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On Geodesic Paracontact CR-Lightlike Submanifolds

Abstract

In present paper we investigate geodesic paracontact CR-lightlike submanifolds of para-Sasakian
manifolds. Also some geometric results on paracontact screen CR-lightlike submanifolds are
given.
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1 Introduction

Because of the fact that the normal vector bundle has non-trivial intersection with the tangent vector
bundle, the differential geometry of lightlike submanifolds is different from non-degenerate submanifolds.
So, one can not use the classical submanifold theory for lightlike (null) submanifolds. To overcome
this problem K. L. Duggal and A. Bejancu were introduced some new methods and studied lightlike
submanifolds Duggal and Bejancu (1996) (see also Duggal and Sahin (2010)).

In Duggal and Bejancu (1996), CR-lightlike submanifolds were studied by K. L. Duggal and
A. Bejancu in indefinite Kaehler manifolds, then B. Sahin and R. Glines Sahin and Glines (2001)
investigated geodesic CR-lightlike submanifolds of indefinite Kaehler manifolds. Geodesic lightlike
submanifolds of indefinite Sasakian manifolds were introduced by J. Dong and X. Liu Dong and Liu
(2011). Also, in indefinite Sasakian manifolds screen CR-lightlike submanifolds and contact CR-
lightlike submanifolds were presented by K. L. Duggal and B. Sahin Duggal and Sahin (2007). Since
then an extensive literature has been created on lightlike submanifolds (see Sahin (2006); Perktas,
Kihg and Acet (2014); Duggal and Sahin (2005); Duggal and Jin (2003)).

On a semi-Riemannian manifold A72" ! S. Kaneyuki and M. Konzai Kaneyuki and Konzai (1985)
introduced a structure which is called the almost paracontact structure and then they characterized
the almost paracomplex structure on A" ! x R. Recently, S. Zamkovoy Zamkovoy (2009) studied
paracontact metric manifolds and some subclasses which is known para-Sasakian manifolds. The
study of paracontact geometry has been continued by several papers (Alekseevski et al. (2009);
Alekseevski, Medori and Tomassini (2006); Cortés et al. (2004); Cortés, Lawn and Schafer (2006);
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Erdem (2002)) which are contained role of paracontact geometry about semi-Riemannian geometry,
mathematical physics and relationships with the para-Kahler manifolds.

In this manuscript we study the lightlike submanifolds of para-Sasakian manifolds and obtain
several geometric results. The paper arranged as follow. In Section 2, there are some basic definitions
for lightlike submanifolds and almost paracontact metric manifolds, respectively. In Section 3, we
introduce geodesic paracontact CR-lightlike submanifolds of para-Sasakian manifolds and obtain
some necessary and sufficient conditions for totally geodesic, D—geodesic, D—geodesic and mixed
geodesic paracontact CR-lightlike submanifolds. Section 4 is devoted to paracontact screen CR-
lightlike submanifolds of para-Sasakian manifolds.

2 Preliminaries
2.1 Lightlike Submanifolds

Let (M™t™, g) be a semi-Riemannian manifold with index ¢, such that m,n > 1,1 < ¢g<m+n —1
and (M™, g) be a submanifold of M, where g induced metric from g on M. In this case, M is called a
lightlike (null) submanifold of M if g is degenerate on M. Now let us consider a degenerate metric g
on M. Thus TM* is a degenerate n—dimensional subspace of T}, M and orthogonal subspaces T,, M
and T, M+ are degenerate but no longer complementary. So, there exists a subspace Rad To M =
T, M N T, M+ which is called radical space. If the mapping RadTM : & € M — RadT, M, defines a
smooth distribution, named Radical distribution, on M of rank r > 0 then the submanifold M is called
an r—lightlike submanifold Duggal and Bejancu (1996).

