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Integral eguation

Abstract—In this paper a nonlinear mixed integral equation (NMIE),in the spaceC([0, 1] x [0, T]), T < 1,is considered. The
two kernels of position k(x,y) and time F(t,t) are continuous. Using Banach Fixed Point theorem, thexistence of a
unique solution of the NMIE, is discussed and provedJsing a quadratic numerical method, NMIE leads to a nonlinea
system of Fredholm integral equations (NSFIEs) in pdgon. Here, the existence of a unique solution of thISFIEs, under
certain condition, is proved. Moreover, we use two diffent methods, quadratic method (QM) and Simpson rule 8R ), to
transform, in each method, the NSFIEs into a nonlinear lgebraic system (NAS). In addition, the existence of anique
solution of each algebraic system is guaranteed. Finallypme applications contain numerical results, in some diéfent
time, are calculated and the error estimate, in eachase, is computed.

Keywords- Mixed integral equation (MIE); Nonlinearsystem of Fredholm integral equations (NSFIES); Qdi@tic method (QM);
Simpsosn's rule ( SR ); Nonlinear algebraic systéNAS).

l. INTRODUCTION

Integral equations play an important role in many subidngsof linear and nonlinear functional analysis and theplications
in potential theory, the theory of elasticity, mathé&oad physics, engineering, and electrostatics problemsardiicular the mixed
integral equations has many applications in different segersed1,2,3]. Therefore, many different analytic and numeric methods
are used to obtain the solution of the linear and nonlineegrait equations also, different methods can be used to obtain the
solution of the nonlinear integral equations in the s@af@] x C[0, T], where is the domain of the contact problem considered
in the position, whilet € C[0,T],T <1 is the time. In fact, the numerical methods have plaam® important rule to obtain the
numerical solution of the MIEs in linear and nonlineasesa see [4-11].

Consider the NMIE of the second kind:

t 1

puulx,t) = f(x,t) + f f F(t, 1) k (x,y) y(y,r,u(y,r))dy dt , u+0. (D
00

Here, f(x,t) and y(x, t,u(x, t)) are two given functions, while the functiar(x,t) is unknown in the spac€([0,1] x
[0,T]),T < 1. The kernel of positiok (x, y) is continuous, while the integral term of time in thacgt’ [0, T].

Write (1) in the integral operator form

Wu(x,t) = % flx, t) + Wu(x, t) , u*0 . )

1 t 1
Wu(x,t) = — j j F(t,7) k (x,y) y(y, 7,u(y, T))dy dr. 3)

00

=

In addition, we assume the following conditions:

(i) The kernel of position is continuousx, y) € C([0,1] x [0,1]) and satisfies
[kCx,y)| <M ,  (Misaconstant).

(i) The kernel of timé (¢, 7) is a continuous function and satisfies



(a) For each continuous functigf{x, t, u(x,t)) and0 < t, <t, <t < T, the integral
tz

f F(t, 1) y(x, 7,u(x, r)) dr,
|51
is continuous in the spa€&€[0,1] x [0, T]).

(b) F(t,7) € C[0,T], with respect ta, t forall0 <7 <t < T, satisfies
|F(t,7)] <L , (L isaconstant).

(ili) The given functiorf (x, t) with its partial derivatives with respect to position antktbelong taC([0,1] x [0, T]), and its
norm is defined by :
If G Ollcqoaixiorp = maxlf(x,t)] < H, (H is a constant)

(iv) The known functiory(x, t,u(x, t)) satisfies for the constantg, ¢, andc = max {c,, c,} the following conditions:
(a) H}C%XW(’C, t,ulx, )| < ¢ llulx, Ollcqoixiory -

(b)|y(x, t,u(x, t)) - y(x, t,p(x, t))ls ¢, lulx, t) —p(x, t)].

In this paper, the existence of a unique solution of (1) utigeconditions (i)-(iv), are discussed and proved, usintaéa
fixed point theorem. A quadratic method is used to obtaiordinear system of Fredholm integral equatidwSKIES) in position,
then the existence of a unigue solution of this systerorisidered. The quadratic method and Simpson rule are applbtain a
nonlinear algebraic systeNAS). The existence of a unique solution of the produced NAfBasanteed. Numerical examples are
considered and the estimate error, in each casalcisiated.

