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GRAPH COMPOSITIONS OF UNIFORM FOUR ¢-FANS.

ABSTRACT. Graph compositions play an important role in the generalization
of both ordinary compositions of positive integers and partitions of finite sets.
Graph compositions of certain classes of graphs, like trees, cycle graphs, wheels,
etc have been found using generating functions and recurrence relations. In
this paper, we use different combinatorial techniques, to count the number of

graph compositions of uniform four g-fans.

1. INTRODUCTION

The notion of graph composition was introduced in [3]. In this original work var-
ious formulas, generating functions and recurrence relations for composition count-
ing functions are given for several families of graphs. Graph compositions play
an important role in the generalization of both ordinary compositions of positive
integers and partitions of finite sets.

This work is extended further to bipartite graphs, some operations on graphs
like unions of graphs and 2-sum of graphs in [1, 2, 8]. In [4] the terminology of
graph composition is explored further, but under a new term, comppartition. In
[5] it is shown that the number of graph compositions is equal to the total number
of flats of the cycle matroid.

The number of compositions for the following graphs; T,,, a tree on n vertices,
P,,, a path with n vertices, S,,, a star graph on n vertices, K,, a complete graph
on n vertices, C,, a cycle graph on n vertices, W,,, a wheel on n vertices, L,, a
ladder graph on 2n vertices and K,, ,, a complete bipartite graph is given in [3].
In particular, it is shown that C(T},) = C(P,) = C(S,) = 2", where C(G) is the
number of graph compositions of the graph G.

The relationship between graph compositions and flats of cycle matroids were
established in the following theorem, for details we refer to [5]

Theorem 1.1. Let G be a labelled graph with vertex set V(G) and edge set E(G).
Let Co(G) be the set of all distinct compositions of G such that C(G) = |Co(G)| and
let F(M(Q)) be the set of all distinct flats of M(G). Then C(G) = |F(M(Q))|.
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As a consequence of Theorem 1.1 we get the following result in Corollary 1.2
which is the main tool of this work.

Corollary 1.2. G be a labelled graph with vertex set V(G) and edge set E(G).

Then
|[E(G)|

@) = > 16l

k=0
where |0y| is the number of compositions of G of size k.

This theorem opened a new way of looking at the methods of counting the
number of graph compositions. One of the combinatorial technique explored, is the
principle of inclusion and exclusion, see [6].

This paper is a continuation of exploring some combinatorial techniques to count
the number of graph compositions. We count the number of graph compositions of

certain ng-fans.

2. FANS

In this section we define an n-fan, and we extend this definition to a uniform
nq-fan and give some of its characteristics. Recall that P, is a tree which is a path
on n vertices.

We define a n-fan to be the vertex join of a path on n vertices. We shall call an
edge of an n-fan which is not on the path, P,, a join edge. We define a uniform
ng-fan to be an n-fan such that each join edge is subdivided into ¢ edges. We
shall denote a uniform ng,-fan by F), . The following Proposition follows from the

definition of a uniform n,-fan.

Proposition 2.1. Let F,,, denote a uniform ny-fan. Then

(Z) |V(an)| =ng+1
(2) |E(F,,)|=n(g+1)—1

Proposition 2.2. Let G be a uniform ng-fan. Then there are subgraphs of G
isomorphic to Cogy1, Cogy2, -+ s Cogrn—1-

3. GRAPH COMPOSITIONS OF A UNIFORM 4q—FAN

In this section we give the number of graph compositions of a uniform 4,-fan. It
is shown in [5, Theorem 1.1] that the number of graph compositions of a graph G is
equal to the number of closed sets of G, where closed sets are the flats of the cycle
matroid of G. Thus we only have to count the number of closed sets of different
sizes of a uniform 4,-fan.

Let G be a graph on n vertices with ¢ connected components. The rank of G,
denoted r(G), is defined to be r(G) = n —c. A closed set X of size k, is the largest
rank-r subgraph of G containing X.
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We denote the set of all closed sets of size k by ;. Thus the number of all
closed sets of size k is represented by [dy|. For a uniform 4,-fan, different values of
k give different formulae where 0 < k < 4¢g 4 3. The following Lemma 3.1 is trivial
but plays a very important role in the proofs of the other lemmas and hence the
foundation for the proof of the main theorem.