Let S(T'M) be a screen distribution which is a semi-Riemannian complementary distribution of
RadTM in TM. So one can write

TM = S(TM) L RadTM, 2.1)

and S(T'M™) is a complementary vector subbundle to Rad T M in ;FML. Let tr(T'M) and itr(T' M)
be complementary (but not orthogonal) vector bundles to TM in TM |5 and Rad TM in S(TM™*)*,
respectively. In this case we arrive at

tr(TM) = ltr(TM) L S(TM™), (2.2)
TM |y=TM @ tr(TM) = {RadTM @ ltr(TM)}LS(TM)LS(TM™). (2.3)

Theorem 2.1. Duggal and Bejancu (1996) Let (M, g, S(TM), S(TM™)) be a lightlike submanifold of
a semi-Riemannian manifold (M , g). Then there exist a complementary vector subbundle Itr (T M) of
RadTM inS(TM*)* and a basis of T'(Itr(T' M) | consisting of smooth section { N;} of S(TM*)* |v,
where U is a coordinate neighborhood of M, such that

where {E1, Es, ..., E, } is a lightlike basis of I'(Rad T M).

For a lightlike submanifold (M, g, S(T M), S(TM*)) we have following four cases:
*If r < min{m,n} then M is a r—lightlike submanifold,

“Ifr =n<m, S(TM*) = {0} then M is a coisotropic lightlike submanifold,
*Ifr =m < n, S(TM) = {0} then M is a isotropic lightlike submanifold,
*Ifr=m=n, S(TM) = {0} = S(TM™) then M is a totally null submanifold.

By use of (2.3), the Gauss and Weingarten formulas are given by

VxY =VxY + h(X,Y), VXY € T(TM), (2.5)
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VxU=-AuX + VU, VX eT(TM), U e (tr(TM)), (2.6)

where {VxY, Ay X} belongs to T'(TM) and {h(X,Y), Vi U} belongs to T'(tr(TM)). V and V' are
linear connections on M and on the vector bundle tr(T'M), respectively.

In view of (2.2), we consider the projection morphisms L and S of tr(T'M) on ltr(TM) and
S(TM™). Therefore (2.5) and (2.6) become

VxY = VxY + 2/ (X,Y) +r°(X,Y), X,Y €T (TM), (2.7)
VxN = —-AnX + VYN + D*(X,N), X € I(TM),N e I'(ltr(TM)), (2.8)
VxW = —Aw X + VW + D' (X, W), X e (TM),W € T(S(TM™)), (2.9)
where p'(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), VKN, DX, W) € T(itr(TM)), VW,
D*(X,N) e T(S(TM™))and VxY, AnX, AwX € T(TM).
Assume that P is a projection of TM on S(T'M), then by use of (2.1), we have
VxPY =VXPY +h*(X,PY), X,Y cI(TM), (2.10)
VxE=-ARX +VY¥E, X cT(TM), E €T'(RadTM), (2.11)
where {V% PY, A5 X} belong to I'(S(T'M)) and {h*(X, PY), Vi E} belong to I'(RadT M).
Using (2.10) and (2.11), we get
g(h' (X, PY), E) = §(ApX, PY), (2.13)
g(h'(X,E),E) =0, ARE=0. (2.14)

In genereal, the induced connection ¥V on M is not metric connection. By using property of V and
(2.7), we have
(Vx9)(Y, 2) = g(h'(X,Y), 2) + g(h' (X, Z),Y). (2.15)

However, V* is a metric connection on S(T'M).

2.2 Almost paracontact metric manifolds

A paracontact manifold 1\7{ nt1 s smooth manifold equipped with a 1—form 7, a characteristic vector
field £ and a tensor field ¢ of type (1, 1) such that Kaneyuki and Konzai (1985):

n) =1, (2.16)
¢ =I-n®E, (2.17)
$¢ =0, (2.18)
no¢ =0, (2.19)

If we set D = kern = {X € T'(TM) : n(X) = 0}, then ¢ induces an almost paracomplex structure
on the codimension 1 distribution defined by D Kaneyuki and Konzai (1985).

