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FIXED POINT THEOREMSIN PARTIALLY ORDERED
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In the manuscript, a concept of a mixed monotonpping is acquainted
and a coupled fixed point theorems is substantitedsuch nonlinear shrinkage
mappings in partially ordered exact rectangular nmetspaces. We enlarge and
universalize the conclusions of these theory.
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1. Introduction

Stefan Banach is a Polish mathematician, who desdgra benchmark
fixed point theorem familiar with the Banach Shiagke Principle (BSP). The BSP
has been universalized in many different respedtmy researcher enlarged to
the situation of nonlinear shrinkage mappings. éres of a fixed point in
partially ordered metric spaces and imagined irv[B, 11, 13, 15, 16, 17, 18, 19,
20, 21, 22] so far, here implementations to maguations, ordinary differential
equations and integral equations are asserted.

A coupled fixed point is acquainted by Bhaskar aaklshmikantham [7]
and some coupled fixed point theorems is demomstré&r mixed monotone
mappings in ordered metric spaces. Subsequentiyhanconclusions on coupled
fixed point theory subsist in the theory, for fugttparticulars, the commentator is
mentioned to [5, 6, 14, 15, 16, 19, 20, 21].

Branciari [8] defined a rectangular metric spaR&18) by replacing the
sum at the righthand side of the triangle inequadiit a three-term expression. He
also substantiated an alike of the BSP. The intrgyumature of these spaces has
attracted attention, and fixed points theorems/éwrous shrinkage on rectangular
metric spaces have been established [3, 4, 10, 12].

In the article, the presence of a coupled fixeihipig attested for a mixed
monotone mappingl : Xx X - X under a universalized shrinkage, build the
exclusiveness under a supplementary presumptiorpastially ordered exact
rectangular metric space.

We state primary definitions and notations to Iseduthroughout this
paper. Rectangular metric spaces are designateel@s.
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Definition 1.1 AssumeX is a not null set and : Xx X - [0,] satisfy
the following conditions for all, y[1 X and all distinctu,v(d] X each of which is
dissimilar fromx andy.

(RM1) d(x y) =0 = x=y,

(RM2) d(x y)=d(y ¥,
(RM3) d(x y)s d(x v+ duy+ qv). [12]

At that time the mapl is named a rectangular metric and the Xird)
is named a rectangular metric spaces (RMS).

Definition 1.2 Suppose(X,° ) is a partially ordered seT,: Xx X - X.
T has got the mixed monotone propertyTifx, y) is monotone nondecreasing
with respect tox, is monotone non-increasing with respectytonamely, for any
x, yO X,

X0 %, YO X, %2 %= T0x ¥° T % )
and

Yo Yo, XO X y° p= Tx y)= T x Y.
[21]

Definition 1.3 A member(x, y)OO Xx X is named a coupled fixed point

of the mappingr if
T(x y)=xandT(y,X) =Y.
[21]
For any (x,¥),(u, WO Xx X, the product spaceX x X is equipped with the
metric p described by
d(x u+d(y v
2

P((%, ), (u, V) =

So p is a rectangular metric.

Definition 1.4 (i) A sequencex, in a RMS(X,d) is RMS convergent to
alimit x < d(x, X - 0 asn - o.

(i) A sequencex, in a RMS(X,d) is RMS Cauchy- for everye >0
there subsist a positive integBi(e) with d(x,, x,) <& for all n>m> N(£).

(i) A RMS (X,d) is named exact if every RMS Cauchy sequencX in

is RMS convergent [12].

The fixed point theorem is described by, Lakziam &amet [16] as
below.

Theorem 1.5 Suppose(X,d) is a Hausdorff and exact RMS and assume

T:X - X is aself-map ensuring

pd(Tx TY) <g(d x 9)-a( d x Y)
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for all x, yOI X, and ¢,¢0W¥ , wherey is non-decreasing. At the time has
got an individual fixed point inX [16].

Recently,I. M. Erhan et al. [12] secured the fabulous conclusand
given a universalization of Theorem 1.5 for a largéass of (¢,¢) weakly
shrinkage mappings.