Lemma 3.1. Let C,, be a cyclic graph of order n. All subsets X of C,,, such that
|[E(X)| =n—1 are non-closed otherwise are closed.

Proof. Let C,, have edge set a1, a2, ,an_1,a, and let E(X) = {a1,a2, -+ ,an-1}
be any (n — 1)-edge set of C,,. It is clear that X in a non-closed set because X has
rank n —1 but C,, = X U{a,} is larger and contains X and has also rank n—1. O

Lemma 3.2. Let G be any graph on n vertices and let a cycle C,, be a subgraph
of G where m < n. Then any subgraph X C G containing m — 1 edges only of Cy,

and other edges not in C,y, is a non-closed subset.

Proof. Let E(G) = {e1,€e2,"** ,€m—1,Em,a1,a2, - ,a;} such that n > m. Let the
E(Cp) ={e1,e2," yem-1,em} C E(G) and let

E(X)={ei,ea, -+ ,em_1,a1,0a2, - ,a;} C E(G) where [ < t. Then it follows that
r(X) = r(X U{en}), thus X is not the largest rank-r subgraph containing X.

Therefore X is a non-closed subset. O

Corollary 3.3. Let G be a graph such that C),, C G and is the smallest cycle in G.
Then any subset X such that |E(X)| <n —2 is closed in G.

Proposition 3.4. Let G be a uniform 44-fan. Then G has exactly
(1) 8 subgraphs isomorphic to Caqy1,
(2) 2 subgraphs isomorphic to Caqy2,
(8) 1 subgraph isomorphic to Cagys.

Unless otherwise stated, from this point to the end of the paper, we use the

diagram in Figure 1 and the notation introduced in Notation 3.5.

Notation 3.5. Consider a general Fy , a general 4,-fan as shown in Figure 1.

Denote the three subgraphs isomorphic to Caq1 of the graph Fy , as

Otl :{alla 12, ,Alq, b7 21,022, - ,CLQq,}
Cy, ={ag1,a22,- -+ ,a2q,¢,a31,a32, -+ ,a3q, }
Cy, ={as1,a32,- - ,a3q,d, a41,042, -+ ,04q.}

Denote the two subgraphs isomorphic to Cagq 2 of the graph Fy_, as

Ct4 :{(1117(112, cr, g, b7 C,a31,0a32," " 7a'3q}
Ct5 :{021,(122, T 7a'2qa c, da 41,042, " ,a4q}~

3
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L

b ¢ d

FIGURE 1. A general 4,-fan

Denote the one subgraph isomorphic to Cay13 of the graph Fy , as
Cs ={a11,a12," - ya1g,b,¢,d,a41,a42, - 7a4q}-

We are now in a position to count the number of closed sets of a uniform 4,-fan,
Fy,. The closed sets of different sizes have different formulae, hence we give the
formulas for different sizes k where 0 < k < 4q + 3. By applying Corollary 3.3 and
Proposition 3.4, we get Proposition 3.6.

Proposition 3.6. Let F,  be a uniform 4,-fan with ¢ > 1. Let 6y represent the
set of all closed sets of size k of Fy,. Then for 0 <k < 2q —1 we have

49+ 3
"5’“':<qk )

Corollary 3.7. Let F,, be a uniform 4,-fan with ¢ > 1. Let oy, represent the set
of all closed sets of size k of Fy,. Then for 0 <k <2q—1

2q—1 2g—1

49+ 3
> mi= 3 (M)
k=0 k=0

Proposition 3.8. Let Fy,, be a uniform 4,-fan with ¢ > 1. Let 0y, represent the
set of all closed sets of size k of Fy,. Then for k = 2q

6] = 49+ 3 _3 29+ 1\ [2q+ 2
M 2 2q k—2q)