Moreover if the manifold M is equipped with a semi-Riemannian metric g of signature (n + 1, n)
which is called compatible metric satisfying Zamkovoy (2009)

9(¢X,0Y) = —g(X,Y) +n(X)n(Y), X,Y € (TM) (2.20)

then we say that M is an almost paracontact metric manifold with an almost paracontact metric
structure (¢,&,m, g).
From the definition, one can see that Zamkovoy (2009)

9(¢X,Y) = —g(X,9Y), (2.21)
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9(X, &) = n(X). (2.22)

If (X, #Y) = dn(X,Y) then the almost paracontact metric manifold is said to be a paracontact metric
manifold.

For an almost paracontact metric manifold (]\_4, #,€,1,3), one can always find a local orthonormal
basis (Xi, $Xi,§), i = 1,2,...,n, which is called ¢—basis Zamkovoy (2009).
An almost paracontact metric structure (¢,&,7,3) is a para-Sasakian manifold if and only if

Zamkovoy (2009) o -
(Vxo)Y = —g(X,Y)E+n(Y)X, X,Y eT(TM), (2.23)
where V is a Levi-Civita connection on M.
From (2.23), one arrive at
Vxé=—0¢X. (2.24)

Example 2.2. Acet, Perktas and Kilig (2014) Let M = R*"™' be the (2n + 1)—dimensional real
number space with standard coordinate system (z1,y1, T2, Y2, ..., Tn, Yn, 2) . Defining

— 0 ad — 0 0 — 0
¢E = aT/a’ ¢@_E7 ¢$—07
& = 2, n=dz, (2.25)
0z
7 = 1®n+ Y (T ® dva — dys ® dya),
a=1

where o = 1,2, ...,n, then the set (M, ¢,¢,n, §) is an almost paracontact metric manifold.

3 Geodesic Paracontact CR-Lightlike Submanifolds

Definition 3.1. Acet, Perktas and Kilig (2014) Let (M, g, S(T'M), S(TM™)) be a lightlike submanifold
of a para-Sasakian manifold (M, ) such that ¢ € I'(T'M). If the following conditions are satisfied on
M, then M is called a paracontact CR-lightlike submanifold,

1) RadT M is a distribution on M such that

RadTM N ¢RadTM = {0},
i1) There exist vector bundles Dy and D on M such that
S(TM) = {$pRadTM @® D} LDy 1 {¢}, (3.1)

#Do = Dy, ¢D = Ly 1Lo, (3.2)
where Dy is non-degenerate and L, = ltr(T'M), Ls is a vector subbundle of S(T'M ™). So one has
the following:

T™M = {D®D}L{¢},
D = RadTM1¢RadTM1Dy.
Taking D = DL{¢}, we get S
TM =D1D, ¢D=D.

Theorem 3.1. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M.
Then M is totally geodesic if and only if g(Y, Aw X) = g(¥, D'(X,W)), Vx¢Y has no components
ingL1,Y € I'(TM — {{}) or X has no components in ¢L;.
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Proof. 1t is well known that the condition for M being totally geodesic is equivalent to the equations
given by
g(h'(X,Y),E) =0, E e (RadTM),

and
g(h*(X,Y),W) =0, Wel(S(TM"Y)).

In view of (2.7), (2.9) with (2.20), we obtain

g(h'(X,Y),E) = §(VxY,E)
= —g(¢VxY,9E) +n(VxY)n(E)
= g((Vx9)Y,9E) — g(Vx Y, ¢E)

= 9(X,0E)n(Y) — g(Vx9Y, ¢E) (3.3)
and
gR(X,Y), W) = g(VxY,W)
= Xg(Y,W)-g(Y,VxW)
= —g(Y,VxW)
g(Y, Aw X) — g(Y, D' (X, W)). (3.4)
The proof follows from (3.3) and (3.4). O

Definition 3.2. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called D—geodesic
paracontact CR-lightlike submanifold if second fundamental form h satisfies

hMX,Y)=0, VX,Y eT(D).

