by ( ) ( ) ( ) ( ){ }xgxygxFyxF *,|* =∈=  is compact-valued and upper semi-continuous on X . 136 

But, we also get that ( )xFz *∈  and ( ) 1=xF * . As a result we deduce that *Ff =  is a 137 

continuous function on X  and )(xfz = , i.e. ))(()( xFEffxf ∈ . 138 

Finally,  we obtain  f   is  an efficient continuous selection for F  and ),())(,( FXEffxfx ∈  for 139 

all Xx ∈ . 140 
 141 
(b) In Remark 2 we have shown that )(XFS =  is compact and ),( FXPO  is nonempty. 142 

Let n
n Rvvvv ∈),...,,( 21  be an ideal point for S  and define a function RXSg →×:  by 143 

∑ = −−= n
i ii vyxyg 1

2)(),(  for all Syyyy n ∈),...,,( 21  and for all Xx ∈ . Clearly, g  is 144 

continuous on XS ×  and )({)( nRvxF +−⊂  for all Xx ∈ . 145 

As in the proof of (a) we construct an unique point )(xFz ∈  such that ))(( xFEffz ∈  and an 146 

efficient continuous selection f  for F  such that ),())(,( FXEffxfx ∈  for all Xx ∈ . 147 

It is easy to show that )(Xf  is compact; therefore, there exist a point )(Xfw ∈  and a point 148 

Xx ∈  such that ))(,(),( XFvdwvd =  and )(xfw = . Thus we obtain ( )FXPOxfx ,))(,( ∈ . 149 

 150 
The theorem is proven. 151 
 152 
Note that the efficient selections in (a) and (b) are different, but we use one idea for their 153 
constructions. 154 
 155 
Remark 5. We used the Maximum Theorem, the Distance method (Approximation of the 156 
Ideal Point or Compromise Method) and the Euclidean metric in the proof of Theorem 1. This 157 
allows  us  to  transform  our  set-valued  optimization  problem into mono-objective 158 
optimization problem [2] [8]. 159 
 160 
It is interesting to note that in Theorem 1(a) we do not prove that ( )FXPOxfx ,))(,( ∈ . Recall 161 

that ( )FXPO ,   is  nonempty  when X  is compact.  If X  is no compact, then ( ) ∅=FXPO ,  162 

is possible. 163 
 164 
Remark 6. Theorem 1 shows that the following statement is true: "If ( )FGraphyx ∈),(  and 165 

( )FXPOyx ,),( ∈ , then ( ))(xFEffy ∈ ". But, the converse is not true in general. 166 

 167 

Definition 3. A multifunction nRXF ⇒:  is called strongly injective if and only if 168 
∅=)()( yFxF I  for any two distinct points Xyx ∈, . 169 

 170 

Remark 7. Let mRX ⊂  and nRXF ⇒:  be a strongly injective multifunction. It is easy to 171 
show that there exists a function XXFv →)(:  such that zzFv =))((  for all Xz ∈ . This 172 

function v  is called an inverse function for F . In view into Definition 3 we understand that 173 
the condition ∅=)()( yFxF I  for any two distinct points Xyx ∈,  is very important. By 174 

analogy, for an injective function f  we have that )()( yfxf ≠ . 175 

 176 
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It is easy to show that Theorem 1 implies the following corollary. 177 
 178 
Corollary 1. 179 

Let mRX ⊂  be compact and nRXF ⇒:  be a strongly injective continuous multifunction 180 
with compact and convex values. Define f  as in Theorems 1(a) or 1(b). Then X  and )(Xf  181 

are homeomorphic. 182 
 183 
Proof. 184 
According to Theorems 1(a) or 1(b) there exists an efficient continuous selection f  for F . 185 
From ∅=)()( yFxF I  for all Xyx ∈,  such that yx ≠  we obtain that f  is bijective. The set 186 

X  is compact and f  is a continuous bijective function on X  imply 1−f  is continuous on 187 
)(Xf , i.e. f  is homeomorphism. 188 

The corollary is proven. 189 
 190 
 191 
3. Conclusion 192 
 193 
In this paper, we have shown an application of the Maximum Theorem and the Distance 194 
method in set-valued optimization for the construction of the two continuous selections and 195 
the role of these selections to consider the two solution sets – efficient-graph set and Pareto-196 
optimal set. As a future work, we intend to study the Maximum Theorem as a generator for 197 
continuous selections and solutions in multi-criteria and set-valued optimization problems. 198 
 199 
 200 
 201 
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