4q+3
Proof. We have ( q2+ > subsets of size 2q of F};, . But out of these subsets, some
q

subsets are closed and some are non-closed subsets. Hence we remove the non-
closed subsets of size 2¢. By Lemma 3.4 we have 3 subgraphs isomorphic to Caqy1,
2 subgraphs isomorphic to C5,2 and one subgraph isomorphic to Caq3. The only
cycle which will affect the closed sets of size 2q is C441, since by Lemma 3.1 any 2¢

2g+1

to remove
2q )

element subset of Coq11 C Fy, is non-closed. Thus we have 3(

with respect to the 3 subgraphs isomorphic to Cagy1.
4
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To ease the computations at each stage, we state the following Lemma.

Proposition 3.9. Let F,  be a uniform 4,-fan with ¢ > 1. Let 6y represent the
set of all closed sets of size k > 2q + 1 of Fy,. Then

0, = 49+ 3 _3 29+ 1\ [(2q+2 _9 2q+2 2¢+1
Mo k 2¢ ) \k—2¢q 20+1)\k—(2¢+1)

- G (o) + 0

where Hy(q) counts the number of repeats of non-closed sets which have been re-
moved more that once.
49+ 3

k
subsets are closed and some are non-closed subsets. Hence we remove the non-closed

Proof. We have subsets of size k of Fy,. But out of these subsets, some

subsets of size k from the total. By Lemma 3.4 we have 3 subgraphs isomorphic
to Caq+1, 2 subgraphs isomorphic to Cy442 and one subgraph isomorphic to Coq3.
We start removing the non-closed subsets with respect to cycle Coqyi. By Lem-
ma 3.2 any subset X which contains exactly 2¢ elements of Csy4q is non-closed.
To form a non-closed subset X, take a 2¢ element subset of C;41 and choose the

other k — 2¢ elements from the remaining elements of F,, which are not in Coq;.
. 2q+1\ (2q+2

Thus with respect to the 3 cycles, we have 3 9 9 non-closed sub-
q — 24

sets to remove from the total. Similarly, with respect to the 2 cycles isomorphic

2q+2 2q+1
to Caq42 and 1 cycle isomorphic to Caqt3, we have 2(221 1) (k —q;q__ 1) and

2q+3 2
(23 i 2) <k _ 23 B 2) respectively. 0

If we denote the following numbers as
o 4g+3
N k
o2+ 1\ [(2¢+2\ 2q+2
513< 2q ><k—2q)(GQ+3)(k—2q>
2q +2 2g+1 2q+1 )
s [ ARt TR (R A

= @Zig) (kégm) :(2q+3)(k<33+2>)‘

then Proposition 3.9 simplifies to Corollary 3.10.

Corollary 3.10. Let F,,, be a uniform 4,-fan with ¢ > 1. Let 6y, represent the set
of all closed sets of size k > 2q + 1 of Fy,. Then

0] = a—p1—B2— B3+ Hi(q).

Thus from this point, we only need to find the number Hy(q) for different values
of k> 2q+1.
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Proposition 3.11. Let F),, be a uniform 4,-fan with ¢ > 1. Let 6 represent the
set of all closed sets of size k of F,,, where |6y| = o — By — B2 — B3 + Hy(q). Then
for2q+1<k<3¢—-1

Hyi(q) = 0.

Proof. We need to show that the non-closed sets removed with respect to Cy,, Ci,
and Cy, in By, B2 and fs are distinct. Assume that there is a non-closed subset
X which has been removed twice in 51. Without loss of generality, then X has 2¢
edges in Cy, and 2q edges in Cy, or Cy,. This is only possible if Cy, NCY, or Cy, NCY,
are non-empty, since the number of edges is less than or equal to 3¢ —1 < 4q. There
is no non-closed subset which has been removed with respect to Cy, and Ci, in Sy,
since Oy, N Cy, = . By Notation 3.5 we know that |E(Cy,) N E(Cy,)| = q. Assume
that X have 2¢ edges in Cy, such that ¢ of these edges are in Cy, N Cy,, then we
need only 1 < j < g —1 edges in Cy, to form the non-closed set of size k. Thus X
can only contain ¢ + ¢ — 1 edges at most of C;, which is a contradiction.

