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Geometry of Projective Tensor of Viasman-Gray Manifold

Abstract

The goal of this paper is to study the geometric properties of projective tensor of Viasman-
Gray manifold. The necessary condition where Viasman-Gray manifold is manifold of flat
projective tensor has been found. The relation between certain two special classes of almost
Hermitian manifold with respect to the projective tensor has been studied. Finally, The
necessary conditions for which the Viasman-Gray manifold is nearly Kahler manifold and
locally conformal Kéahler manifold have been found.
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1 Introduction

Differential geometry has a long history as field of mathematics and yet its rigorous founda-
tion in the realm of contemporary mathematics is relatively new. In particular, almost
Hermitian manifold occupies an important place in modern differential geometry. The notion
of almost Hermitian manifold is one of the central concepts of modern mathematics and
applications. Therefore, a great number of researches have been devoted to study of such
structures and used more than one way to study this structure. One of these methods that does
not depend on manifold itself but on a principle subfiber bundle of all complex frames which
is called the adjoined G-structure space [4]. We used this method to study the projective
tensor of one more specific important class of the sixteen classes of almost Hermitian
manifold which is Viasman-Gray manifold (VVG-manifold). This class denoted by W, ®W,,
where W is the nearly Kahler manifold (NK-manifold) and W, is the locally conformal
Ké&hler manifold (LCK-manifold).

There were many authors studied the projective tensor. Kirichenko [5] proved that projective-
recurrent K-space of dimension n > 2 is local symmetric or local equivalent to the product of
Euclidean space and 2-dimensional Kahler manifold. Abood and Mohammed [1], proved that
almost Kahler manifold is a Kiahler manifold if it is a projective parakahler manifold.

2 Preliminaries

Let M be 2n-dimensional (n > 1) smooth manifold, X(M) be module of smooth vector fields
on M, C*(M) be the set of smooth functions of M.

A pair {J,g = (-,)} equipped with smooth manifold M is called almost Hermitian manifold
(AH-manifold), where ] is an endomorphism of tangent space T,,(M) with (]p)2 = —id, and
g =<.,.> is a Riemannian metric on M such that it is compatible with almost complex
structure of M [3].
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The basis of T,;(M) given by the form{e,,...,&,,&,...,&,} which called adapted basis,
where T3 (M) is the complexification of the tangent space T,,(M) at the point p € M. The
corresponding its complex frame is {p, &y, ..., &, &, ..., &, }. The G-structure space is the
principle fiber bundle of all complex frames of manifold M with structure group is the unitary
group U(n). This space is called an adjoined G-structure space [4].

Suppose that the indices i,j,k,l in the range 1,2, ...,2n and the indices a, b, c,d, e, f in the
range 1,2,..,n anda@ = a + n.

In the adjoined G-structure space the components matrices of complex structure J and
Riemannian metric g have the following forms:

i _ (V11 0 (0 I,
(]j)—< 0 _ﬂ1n>,(gij)—(,n 0) (2.1)

Where [, is the unit matrix of order n [4].

Definition 2.1 [2]. An AH —manifold is called VG-manifold, if in the adjoined G-structure
space, the following conditions satisfies:
pabc — g-bac . Babc — a[a5b] .
) c
An AH-manifold is called a locally conformal Kahler manifold if B3¢ = 0 and B%?, =

a125”) and is called a nearly Kahler manifold if B¢ = —Bbac, pab — ¢

where B¢ = \/;][%,a] B, = —\/;]gc and a = ﬁﬁ o J; F is a Kéhler form which def-

ined by F(X,Y) =< JX,Y >, § is acodrivative and X,Y € X(M)and the bracket [ ] denote to
the antisymmetric operation.

Theorem 2.2 [6]. In the adjoined G-structure space, the family of the structure equations of
VG-manifold has the following forms:

1) dw® = wiAw? + B wAw), + B*“w,Aw, ;
2) dwg = —wlAwy, + Byf w Aw? + Bypw? Aw® ;
3) dwf = w¢Awf + (2B "By, + AfS ) Awg + (BBajpn + Afcq)wAw?
+ (B BY + 45Y) w Aw,
where{w!}are the components of mixture form, {w}} are the components of Riemannian conn-
ection of metric g, {A%., , A%°® } are some functions on adjoined G-structure space and {422

are system of functions which are symmetric by the lower and upper indices and are called
the components of holomorphic sectional curvature tensor.

