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A NUMERICAL METHOD BASED BOUNDARY INTEGRAL
EQUATION TO SOLVE MULTIPHASE MOVING BOUNDARY
PROBLEMS

Abstract
The new in the present paper, is to use the boynidegral formulation forfixed
boundary to solve moving boundary problem. The basic idea is to track the moving

boundary in advance by an assumption of the fftjx 2¢%t, m>2,¢ is an unknown

found from an iterative algorithm developed witlthe main algorithnthen solve
phases with moving boundaries as fixed boundaries. test problems solved to check the
availability of the proposed algorithm. The resulte to the present algorithm for the first
test problem compared with previous results basetdaundary integral formulation for
moving boundaries, while the results due to theomséctest problem compared with
available analytical solution. A good agreement lhath problems is obtained within
prescribed errors.

Keywords: Phase change problems, Moving boundary probldBesindary elements
Methods, Numerical Algorithms.

1. Introduction

Moving boundary problems frequently appear in ptsisi engineering,
industrial and other problems of technological nests [-2]. Phase change
problem is a practical example of moving boundamybjfems and usually
highly nonlinear due to the moving interface coiais [3]. Practical
engineering problems are efficiently solved nowadayly by numerical
methods, such as finite differencéd],[finite element $-7] and boundary
elements §-9]. Boundary integral method is very convenient t&e uor
solution of Stefan problems in which, nodal poiate located only on the
boundaries and move together with the phase chemegeace, this means
that, there is no need for any mesh adjustrfitdll]. The basic idea is to
track the moving boundary in advance by an assamptof the
forms(t) = 2¢¥t, m=2,¢ is an unknown found from an iterative algorithm
developed within the main algorithm, then solve g@sa with moving

boundaries as fixed domain. Two test problems afeed to check the
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availability of the proposed algorithm. The resutitse to the present
algorithm for the first test problem are compareathwrevious results based
on boundary integral formulation for moving bounday while the results
due to the second test problem are compared withladée analytical

solution. A good agreement for both two test protdds obtained within

prescribed errors.

2. Mathematical formulation

A domain Q consists ofQ.-solid phase- an®, -liquid phase- representing

the overall domain. The domain is bounded by a daonr, while the two

phases are separated by a moving interfacsee figure (1).

r

Moving Interfacd™

Figure 1: Problem domain
The mathematical formulation is as follows:

aiDzui(x,t):%, i=s/ (1)

The subscripts =s,¢ refer to solid and liquid phases respectively. D&
fixed boundary, two boundary conditions are prdwsxi

ulxt)=u, OxOry (2)

o
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In case ofolidification, we have:

K{%j =q(x.t) Dx O, (3)

Or in case ofmelting, we have:
Kf(%j =q(xt) OxOr 4)

In equations (2-4y =r, O, represent the boundary of the donminThe

boundary condition (3) or (4) depends mainly on tyyge of the problem

under consideration. On the moving boundary, twongary conditions are

prescribed:

u(x,t)=u, or u,, OxOr,, or I, (5)
Input heat flux - output heat flux = +pLV, (6)
u(x,0)=u, (7)

Based on the boundary integral formulation for dixeoundary8], for any

point the integral equation takes the following form:

0

u(&,7)= Iu(x,O)u* (&, %, 7,0)dx + kﬁu* (&, % 7,t)q(x,t)dxdt — kj“i. q* (&, %;7,t)u(x, t)dxdt

0
(8)

4, Numerical iterative algorithm

In this section, the suggested iterative algorigtarting from determination

the time at which phase change starts occurrintpupe end of the process

is shown in figure (2). As it appears, the firsttp the developed algorithm

is designed to determine the time at which phassagh starts occurring

within a prescribed error to ensure high accurddh® computed results.
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Figure 2: Flow chart of the suggested algorithm
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5. Numerical results

Test problem (1)

A solid medium initially at uniform temperaturg, =300°K , the boundary
x=0 exposed to two different cases of input heat fllgnstant,
Q(t)=5x10°and linear, Q(t)=3x10*t respectively. Figure (3) shows the
movement of solid-liquid due to constant heat flaxg the resulting ablation
surface due to the same heat flux is shown in &dd). The same results due
to linear case are plotted on the same plot asshofigures (5-6). From the
above figures, it is found that the solid-liquiddrface has the same behavior
in both constant and linear cases of heat fluxihabncave upward. In case
of linear heat flux input this concavity becomesren@pparent than the
constant case. In the contrary, the ablated interfaehaves concave

downward but in linear case this concavity increase
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Figure (3): Solid-Liquid due to constant input hikax
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Figure (6): Ablation surface due to linear heaxflu

Also, It is found from the computation that the expnimhas a direct effect
in the obtained results where the deviation from pinevious moving code
results starts increasing by increastrigut still acceptable up to=5. But
this conclusion is not acceptable when tracingtabianterface, see figures
(4) and (6), respectively.

Test problem (2)

Suppose that a semi-infinite solid, be the physimahain. Assume that the
free surface of the solid=0, is exposed to a constant oxygen

concentratio,, and initial oxygen concentration is zero. Assuthat
oxygen concentration in oxidized and metallic Iayisrdenoted by, andcC,
respectively, the state equations describing thiscgss, seq10]. The
following numerical data are used in the computetio

D, =0.274um?, D, = 0.166um?, C, =10, C, = 065and[C] = 025.

Since the exact analytical solution to the planardation problem is
available, a comparison between exact solution thedpresent method is

made as shown in figure (7). It is clear that thexyea good agreement
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between the two solutions with small acceptablerefollow up the results
of the present method, figures (8-9) show the omygencentration in both
layers at different times= 05hancdt = 25h. It is clear from these figures that
the behavior is the same but the distance fromstin¢ace increases by

growing up the time.
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Figure (7). Location of oxidation front
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Figure (8): Oxygen concentrations in both layersnaé = 0.5 h
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Figure (9): Oxygen concentrations in both layersnaé = 2.5h
CONCLUSION

Numerical methods, techniques, and algorithms @ng Way and has no end as long as
there exist life and scientific research. The pnepaper is just a trial in this long way. The
main idea is in the following question: How to selmoving boundary problem as fixed
boundary one based the integral equation method?sdved this problem by fixing the
moving interface within each time step by assummpfar the moving boundary equation,
then using an iterative scheme based the bound&egral equation the location of the
moving boundary will be obtained within a prescdberror. It is found from the
computations the following:
1- The mathematics of the proposed hybrid techniq® isimple compared with the
boundary integral equation for domain with moviraphdary.
2- Global number of iterations ranges from 20 to 2Baition per time step.
3- Prescribed errors are small and acceptable faorinatical applications.
4- The proposed hybrid technique can be modified teecdigher dimensional
problems.
5- All moving boundary problems of like similarity mioyg interface can be easily
solved using the proposed hybrid technique.
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