Assume that there is a non-closed subset X which has been removed twice in
B2, without loss of generality, then X has 2¢ + 1 edges in Cy, and 2g + 1 edges in
Cy,. Thus if X has 2¢g + 1 edges in C;, then only 0 < j < ¢ — 2 can come from C},.
But |E(Cy,) N E(Cy,)| = 1, hence X can have at most ¢ — 1 from CY,, which is a
contradiction.

Assume that there is a non-closed subset X which has been removed in ; and
in By, without loss of generality, then X has 2q edges in C;, and 2g+1 edges in C,
or Cy,. It is clear that this is only possible if Cy, N Cy, or Cy, N Cy, are non-empty.
By Notation 3.5 |E(Cy, ) NE(Cy,)| = ¢+ 1 and |E(Cy,) N E(Cy,)| = g. Assume that
X has 2q edges in Cy, such that ¢ + 1 of these edges are in Cy, N C},, then we need
only 1 < j < g —1 edges in Cy, to form the non-closed set of size k. Thus X can
only contain ¢+ 14 ¢ — 1 = 2q edges at most of C},. Similarly, X can only contain
g+ qg—1=2q—1 edges at most of C, which is a contradiction.

Similarly, if we assume that there is a non-closed subset X which has been
removed in $; and in B3 or in By and in (3, we get contradictions. ([

Corollary 3.12. Let F,, be a uniform 4,-fan with ¢ > 1. Let 6y, represent the set
of all closed sets of size k of Fy,. Then for 2¢ +1 <k <3¢ —1

3q—1 3q—1
4q9+3 2q+2
o= 2 () el
k=2q+1 k=2q+1
3q—1

> |, ) oo o))

k=2g+1

+

We need the following lemma for the proof of Proposition 3.14

Lemma 3.13. Let X C Fy, such that |E(X)| = 3q and let |E(X)NE(Cy,)| = 2¢+2.

(i.e all the edges of Cy, except one edge is contained in E(X). ) Then
6
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(i) E(X) can not contain any 2q edges of Ct, or Ct,.
(i) E(X) can not contain any 2q + 1 edges of Cy, or Cy,.

Proof. (i) Let XNCy, =Y, thus |[E(Y)| = 2¢+2. Let G156 = Cy, NCy, and G =
Cyy N Ci. Then it is clear that |E(Ghg)| = ¢+ 1 = [E(G36]), Gi6 NGz = 0
and Oy, = G16 U G36 U {c}. But X =Y U X, where X, C Fy, — Cj,, thus
Ci, N X, = 0. Hence, |[E(X)| = |E(Y)|+ |E(X,)| = 3¢ and |E(X,)| = ¢ — 2.

Now we find the maximum number of elements of C;, contained in X.
Assume that G4 C X and that all the ¢ — 2 elements of X, are taken in
C}, —G16. Then the maximum number of elements in X from Cy, is |E(G1g)|+
E(X,)|=q+14+q—2=2¢—1.
(if) Similar to proof of part (i).
O

Proposition 3.14. Let F,  be a uniform 44-fan with ¢ > 1. Let 6y represent the
set of all closed sets of size k of I, where |0x| = o — By — B2 — B3 + Hy(q). Then

fork=3q
m = 2T () (1))

Proof. Some subsets of these subsets have been deducted more than once in 1, B2

and 3. We show how to get each term of Hy(q) separately.

(i) We consider non-closed subsets of size 3¢ which have been removed twice in
B1. Consider two intersecting cycles of size 2q+1, say cycle C;, and cycle C4,.
Then Cy, NCy, = {as1, a2, - ,a2,}, and we denote it as G12. We denote any
q element subset in Cy, — G12 as G and any ¢ element subset in Cy, — G2 as
G5. Hence any 3¢ element subset of the form G152 UG U Gs has been removed
twice, hence we need to add it back once. But |E(Cy, ) — FE(G12)| = 2¢+1—q =

1
q + 1, thus we have (q + > subsets with ¢ elements, GG1. Similarly we have
q

1
|E(Cy,) — E(G12)| =2¢+1—q¢=¢q+1, and q—;— ) subsets with ¢ elements,

G4. We do similar counting for the the other intersecting cycles C;, and C,.