[l.  EXISTENCE OF A UNIQUE SOLUTION OF THE NONLINEAR MIXEDNTEGRAL EQUATION
In this section, we prove the existence of a uniglgtiea of (1) or (2), using Banach fixed point theorem.

Theorem 1:

In view of the conditions (i-iv),(1) has a unique solutiarthie Banach spaa&[0,1] x [0, T]),under the conditiofT L M ¢) <
|-

Proof:

In view of the two formulas (2) and (3) , we have

t 1

_ 1 1

1Wu(x, O < |;| IF Ge Ol + |;| f f F &, D 1k Gl ¥ (v, 7, u(y,0)|dy de
00

Then using the conditions (i)- (iv — a) , we obtain

1TuCe Ol < -+ 2 el (@ = TLME). )
[ul - ul

The previous inequality (4) shows that, the operdfanaps the balf,, into itself, wherep = T

Sincep > 0& H > 0, therefore we have < |u|. Also, the inequality (4) involves that the operatdis bounded; moreover,
the operatoi¥ is bounded.

For the two functiona(x, t) and¢(x, t) in ([0,1] x [0,T]) , and from the formulas (2), (3), we find

B B 1 t 1
1Wuce, )= Wx, ol < ] ||| [ 101 ol Iy, ur, ) = v, 90,00) dy de

In view of the conditions (i), (ii) and (iv — b) , we leav

IWu(x,t) — Wep(x, B)]| < |Z_| lluCx, ) — p(x, B)1I. )



From inequality (5), we see thatdf < |u|, then the operatd#/ is continuous and contraction in the spa¢g0,1] x [0,T]).
So, from (4),(5) and fixed point theorei, has a unique fixed point which is the unique solution of (1).

[ll.  NONLINEAR SYSTEM OFFREDHOLM INTEGRAL EQUATIONS(NSVIES)

In this sectionNSFIEs is obtained, using a quadratic numerical method, (Atkif$a,13], Delves and Mohamed [14]). For
this, we divide the intervdD, T], 0 <t < T < 1 into s subintervals, by means of the poirlis= t, <t; <t; < .. <ty < <
t, < <t;=T,wheret=t,,t=t;, , p,q=0,12,..5, use the quadrature formula in the integral term of egufi),
then neglect the error, equation (1) becomes

p 1
() = Dy Fog [ K2 ¥y (7,0 00) dy = £, ©)
q=0 0

where we used the following notations:

u(x, tp) = u, (%), F(tp'tq) =Fyq . fx tp) =f(x), Y, tg, u(y, tq)) =Y (y, uq(y)) )

andw, are the weightsy, = h/2 ; if q=0, s,and w, =h ; if 0<gq <s.Equation (6) representsNSFIEs, that can be
solved using recurrence relations.

Now, letE be the set of all continuous functians(x) in the space&[0,1], whereU(x) = { uy(x),u,(x), ..., u,, ..} and the
norm in the space is defined by :||U||z; = max, max |u,(x)|. ThenE is a Banach space .
X

IV. THE EXISTENCE OF A UNIQUE SOLUTION OINSFIES

To discuss and prove the existence of a unique @olofi theNSFIEs (6) in the Banach spadg we write the (6) in the
integral operator form

_ 1
Vup(x) = ;fp(x) + Vup(x) ) (7)
where
1w g
Vu,(x) = ;z Wq By q f k(x,y) v, (y, uq(y)) dy . )
q=0 0

In addition to condition (i) of theorem (1), we assumefeilewing conditions:

(1) maxmax |f,(x)| = lIf(t)llz < H*, (H" isa constant) .
D x
S
2) z max |Wq Fp,q| <L*, (L isaconstant).
q
q=0

(3) The known continuous functionps (x, up(x)),Vp satisfies for the constants’, ¢; andc* = max{c;,c; }, the following
conditions:

() maxmax |y, (x,1,(@)| < € VEIl;

1) |1 (x1,) =1 (2. 6,00)| < <5

Theorem 2:

u,(x) — ¢p ()] .