Theorem 3.2. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M.
Then M is D—geodesic if and only if Vi ¢E € T'(¢RadT'M 1 $L2) and VxY has no components in
¢Ls, forany X,Y € T(D).
Proof. By using the definition, M is D—geodesic if and only if

g(h'(X,Y),E) =0, X,Y eI(D), E € T'(RadTM),
and 5

g(h*(X,Y),W)=0, X,Y eDl(D), WeD(S(TM™")).
So, from (2.7), (2.10) with (2.20), we obtain

g(h'(X,Y),E) = g(VxY,E)

= —g(¢VxY,9E) +n(VxY)n(E)
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and
gh° (X, Y),W) = g(VxY,W)
= —g(¢VxY, W) +n(VxY)n(W)
= g(Vxo)Y,oW) — g(Vx Y, W)
= —g(VxoY, W)
= —g(VxY,oW), (3.6)
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which completes the proof. O

Definition 3.3. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called D—geodesic
paracontact CR-lightlike submanifold if its second fundamental form & satisfies

hX,Y)=0, VX,Y €T(D).

Theorem 3.3. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M.
Then M is D—geodesic if and only if A; X, Aw X have no components in ¢ Lo L ¢pRadT M, for any

X, Y e (D).
Proof. We know that M is D—geodesic if and only if
g(h'(X,Y),E) =0, X,Y eT(D), E € T'(RadTM),

and
gh*(X,Y),W)=0, X,Y eIl(D), WeD(S(TM™")).

So, in view of (2.7) and (2.9), we obtain
g(W(X,Y),E) = §(VxY,E)
Xg(Y, E) - g(Y, vXE)
= 7§(Ya vXE‘)
= —g(Y,ApX) (3.7)

and

R (X, V), W) = g(VxY,W)
= Xg(v,W)—g(Y,VxW)
= —g(Y,va)
gy, AxW). (3.8)

QI

The proof follows from (3.7) and (3.8). O

Definition 3.4. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called mixed
geodesic if its second fundamental form h satisfies

h(X,Y) = 0.
forany X € T'(D), Y € T'(D).

Theorem 3.4. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M.
Then M is mixed geodesic if and only if Az, U has no components in g RadT M 1¢Ls, for any U €

[(D),V € T(D).
Proof. Assume that M is mixed geodesic. Therefore we can state
g(h'(U,V),E) =0, U e (D), V e I'(D), E € T(RadT M),

and
g(h*(U,V),W) =0, U e'(D),Vel(D), We(S(TM™")).
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By use of (2.7), (2.9) with (2.20), we obtain
g (UV),E) = g(VuV.E)

Il
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and

—g(VuoV, W)
= G(AzyU, oW). (3.10)
The proof follows from (3.9) and (3.10). O

4 Geodesic Paracontact Screen CR-Lightlike Submanifolds

Definition 4.1. Suppose that (M, g, S(T'M), S(TM™)) is a lightlike submanifold of a para-Sasakian
manifold (M, g), such that ¢ € I'(T'M). If the following conditions are provided on M then M is called
a paracontact screen CR-lightlike submanifold;

i) There exist real non-null distributions D and D™, such that

S(TM) = DL1D"1{¢}, $(D*) C S(TM™*), DN D" = {0}, (4.1)
where D is the orthogonal complementary to D L{¢} in S(TM).

i) ¢(RadTM) = RadTM,  ¢(ltr(TM)) = litr(TM),  $(D) = D.
Thus one can state following decompositions:

TM =DLD"1{¢},

D = D1 RadT M. (4.2)
Let us denote D = D_L{¢}. For any X tangent to M, we put
$X = PX + FX, (4.3)
where PX € T(D) and FX € T(¢D™).
Similarly, for any W € T'(S(T'M™)), we put
oW = BW + CW, (4.4)

where BW € T'(D*+) and CW € T(S(TM™*) — ¢D™).