Theorem 1.6 Suppose(X,d) is a Hausdorff and exact RMS and assume
T:X - X is aself-map convincing

YT TY) <@ (M(x Y)-@( M x )+ L x )
for all x, yO X andy,@00W , wherelL > 0, the functiony is nondecreasing and
at the timeT has got an individual fixed point iX .
M(xy)=matd xy d xTxd.,y Iy

m(x y)=mig ¢ xTx d.y Ty d,x7Jy(d,yJx
At the timeT has got an individual fixed point iX [12].
In next section, we give a universalization of diean 1.6 for a mixed
monotone mappings. We verify a coupled fixed ptiebrem in partially ordered
exact rectangular metric spaces.

2. Main Consequence

Now the main conclusion is certified.

Theorem 2.1 Supposing(X,°) is partially ordered set an@X,d)
Hausdorff and exact RMS. Suppose there subsishetifun ¢,6:[0,0) - [0,00)
with ¢(t) <t, 8(t) <t and for eacht >0 !lrp g(r)<t, !lrp f(r) <t and also The
mixed monotone property oiX is verified by T: Xx X - X be a continuous
mapping and

d(T(x W, U< x % (uPNM=-G@{ x %( up) 1)
for all x,y,u, vl X for which x° u, y* v There subsis{x,, y,) Xx X with

X <T(X%, %) Yot T(Y, %)- SOoT has got an individual coupled fixed point.

Proof. Supposex,, Y, X is with x,° T(X%, %), Yo% T(Y, %). Let
% =T00 %) Yi=T(Y% %) Then x,° x, Yo% y;. Again, let x, =T(X, ¥),
Y, =T(y,, X). The mixed monotone property is verified Dy obtainingx, ° x,,
y, * Y,. To continue to do so through, two sequeroes {y} are built in X
With X = T Y) s Yoo = T(Yas %),

%% X% % e X X, (2)
and,

Yot Vit Yot 2 Yt Yt 3)



109 Denote

110 8, = Pl Yo (X Yy = )2 B o). @)

111 We expose thatd, <J._,. Now, enforcing if the inequality (1) is
112 implemented with(x,y) =(x,, ¥,), (U,v)= (%4, Y.,), for all n>0. Utilizing
113  properties ofg, we get

124 d(T(% %) T(Xas ¥u)) = A %00 %)

115 < @(P((% Vo) (Xt Vo)) =G0 ((% %) (X1 Yer)))
116 < @(o((%: Yo)s (X YD) <P (%0 %) (K1s Yar))- (B)
117 Similarly, we can obtain

118 Ad(Ynar ¥) <206 W) (1 Yra)- (6)

119  Thus we acquire

d (X, m; Wewr %) < 51, ), G )

121 That is J,<9,,. Thus{d} is monotone decreasing bounded to the bottom.

122  Hereby, there subsist@> 0 with
123 limd, = 0.

n-oo

120

124  Demonstratingd =0. Supposing the contrary >0. At the time from (1)
125  obtaining

126 d(TCX W) TOXas Yea)) = A %0 %) < 0(0((X,0 Vo) (Xas Yt)))

127 =0(0((%s Yn)s X1y Yur))) < B(O((X50 V) (K15 Ya))) - @)
128 Similarly, we can obtain

129 d(Yoas Yo) <@O((% W) (Kas Yoa)))- ) (8
130  Thus we get

131 A% x“);d( Yer %) < P((%s Yo )s (Xa s Yia)- ©)
132  While n - « in (9), getting

133 J=1imJ, <limJ,, =0.

134  So the incompatibility is obtained. Henéde= 0. Namely
d(%0, %)+ d( Yoo
135 mA(0% V) (X Yor)) =lim (e %)+ A s ) _

2
136  Thus
137 limd (%, X..) =0 andlimd(y,, ¥.,) =O. {10
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Evidencing {x}, {y} are RMS Cauchy sequences. To accept the
opposite that at least one {of} or {y} is not a RMS Cauchy sequence. At the
time there subsist an> 0 when obtaining two subsequendex,,} and{(x,.}
of {x} with n(i) is the smallest index where

n(i) > m(i) > i, d()ﬂn(iw)%(i))"' d()(n(i)’ Yn(i))zg' (11)
It is videlicet

d(Xuciys Xuiy-2) + A Yogiys Yoiy-r) <E- (12)
By (RM3), we obtain

Xy X)) < A X%s Xp-) T A X Ke)t @ Xienr X)- (13)