Hence we add back 2<q + 1) (q +1 .
q q

(if) We consider non-closed subsets of size 3¢ which have been removed in 8; and
in By. It is clear that |E(Cy,) N E(Cy)| = {a11,a12,-- - ,a14,b} = ¢+ 1.
Take a 3¢ element subset where 2¢ + 1 elements are in Cy, such that ¢ + 1
elements of these are in Cy, N Cy,, the other ¢ elements are in Cy, — C;, and
the remaining ¢ — 1 elements in Gp5. Thus we have taken 2¢ elements in
Cy, since by definition G'12 C C% . Then this is equivalent to a 3¢ element
non-closed subset removed in $; in which 2¢ elements were taken in Cy, and

other ¢ elements outside C}, specifically in C;, — Cy,, thus we need to add
7
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it back. There are ( ) ways of choosing the ¢ — 1 elements of G15 and

qg—1
q+1 .
ways of choosing the elements Cy, — Cy,. But we can swap C}, and
q

C,, forming a 3¢ element non-closed subset in which 2¢ elements were taken

in C, and other ¢ elements outside C;, specifically in C;, — Cy,. Thus we have

1
2(q N ) < ¢ 1) subsets with respect to Cy, and similarly with respect to
q q—
1
Cy,. Hence we add back to the total 4(q i ) < 1 1).
q q—

(iii) Applying Lemma 3.2, any subgraph of size 3¢ which contains exactly 2q + 2

edges of cycle (', is non-closed. Now we count these non-closed sets. Without

loss of generality consider the 3¢ element subsets with exactly 2¢ + 2 elements

2q+3 2

in Cy. It is clear that there are @ 7 ) subsets of size 3q of this
2g+2)\q—2

form. By applying Lemma 3.13, it is clear that there are no subsets of size 3¢

of this form which have already been removed in 31 or fs.

O

Corollary 3.15. Let F,, be a uniform 44-fan with ¢ > 1. Let 6y, represent the set
of all closed sets of size k of Fy,. Then for k = 3q

w = (7)o ({0 -, )

- (2q+3)(k éi’ﬁm) +(q+1)(6g +2).

Proposition 3.16. Let F,  be a uniform 4,-fan with ¢ > 1. Let 6 represent the
set of all closed sets of size k of I, where |0x| = o — f1 — B2 — B3 + Hy(q). Then
for3qg+1<k<4g9-1

H)) - (6q2+8q+2)(:+31q)+(6q+4><kq(;il))
T (6q2—|—12q—|—4)<k_ (;q+1)> +(6q+6)(k_ (3?q+2)).

Proof. The proof will cover all possible cases of non-closed sets removed more than
once. There are five possible ways of removing a non-closed set more than once.
We denote G;; = Cy, N Ctj. We summarize the choices of edges of the non-closed
subsets X of size k in the rows of the tables and each row can be read, without loss

of generality, as

Cy,

i

- Gij Cs.

J

X q q q k — 3q = | 2q | 2¢q

— Gij Gij F4q — (Ctl U Ctj> Cy.

i

Cy,

J
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A non-closed set X with g elements in Cy, — G, ¢ elements in Cy, — G, q elements
in Gj; and k — 3q elements in Fy — (Cy, U Cy;). This implies there are exactly 2¢q

elements in Cy, and exactly 2q elements in Cy,.

(i) We consider the non-closed sets removed more than once with respect to cycles
Cy,, Ct, and Cy,. Without loss of generality, we start with the pair {C,, Ct, }.