The system (6) has a unique solution in the spageder the conditiomr™ = L*M ¢* < |ul.
Proof:

In view of the two formulas (7) and (8), we have



14 1
_ 1 1
1701l = [ 1GOll + 5] Dl ol [ [ 1t )1 [ (7 0090)
q=0 0
Using the conditions (i) and (1) - &), we obtain
H*
||Vup(x)|| < | | ||up(x)|| (a* = L*M c*). 9

*

The previous inequality (9) shows that, the operdfanaps the balf, into itself, whered =

lul—a*
Since> 0and H* > 0, therefore we have* < |u| . Moreover, the inequality (9) involves that the oper#ta bounded.

For the two functions, (x) ande,(x) in E, and from the formulas (8), (9) we find

1 1
_ _ 1
”Vup(x) - V¢p(x)” < |;| leq Fp,ql j|k(x:)’)| |Yq (y!uq(y)) - yq (y' ¢q(y))| dy
q=0 0
In view of the conditions (i), (2) with (35,) , we have

1724, = Py O < 17 Thtn) = 4,0 (10)

From inequality (10), we see that if* < |u| , then the operatdf is continuous and contraction in the spaceConsequently,
from (9),(10) and fixed point theorer,has a unique fixed point which is the unique solution of (6)

V.  NUMERICAL METHODS
1) Quadratic numerical method

We use a quadratic numerical method, to transferNNBEIEs (6) to NAS, for this, we divide the interval [0,1] inty
subintervals, by means of the poifits: x, < x; < - < xy = 1, wherex = x;,i = 0,1,2, ..., N, then use the quadrature formula

in (6), we get
HUp;— qu p.q Z kij Yaj = foi (11)

where the notations,; = u,(x;), ki; =k (x,%;), vq; = ¥4 (xj,uq(xj)), are used, ang; are the weights of the numerical

_(h/2 j=0m
methodv; —{ ho<j<m-
2) Composite Simpson's rule:
In this section, we approximate tNSFIEs of (6), using Composite Simpson's r¢lBadir and Rahmoune [15]t9 obtainNAS,
in the form

1
L N/2 N-3 ]
Mup,i=fp,i+§ z pq szZ] 1Vq21 1+22 klZ] Vq2]+klOYq0+klNVqN (12)
q=0 j=1 j=1 J

which can adapted in the form

HUpi — qu pqz kij Yaj = foir (13)

wherev; = 1/3if j = 0,N, v; = 2/3 if jis even, and; = 4/3 if j is odd .

We can easily observe that the difference between the lyetraic systems (11), (13) which are obtained by quadrati
method and Simpson's rule, respectively, is in the valuteokeightsy;.



VI. THE EXISTENCE OF A UNIQUE SOLUTION OF THENAS)

In order to guarantee the existence of a unique solution of iINASBanach spack’, we write the NAS (11),(13) in the
integral operator form

_ 1
Z up’i = l_ifp'i +Z up,i ) (14’)
where
1 p N
Zup; = _Z Wq Fpq z v kij Va,; - (15)
U= —
q=0 j=0

Then, we assume in addition to condition (2), of theorem &otlmving conditions:

(a) sup |fp_i| < H** (H*isaconstant).
DLl

N
(b) sup Z|vj ki_j| <E*, (E"isaconstant).
iN &
j=0
(c) The known continuous functiong, ; satisfy (V q,j) for the constants;,¢, and ¢ = max {{;,&,} the following
conditions:
@ suplrq,(g,)] < gyl
(8) 1Vaj(uqj) = vai(baj)l < &lugj — ¢al-
Theorem 3 :

Under the conditiog L* E* < |u| , NAS (11), (13) has a unique solution in the Banach sfface
Proof :

From the formulas (12) and (15) ,we obtain

1 14 N
12l = 2] (sl + D o Erl Yl ke yq,,-ll.
q=0 j=0

In view of the conditionsi() - (3-a) , the above inequality takes the form

1Zupill <t oyl a = £ LB (16)
' 17 I 71 B
Inequality (16) shows that, the operalfomaps the balf,, into itself , where
o
T an

Sinces > 0 andH** > 0, therefore we have** < |u|, moreover, the inequality (17) involves that the oper4tisrbounded.