Similarly from (RM3), we can obtain

AWy Yoi) < A ¥ Yer-) ¥ A Yo Yodt € Yo Yo)- (14)
By adding (13) and (14), from (10), (11) and (12)
d()g‘n(l)’ X‘I(I))+ d( ¥n(i)’ )é(l))S [ C( %(i)’ %(D—l)-l- (ﬂ MD’ Mn—l)]-l-
[d(xm(i)—l’ )%(i)—l) +d Yn(iy-2 yl(i)—])] +[d()§1(i)—1’ )ﬂ(i)) +d Yii)-1 X(i))]- (15)
Getting the limit ag — o in (15), obtaining by (10), (11)
£s !Im[d( Xnciy Xaiy) + A Yoy Yaip)] 5|ii57010[ 4 %o XDt @ Yr ¥ird]-(16)
Similarly from (RM3), we can obtain
d (X1 Xiiy-1) T A gy YD) S LA Xy Xa) + @ Yire Yoyl

HAXniys %) + X Yoyr Y] HAXK 0 Xy-a) (Vo Yogy-2)]- (7)
Having the limit ag — o« in (17), we get by (10), (11), (16)
!i[?o[d( Xty Xaip) T A Yoy Y1 = |iiffo10[ 4 Xo-v %-D + A Vimiyr Y-l (18)
Applying inequality (1) with(X, ¥) = (Xyi)-1s Ynip-a)s (U V) = iy-as Yogiya)
d(Xn(i)’ )$(i)) = d(T( X1 ¥1(i)—1)1 T Xiy-17 )((i)—l))

< P(O((Kingiy-1r Yingiy-1)s X1 Yagiy-1)))

< PRy Yonciy-1)s Ksci-10 Yagiy-1))- 19§
Similarly we get
d(ym(i)’ yn(i)) < p((Xn(i)—l’ yn(i)—l)! ( X(iy-1 X(i)—l))- (20)

Before by adding (19) and (20) and after takirgltimit asi — o, we get

!im[d()ﬂn(i)a %) A Yogyr Yep)I < |ii[T;[ 4 X XDt @ Yoo Wil
From (18), this is a contradiction. Th¢wr}, {y} are RMS Cauchy sequences.
Becausg( X, d) is exact there subsist y[J X with



169 limx, =x andlimy, =Y. (21)

n- o n- o

170  From continuity ofT and sinceX is Hausdorff, obtaining

171 X=lim X, =lim T(x, %) = T(x Y,

172 and q q

173 y=limYea =limT(y, %) =Ty 3

174 Theorem 2.2 Suppose (X,°) is partially ordered set andX,d)

175 Hausdorff and exact RMS. Assunie: Xx X - X is a mapping possessing
176  mixed monotone property. Supposing there is a fanap, 8 like in Theorem 2.1

177 and ¢(t) =0=1t =0. AssumingX has property as below:

178 (a) for all n, if a non-decreasing sequer{og} — X, at the timex, ° x
179 (b) for all n, if a non-increasing sequenfg} - vy, at the timey, + .
180 If there subsistx,, y, 0 X with x,° T(X,, ) and y,+ T(Y,, %), at the

181 time there subsisk, y[1 X with x=T(x y), y=T(Y, ¥, namelyT has got an

182 individual coupled fixed point.
183 Proof. Coming after the proof of Theorem 2.1, construgtim non-
184 decreasing sequenge} in X and a non-increasing sequer{gg} in X with

185 X, =T(x,Y,) andy,, =T(y,, %) forall n>0 and verifying (21).
186  Thence by properties oK, obtainingx,® u and y,+ v for all n=0. By (1),

187  having

188 d(X.,, T(x W)= dTx ¥), Tx Nl x M xPW-0{(x 3. XN
189 < @(P((%,, Vo), (X 1))

190  On lettingn - o, using (21) and properties ¢f, we get that

101 lim d(x,.,, T(x Y)) =0. (22)
192 Convergely, fromRM3) getting

193 d(x T(x Y= dx )+ d Xz X))+ @ %, TXY.

194  While n - o in the foregoing imparity, utilizing (21), (10) and (22)aving
195  d(x T(x y)=0namelyx=T(x y). Analogous, displaying/=T(y, X.
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