Definition 2.3 [8]. A Riemannian curvature tensor R of smooth manifold M is an 4-covariant
tensor R:T,(M) X T,(M) X T,(M) X T,(M) — R which is defined by
R(X,Y,Z,W) = g(R(Z, W)Y, X),
where R(X,Y)Z = ([Vx, V] — Vixv1)Z; X,Y,Z,W € T,(M) and satisfies the following pro-
perties:
1) R(X,Y,Z,W) = —R(Y,X,Z,W);
2) RX,Y,Z,W)=—-R(X,Y,W,Z);
3)R(X,Y,Z,W)+R(X,Z,W,Y)+ R(X,W,Y,Z) = 0;
AHRX,Y,Z,W)=R(ZW,X,Y).
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Theorem 2.4 [9]. In the adjoined G-structure space, the components of Riemannian curvature
tensor R of VG —manifold are given as follows:

1) Rabea = 2(Bab[cd] + a[aBb]cd) ;
2) Rapca = 2Apca ;

3) Rapea = 2(—BP"Bpeq + e 6)) ;
4) Rapea = Ape + B "By — BBy
where {a% ,a.’,a,,,a® } are some functions on adjoined G —structure space such that
da, + apw? = alw, + ag,w?
And
da® — abwf = afw? + a® w,

The other components of Riemannian curvature tensor R can be obtained by the property of
symmetry for R.

Definition 2.5 [11]. A tensor of type (2,0)which is defined as r;;= R, = g*'Ryj is called a
Ricci tensor.

Theorem 2.6 [9]. In the adjoined G-structure space, the components of the Ricci tensor of
V G-manifold are given by the following forms:

1-n
1) 7ap = - (aap + Apq + @gap);
2) 15, = 3BYB,,, — ASE + nT_l (a®ay — aay) — %ahh&? + (n—2)a%).
And the others are conjugate to the above components.

3 Main results

Definition 3.1 [11]. A projective tensor of an AH-manifold is a tensor P of type (4,0)which is
defined by the form:

1
Pijie = Rijia + 5—7 (riegji — Tk gu)
where, R;jx; , 1;j and g;; are respectively the components of Riemannian curvature tensor,

Ricci tensor and Riemannian metric.

This tensor has properties similar to the those of Riemannian curvature tensor,
1.e. Pijiy = —Pijr = —Pijic = Praij

Lemma 3.2. In the adjoined G-structure space, the components of the projective tensor of VG-
manifold are given by the following forms:

1) Papea = 2(Bab[cd] + a[aBb]cd)

1
2) Papca = 2Abea — Zn__lrde?i :

b 2 b] .
3) PdBCd =2 (_Bathhcd + a’[[?(?d]]) + _Zn—lrc[a6d] ,

3
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1
4) Papeq = AR + B9hB,, . — BB & + mrcacgg-

Proof.
1) Fori=a, j=b, k=c,and [ =d, we have

1
Papca = Rapea + m—1 (TacIva — TvcGaa)
According to the equation(2.1), we get that
Pavea = Rapca
2)Fori=a, j=b, k=c and [=d,wehave

Papca = Rapea + 5——7 (TacIpa — TvcYaa)

2n

Papca = Rapca — mrbc(sg

3) Fori=a, j=b, k=c and [ =d,wehave
Pasea = Rabea + 5—7 ("acgpa = Thcaa)
= Rapea + an_ T (1268 —1263)
= Rapea + mr}“&f{]

A)Fori=a, j=b, k=cand [=d,wehave

Papca = Rapea + m—1 (TacGpa — TvcGaa)

1
= Rapca + 5,165 0
Definition 3.3. An AH-manifold is called a projective flat if the projective tensor is equal to

ZEero.

Theorem 3.4. Suppose that M is VG- manifold with flat projective tensor, if M is a manifold
of flat Ricci tensor then M is NK- manifold.