For the two functions., ; and ¢,,; in [, the formulas (14) and (15) yield

14 N
_ _ 1
122t~ Z il < 15 D W Frl 1 i [ Cta) = Ve (9]
q=0 j=0
Using the conditiong2), (b) and(c — b) , the above inequality takes the form

_ _ 1
”Zupi _Z¢pi” Syoa”
’ ’ |4l

g = bl - (18)



In view of inequality (18), we see that the operafoiis continuous in the Banach spate Moreover,Z is a contraction
operator under the conditiari* < |u|. From Banach space fixed point theorefhhas a unique fixed point which is the unique
solution of NAS (11),(13) .

Theorem 4:

If the sequence of continuous functionf (x, t)} converges uniformly to the functigf(x, t) in the space([0,1] x [0, T]),
then under the conditions of theorem (1), the sequanée, t)} converges uniformly to the exact solution of Eq. (1§ {if0,1] x
[0,T].

Proof:

The formula (1) with its approximate solution gives

1 1 t 1
e, 0 = (0] < G0 = £ 0 +'“_'of 0fw(mn Ik Gl |y (1 u,0) = ¥ (7, 1.40,0)| dy dr

In view of the conditions of theorem 1, we get

lulx, ) —u;(x, 0] < H;Al—lTMc] |fC,0) = f;(x 0| -
Hence,”u(x, t) —u;(x, t)|| -0 Since”f(x, t) — fi(x, t)|| - 0asj—> .
Corollaryl:
The estimate total error define by the relation :
t 1 14 N
R; = f fF(t, ) k (x,y) y(y, T,u(y, T))dy dr — Z wy E, g Z viki; vqil
00 q=0 j=0
when j = max{N,p} = o , the sums
p N t 1
Z Wq Ipq Z Vi Kij Yaj( ™ ffF(t, Dk (,y)y(y, T, uly,1)dy dry,
q=0 j=0 0 0

and the solution of the NAS (11),(13) becomes the soluficdMIE (1) .

In view of theorem 4, we can deduce that the total &jreatisfies lim;_, R; = 0.

VIl.  NUMERICAL RESULTS

Consider th&lMIE (1), atu =1, and the time§ = 0.008,T = 0.07 and T = 0.5, then divided the position interval by
N = 100 units, and the time interval = 4. The next tables give us an exact solution with the Simpgprodmate solution
(App. Sm.) and quadratic approximate solution (App. Qd.),thed corresponding errors (Err. Qd.), ( Err. Snr@spectively,
with their diagrams.

Application 1:
Consider the integral equation:

(x+y)
B-x)

t 1
u(x,t) = f(x,t) + J j tt (u(y, T))zdy dr, (14)
00

The exact solution : u(x,t) = x? t3.

Tables 1,2 and 3 describe the errors of the approximaiécsyl of equation (14), by Simpson rule and the Quadratithodl,
their accuracies are0~%,107%, and 1073, whenT = 0.008,0.07 and T = 0.5 , respectively.

Casel: N=100 , T =0.008



X Exact App. Sm. Err.Sm. | App. Qd. Err.Qd.
0 0 0 0 0 0
0.1 | 5.1200E-09| 5.1200E-09 0 5.1200E-09 0
0.2 | 2.0480E-08| 2.0480E-0 0 2.0480E-08 0
0.3 | 4.6080E-08| 4.6080E-0 0 4.6080E-08 0
0.4 | 8.1920E-08| 8.1920E-0 0 8.1920E-08 0
0.5 | 1.2800E-07| 1.2800E-0Y 0 f 12800E07 0
0.6 | 1.8432E-07| 1.8432E-0f 0 1.8432E-07 0
0.7 | 2.5088E-07| 2.5088E-0Y 0 2.5088E-07 0
0.8 | 3.2768E-07| 3.2768E-0f 0 3.2768E-07 0
0.9 | 4.1472E-07| 4.1472E-0Y 0 4.1472E-07 0
1 | 5.1200E-07| 5.1200E-07 0 5.1200E-07 0
Table (1)

Error of Simpson's App. Sol.