Ctl - G12 Ctg - G12 G12 F4q - (Ctl U CtQ) Ctl Ctg
X q q q k —3q = | 2q | 2q
X| g+1 g+1 |a—1] k-Bq+1) |=]2¢] 2

Thus any subgraph of size k of this form is removed twice as a non-closed set

with respect to Cy, and with respect to C, since both cycles are of length

2q+1 but have exactly 2¢ elements in this subgraph. One can easily check that

this subgraph has not been removed again with respect to any other cycle.

Similarly, we get the same result if we consider a pair of cycles {Ct,, Ct, }.

Thus the number of repeated non-closed sets of this form is

()G

q+1
q+1

)G G5

q+1

(3¢ + 1)” '

(ii) We consider the non-closed sets removed more than once with respect to cycle
Cy, where i € {1,2,3} and cycle C;, where j € {4,5}.
(a) Without loss of generality, we start with the pair {C},, Ct, } where G14 =

C NGy,
Ctl - G14 Ct4 - G14 Gl4 F4q - (Ctl ) Ct4) Ctl Ct4

X q—1 q q+1 k — 3q = 2q |2gq+1

X q qg+1 q k—(3q¢+1) = | 2¢ | 2¢+1

Thus any subgraph of size k of this form is removed twice as a non-closed

set with respect to C}, and with respect to Cy, since cycle Cy, has length

2g + 1 but have exactly 2¢ elements in this subgraph and cycle C;, has

length 2¢g 4 2 but have exactly 2¢g+ 1 elements in this subgraph . One can

easily check that this subgraph has not been removed again with respect to

any other cycle. Similarly, we get the same result if we consider the pairs
of cycles {Cy,,C4, },{Ct,, Ct, }, {Cty, Ci, }. Thus the number of repeated
non-closed sets of this form is

(GG

q+1

qg+1
k — 3q

)<(

OGN

q+1

(3¢ + 1))} '

(b) We consider the remaining pairs {Cy,, Cy, }, {Ct,, Ct, }. Without loss of
generality, we start with the pair {Cy,, Ct, } where G5 = Cy, N Cy,.

9
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Ctl - G15 Ct5 - G15 G15 F4q - (Ctl U Ct5) Ctl Ct5
X q q+1 q kE—3g+1) =1 2q | 2¢+1
X qg+1 qg+2 qg—1 k—(3qg+2) = | 2¢ | 2¢+1

non-closed sets of this form is

We get similar results for the pair {Cy,, Cy, }. Thus the number of repeated

(DG ) GGG ) )]

q

(ili) We consider the non-closed sets removed more than once with respect to
cycle Cy, where ¢ € {1,3} and cycle Cy,. Thus we consider pairs of cycles

{Ctl ) Ct6}7 {Ct37 Ct6}'

Ctl - G16 CtG - GlG G16 F4q - (Ctl U Cte) Ctl Cte
X q q+2 q k—(3¢g+2) = | 2q¢ | 2¢+2
X| ¢-1 g+1 |q+1| k—(Bg+1) | =] 2¢ |2q+2

Thus using similar aurgument from part (i) of the proof, the number of

repeated non-closed sets of this form is

W) ) ()G EE) )]

q

(iv) We consider the non-closed sets removed more than once with respect to
cycle Cy; where j € {4,5} and cycle Cy;. Thus we consider pairs of cycles

{Ctz; ) Ct6}7 {Ct5 ) Ct6}'

Ci, — Gug | Cry — Gus | Gus | Fu, — (Cp, UCy) Ct, Cte
X qg—1 q q+2 k—(3¢+1) = 12¢+1|2¢+2
X q g+1 g+1 k—(3q+2) = |2¢+1]|2¢+2

Thus using similar aurgument from part (i) of the proof, the number of

repeated non-closed sets of this form is

GG G ) G E) G )]

Adding the number of repeated non-closed sets of different forms gives the result.
O

Corollary 3.17. Let F,, be a uniform 44-fan with ¢ > 1. Let y, represent the set

of all closed sets of size k of Fy,. Then for 3¢ +1 <k <4q—1
10
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o= B[00 a()]
o 3 e 2t ()
+ (6q2+8q+2)§ (q;,rl) + (6q+4)q_2 (q“;1>
i=1 =
+ (6¢% +12q +4) q;i (j) + (6 +6) q_: (j)

Proposition 3.18. Let F,  be a uniform 4,-fan with ¢ > 1. Let oy represent the
set of all closed sets of size k of Fy,. Then for k = 4q

1
0k] = §(2q3+3q2+7q)

Proof. Tt is easy to show that there is no closed set of size 4¢ which does not
contain a cycle, therefore it makes sense to count the number of closed sets based
on cycles and union of cycles of Fy . Recall from Notation 3.5, the definition of
cycles Cp,,Ct,, -+, Cly.