Theorem 4.1. A paracontact screen CR-lightlike submanifold M of a para-Sasakian manifold is totally
geodesic if and only if
(Lrg)(X,Y) =0 and (Lwg)(X,Y) =0,

forany X,Y € T(TM), E € T(RadT M) and W € T(S(TM™)).
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Proof. Assume that M is totally geodesic. Then we get
g(h(X,Y),E)=0, X eT(D),Y e (D), E € I'(RadT M),
and
Gh(X,Y),W)=0, X e(D), Y e (D), W € D(S(TM™)).
By use of property of Lie derivative, we have
g(hl(X7Y)7E) g(?Xy?E)
= Xg(Y,E)-g(Y,VxE)
9(v,[B,X]) - g(Y,VxE)
9(Y.[E,X]) - E(g(Y, X)) + §(VEY, X)
= gV, [E,X]) - E(3(Y, X)) + 3(X, [E,Y])
+g(Vy E, X)
= g(Y,[E,X]) - E(g(Y, X)) + 3(X,[E,Y])
+Y(9(E, X)) - §(E, Vy X)
= —g(B,VyX) - (Lpg)(X.,Y)
= —g(hMX,Y),E) - (Leg)(X,Y),

which gives
(Leg)(X,Y) = —2G(h(X,Y), E).
Similarly, we get
(Lwg)(X,Y) = —2G(h(X,Y),W).
Hence the proof is completed. O

Definition 4.2. A paracontact screen CR-lightlike submanifold of a para-Sasakian manifold is called
mixed geodesic if its second fundamental form h satisfies

h(X,Y) =0,
forany X ¢ T'(D), Y € T'(D4).

Theorem 4.2. Let M be a paracontact screen CR-lightlike submanifold of a pgra-Sasakian manifold
M. Then M is mixed geodesic if and only if Vi;¢V € T(D*), Az, U € I'(D), for any U € I'(D),
V eT(Dh).
Proof. A paracontact screen CR-lightlike submanifold M is mixed geodesic if and only if

WU, V)=VyV —=VyV =0.

From definition of paracontact screen CR-lightlike submanifold there exists W € T'(S(TM*)) such
that

oW =V. (4.5)
Thus using (2.23), (4.3) and (4.4), we have
0 = VuoW —VyV
= ¢VuW —-VyV

= ¢(—AwU + VW) - VgV
= —PAwU — FAwU + BVLW
+CVLEW — Vy V.

In view of (4.3) and (4.4), we know that FAw U = 0 and CVE W = 0. So we obtain VEW e T'(¢D4),

AwU € T'(D). From (4.5) and (2.17) the assertion is proved. O
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Theorem 4.3. Let M be a paracontact screen CR-lightlike submanifold of a para-Sasakian manifold
M. Then D* defines a totally geodesic foliation if and only if h*(S,¢N) and h*(S,$Z) has no
components inT'(¢pD1), forany S € T'(D*) and Z € T'(D).

Proof. Assume that, D is a totally geodesic foliation. In this case we have
VsT e (DF), VS, T eTl(DY),

which gives
g(VsT,Z) =0, ZecT(D),
and
g(VsT,N) =0, N cT(itr(TM)).

Then in view of (2.23), we obtain

9(VsT,Z) = g(VsT,Z)

= S9(T,Z) - g(T,VsZ)

= g(¢T,¢VsZ) —n(T)n(VsZ)

= g(¢T,¢VsZ)

= —9(8T,(Vs9)Z) + g(éT, Vs$Z)

= g(¢T,VsdZ)

= g(¢T,h*(S,92)), (4.6)
and

9(VsT,N) = g(VsT,N)
= —g(¢VsT,¢N) +n(VsT)n(N)
= —Q(QE?ST, <Z_5N)
= g((Vs®)T,¢N) — g(Vs¢T, oN)
= —g(VsoT,¢N)
= —Sg(¢T, ¢N) + g(¢T,VspN)
= g(¢T,h*(S,¢N)). (4.7)

Thus, the proof follows from (4.6) and (4.7). O
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