Error of Quadratic's App. Sol.

Dig. (1)

Case2:N=100 , T=0.07

X Exact App. Sm. Err. Sm. | App. Qd. Err. Qd.
0 0 0 0 0 0
0.1 | 3.430E-06| 3.430E-06 0 3.430E-06 0
0.2 | 1.372E-05| 1.372E-0§ 0 1.372E-05 0
0.3 | 3.087E-05| 3.087E-05 0 3.087E-05 0
0.4 | 5.488E-05 5.488E-05 0 5.488E-05 0
0.5 | 8.575E-05 8.575E-05 0 8.575E-05 0
0.6 | 1.235E-04| 1.235E-04 0 1.235E-04 0
0.7 1.681E-04 1.681E-04 0 1.681E-04 1.06E-{10
0.8 | 2.195E-04 2.195E-04 1.33E-10 2.195E-D4 1.99E+10
0.9 | 2.778E-04 2.778E-04 2.35E-10 2.778E-04  3.51Ef10
1 3.430E-04 | 3.430E-04 3.94E-10 3.430E-D4 5.90E{10

Table (2)

Error of Simpson's App. Sol.

Error of Quadratic's App. Sol.

Dig. (2)

Case3N=100 , T=0.5

X Exact App. Sm. Err. Sm. App. Qd. | Err. Qd.
0 0 0 0 0 0
0.1 | 1.250E-03| 1.281E-03 3.143E-05 1.293E{03 4.30BE-




0.2 | 5.000E-03| 5.036E-083 3.608E-
0.3 | 1.125E-02| 1.129E-02 4.119E-
0.4 | 2.000E-02| 2.005E-02 4.705E- 2.005E{02 5.419E-
0.5 | 3.125E-02| 3.130E-02 5.404E- 3.131E{02 6.002E-

5 5.046E:;03 4.59BH
5
5
5
0.6 | 4.500E-02| 4.506E-02 6.284E-05 4.507E102 6.988E-
5
5
4
n

1.130E{02 4.99E-

4 0.7 | 6.125E-02| 6.132E-02 7.437E- 6.133E:02 8.30BH-
0.8 | 8.000E-02| 8.009E-02 8.999E- 8.010E:02  1.025H-
0.9 | 0.10125 0.101362  1.116E-C 0.101381  1.308E-04
1 0.125 0.125142| 1.417E-O 0.125172  1.719E}04
Table (3)

Error of Simpson's App. Sol. Error of Quadratic's App. Sol.
Dig. (3)

Application 2 :

Consider the integral equation :

y

o] (u(y, T))3 dy dr. (15)

u(x, t) =f(x,t)+ffet—r
00

The exact solution : u(x,t) = t cosh(x).

Tables 4,5,and 6 describe the errors of the approxisw¢ion, of equation (15), by Simpson rule and the Quadrattbod, the
accuracy ar¢0~7,107%,and 1072, whenT = 0.008,0.07 and T = 0.5, respectively.

Case4: N=100 , T=0.008

Exact App. Sm. | Err. Sm. | App. Qd. | Err. Qd.

0 | 4.000E-03| 4.000E-03 5.54E-10 4.000E03 6.61H-10
0.1 | 4.020E-03] 4.020E-03 5.06E-10 4.020E{03 6.04H-10
0.2 | 4.080E-03| 4.080E-03 4.73E-10 4.080E{03 5.67H-10
0.3 | 4.181E-03| 4.181E-03 4.49E-10 4.181E{03 5.43H-10
0.4 | 4.324E-03| 4.324E-03 4.36E-10 4.324E{03 5.32H-10
05| 4511E-03| 4.511E-03 4.31E-10 4.511E{03 5.33H-10
0.6 | 4.742E-03| 4.742E-03 4.35E-10 4.742E{03 5.46H-10
0.7 | 5.021E-03| 5.021E-03 4.48E-10 5.021E{03 5.72H-10
0.8 | 5.349E-03| 5.349E-03 4.73E-10 5.349E{03 6.14H-10
0.9 | 5.732E-03| 5.732E-03 5.09E-10 5.732E{03 6.75H-10

1 | 6.172E-03| 6.172E-03 5.62E-10 6.172E03 7.58E-10

Table (4)



Error of Simpson's App. Sol.