First, we consider the closed sets of size 4¢ with exactly one cycle. We start with
closed sets which contain Cy, . Recall Cy, has 2¢g+1 edges, thus the only possibilities
of closed sets of size 4¢ is to choose ¢ — 1 edges in the set {as1,ase, -+ , a3} of g
edges and choose ¢ edges in the set {as1,a42, - ,a4q,d} of ¢ + 1 edges. Hence

we have ( ¢ 1> <q + 1) closed sets of with respect to cycle Cy,. Similarly, with
respect to %’t3. For C}?cles Ci,,Cy,, Cty, Ciy, any choice of 2g — 1,2 — 2,2g — 2 and
2q — 3 edges not in the cycle, respectively, added to the respective cycle, will be
non-closed. Thus we have 2¢(q + 1) closed sets which contains a single cycle.

Secondly, we consider the closed sets with different unions of cycles C,, Cy,, Cy,, Ct,, Ct,
of size less than or equal to 4¢q. But there are only two distinct unions satisfying

the condition, since
CyyUC, =CLUlC,uly, =C, UC, =C, Uy,

Ci, UCy, = Cyy UGy, UG, = Ci, UCs_s = Cy, UC,.

Thus it is enough to show the closed sets containing Cy, UC}, and the ones containing
Cy, U C,. Consider the closed sets containing the union C}, U Cp,. Recall that
Ci, U C, has 3q + 2 edges, hence the only possibilities of closed set of size 4q is
to choose ¢ — 2 edges in the remaining ¢ + 1 edges, {aa1, @42, - - , aaq,d}. Thus we
1
have (q + 2) choices. Similarly, if we choose the 3¢ + 2 edges in Cy, U C},. Hence
q-—
11
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we have

2(17}) = juta+ a1,

Finally, we consider the closed sets which contain the union of C}, with other
cycles of size less than or equal to 4¢q. There are two distinct unions satisfying this
condition, since

Cy, UCy, = Cty U,

Ci, UCy, = Cp, UGy,
Thus, it is enough to count the closed sets containing C}, U C%, and the ones
containing Cy, UCY, . Recall that Cy, UCY, has 3g+3 edges, hence the only possibility
of closed sets of size 4¢ is to choose the remaining g — 3 edges in {as1, a2, - , a2}

Thus we have <q g 3) choices. similarly, if we choose 3¢ 4+ 3 edges of Cy, U Cj,.

2((1 ! 3) - %q(q - 1)(g - 2).

Therefore, the total number of closed sets of size 4q is

Thus we have

2q(¢+ 1)+ %q(q +1)(g—1)+ %q(q -1(g-2)= %(2(13 +3¢% + Tq).

O

Proposition 3.19. Let F,  be a uniform 4,-fan with ¢ > 1. Let 0y represent the
set of all closed sets of size k of Fy,. Then for 4g+1 <k <4q+3
2¢° k=4q+1
0] =40 k=4q+2
1 k=4q+ 3.
Proof. The cases k = 4g+ 2 and 4g+ 3 are obvious. Thus we only consider the case
k = 4q + 1. We follow a similar argument given in the proof of Proposition 3.18.

1
There are no closed sets of size 4¢ + 1 with exactly one cycle, 2<q - 1) closed
q—

sets with unions of smaller cycles, smaller than C;, and 2 1 3 closed sets with

unions of other cycles with Cy,. Therefore, the total number of closed sets of size

4g +1is
q+1 q 2
2 2 = 2¢°.
(q—1>+ (q—3> ¢

We are now in a position to state the main theorem of this paper.