Error of Quadratic's App. Sol.

Dig. (4)

Case5: N=100 , T=0.07

X Exact App. Sm. | Err.Sm. | App.Qd.| Err. Qd.

0 | 3.500E-02| 3.500E-02 2.228E-06 3.500E{02 2.300E-06
0.1 | 3.518E-02| 3.518E-02 2.028E-06 3.518E:02 2.088H-
0.2 | 3.570E-02| 3.570E-02 1.864E-06 3.570E{02 1.90GH-
0.3 | 3.659E-02| 3.659E-02 1.730E-06 3.659E:02 1.702H-
0.4 | 3.784E-02| 3.784E-02 1.618E-06 3.784Ei02 1.6B3H-
0.5 | 3.947E-02| 3.947E-02 1.527E-06 3.947E;02 1.596H-
0.6 | 4.149E-02| 4.149E-02 1.452E-06 4.149E02 1.506H-
0.7 | 4.393E-02| 4.393E-02 1.393E-06 4.393E:02 1.406H-
0.8 | 4.681E-02 4.681E-02 1.348E-06 , 4.681E;02 1.433E-
0.9 | 5.016E-02| 5.016E-02 1.319E-06 5.016E/02 1.4BOH-

1 | 5.401E-02| 5.401E-02 1.305E-06 5.401E{02 1.437H-06

Table (5)
1]
1 '%g
s
""ifn? 1
Error of Simpson's App. Sol. Error of Quadratic's App. Sol.
Dig. (5)
Case6 N=100 , T=0.5

X Exact App. Sm. | Err.Sm. | App.Qd. | Err. Qd.

0 0.25 0.257463| 0.00746 0.257492  0.007492
0.1 | 0.251251| 0.258036 0.006785  0.258062  0.006811
0.2 | 0.255017| 0.26123§ 0.006222  0.2612p3  0.006246
0.3 | 0.261335| 0.267081 0.005746  0.2671p5  0.005771
0.4 | 0.270268| 0.275608 0.005340  0.2756B3  0.005865
0.5| 0.281906| 0.2868971 0.004990 0.2869p3  0.005016
0.6 | 0.296366| 0.301057 0.004686  0.3010B1  0.004714
0.7 | 0.313792| 0.318217 0.00442% 0.3182#44  0.004452
0.8 | 0.334359| 0.338545 0.004187  0.3385B1  0.004223
0.9 | 0.358272| 0.362253 0.003982  0.3622p5  0.004023

1 0.385771| 0.389572  0.00380R  0.3896R1  0.003351

Table (6)



Error of Simpson's App. Sol. Error of Quadratic's App. Sol.
Dig. (6)

viii. CONCLUSION

* A nonlinear system of Fredholm integral equations in osivas formulated from a nonlinear mixed integral equédiipn
using quadratic numerical method.

» Using Banach Fixed Point theorem, the existence of guarsolution of the MIE, was discussed and proved in theespa
L,[0,1] x C[0,T], T < 1.

* The existence of a unique solution of the NSFIEs, undé&ioerondition, was discussed.

* A nonlinear algebraic system was configured from Fredtintegral equations by using two different methods, catadr
method and Simpson rule.

» Some applications contain numerical results, in sdifferent time, were calculated.
» This equation can be solved also by many methods as Adoidamotopy, and Trapezoidal methods.

* We can consider this equation in two dimension in theipaosivith a singular kernel.

We observed from the numerical results of the studyérsgs that
The time playing a great role in the results, whereethe values was increasing according to the increasditigne.
In all results, Simpson rule has a bit more accuagpyroximate solution than a Quadratic method.
In general, the error values was increasing, whenahgs ofx approach the value = 1.

When the exact solution is a polynomial, the approximaltg¢isns are more accuracy.

o > 0N PE

Maybe the error vanished in the beginning times, iten¥ < 0.01, for all values ofc € [0,1] , as in example 1.
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