Theorem 3.20. Let F,, be a uniform 4,-fan with ¢ > 1. The number of graph
compositions of I,
C(F,,) =273 — (34q + 23)2°7 4 (18¢> + 46q + 22)27 — [4¢° + 12¢° + 16¢ + 6] .

12
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Proof. By Corollary 1.2

1B(G)]
(3.1) c@ = > o

k=0

4q—1 4q+3
(3.2) = D 16+ D (Gl

k=0 k=4q

Now we treat the sums separately. We start with 22‘1:_01 |0k |, applying Proposi-
tion 3.8 and Corollaries { 3.7, 3.12, 3.15, 3.17}.

4q—1 2g—1
STIkl = > 10k] + 1624
k=0 k=0
3q—1 4q—1
+ D 1Ok (Gsgl D 10|
k=2g+1 k=3q+1

- () ()

] U RSICE)

’ :q;[ a9 "loai ) =191 )

)

a2, ) e
MJ( ) - (G)]

- 5 S0 ()~ ()]

k=3q+1

q—1 g+1 q g+1
+ (647 +8q+2) ( j )+(6q+4) < ; )

1]

+(6g 120+ 4); (j>+(6q+6)

Putting like terms together we get
13
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4:_01 0k = 4:2_:: <4q,j3> - (6q+3)j§_; (2qz+2>
— (dg+4) qZ (QQ;L 1) — (2q+3) 2:1_03 (2;)
+ (6q2+8q+2)§(q—;1> +(6q+4)§(q—;1)
+ (6¢% + 12q+4)§ <§> + (69 + 6) S (j) +(q+1)(6g +2).

Jj=0 Jj=0

—  9dq+3 _ [8 +21q + 24¢° + 10¢° + %(Qq2 + 1)] — (6g + 3)2%a+2

+  [12¢® + 36¢° + 39¢ + 12] — (dg + 4)2°7T" + [8¢° + 20¢* + 20q + 8]
— (2q+3)2% + [4¢° + 8¢® + 5¢ + 3] + (6¢* + 8¢ + 2)291"

—  [6¢° + 26¢% +26¢ + 6] + (6¢ + 4)291" — [3¢® + 11¢° + 18¢ + 8]

+  (6¢> 412+ 4)27 — [6¢° + 18¢° + 16q + 4] + (6g + 6)27

— [3¢® +6¢° + 9¢ + 6] + [6¢° + 8q + 2]

= 283 _ (6g + 3)22972 — (4q + 4)2%9T! — (2¢ + 3)227 + (6¢° + 8¢ + 2)27T!
+  (6g+4)29T" + (6% + 12¢ + 4)27 + (6 + 6)29 + [6¢” + 8¢ + 2]

- {8 4 21g + 2442 + 10¢° + §(2q2 + 1)] + [126° + 3642 + 39 + 12]

+  [8¢° +20¢* 4 20q + 8] + [4¢® + 8¢” + 5q + 3] — [6¢° + 26¢° + 26¢ + 6]

— [3¢® +11¢* + 18¢ + 8] — [6¢° + 18¢* + 16q + 4] — [3¢* + 6¢° + 9g + 6]

= 2%9F3 _(6g + 3)22072 — (4q + 4)2%9F — (2¢ + 3)2%7 4 (6¢° + 14¢ + 6)27T!
+ (6g% + 18¢ +10)29 — {4q3 F15¢2 +18q + 7+ %(qu + 1)}

1
= 2%0%3 _ (34q + 23)2%9 + (18¢% + 46q + 22)27 — [4¢° + 15¢° + 18 + 7] — g(2q3 +q).

We now consider the second sum and we apply Proposition 3.18 and Proposi-
tion 3.19 to get

4q+3 1
Z |0x] = §(2q3 +3¢% +7q) +2¢* + 1.
k=4q
49—1 4q+3
Adding Z [0k | + Z |0k| we get the result. O
k=0 k=4q
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