Proof. Suppose that M is VG-manifold with flat projective tensor.
Making use of Lemma 3.2. and Definition 3.3, it follows that

1 asd _
. Rdbca. +m7‘c 6b =0
According to the Theorem 2.4, we obtain
Aj¢ + BBy — BBy + 1 285 =0

Since M is manifold of flat Ricci tensor, then we deduce
Ajd + BBy, — BBy =0

Symmetrizing and antisymmetrizing by the indexes(a, d), it follows that

—Ba}clBhg =0
Contracting the last equation by the indexes (a, b) and (d, c¢), we have

—BY%B,d =0
d“ha —
BaZBhg=O=>Z|B“’5|2=0 & B =

According to the Definition 2.1 we get that M is NK- manifold. O
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Definition 3.5 [10]. A Riemannian manifold is called an Einstein manifold, if the Ricci tensor
satisfies the equation r;; = cg;;, where ¢ is an Einstein constant.

Definition 3.6 [7]. An AH-manifold has J-invariant Ricci tensor, if Jor =1ro].

The following lemma gives the necessary and sufficient condition for which an AH-manifold
has J-invariant Ricci tensor.

Lemma 3.7 [12]. An AH-manifold has J-invariant Ricci tensor if and only if, in the
adjoined G-structure space we have 12 = r,, = 0.

Theorem 3.8. Suppose that M is VG-manifold with flat projective tensor and J-invariant Ricci
tensor. Then 424 = ¢6¢ if and only if, M is an Einstein manifold.

Proof. Suppose that M is VG-manifold with a flat projective tensor.
By using Lemma 3.2., definition 3.3. and theorem 2.4., we have

A3 + BBy, — B Byt + ——186 = 0 (3.1)
By symmetrization the equation (3.1) by the indices (h, b) we get
1 1
AR + 5 (B Bppe + B " Bype — BBy — BYUByy) + —— 1865 = 0

Antisymmetrizing the last equation by the indices (h, b) we obtain

A% 4 2 _yasd = (3.2)
2n-1
Suppose that M is an Einstein manifold, so the equation (3.2) becomes
A8 + —=—(8268) =0 (3.3)
2n—-1

Contracting the equation (3.3) by indexes (a, b), it follows that
Ag = = (5268

Aad — —€5g
a; 2n711
aa —

A%S = céf

where ¢ = % is the Einstein constant.
Conversely, by contracting (3.2) by the indexes (a, b) we get
1
AR +— @6 =0

ad réd
Age + 1 = 0

Tg _ e d

2n-1  2n-1 ¢

rd = esd

Since M is J-invariant Ricci tensor, then M is an Einstein manifold. O

Theorem 3.9. Suppose that M is VG-manifold with flat projective tensor and J-invariant Ricci
tensor, if M is an Einstein manifold then M is LCK-manifold.

Proof. Suppose that M is VG-manifold with flat projective tensor.
Making use of Lemma 3.2., definition 3.3 and theorem 2.4, it follows that

A + B "By, — BByt + n;_rcaag =
Contracting the above equation by the indexes (a, b), we obtain
A% + BBy, — BBy + ——1868 = 0

Since M is an Einstein manifold, then according to the definition 3.5, we have
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AG + BBy, — BByt + —— 58884 = 0
By using the Theorem 3.8, we obtained
_sd
—¢% | gadhg = _pgahp d4 _° sd

2n—1 2n—1

Bathhac - Bathhad =0
Since M is VG-manifold, then we have
_Bathhca - Balgthcli =0
Symmetrizing and antisymmetrizing the last equation by the indexes(a, h), it follows that
_Bathhca =0
Contracting the above equation by the indexes (d, ¢), we deduce
B*"Bug, = 0 = BagpBaan = 0 = YaanlBaan|* = 0 & Bagp, = 0
Therefore, by the definition 2.1 we get that M is LCK-manifold. O

There are three special classes of almost Hermitian manifold which are embodied in the follo-
wing lemma.

Lemma 3.10 [12]. In the adjoined G —structure space, an AH- manifold is manifold of class:
Ry ifandonly if, Rypeca = Rapvea = Rapea = 0,

R, ifand only if, Rypcqa = Rapea = 0,

R; (RK-manifold) if and only if, Rgpcq = 0.

Similarly, we can give their corresponding according to the projective tensor by the following
lemma.

Lemma 3.11. In the adjoined G —structure space, an AH- manifold is manifold of class:
PR, ifand only if, Pypeqa = Papea = Papeq = 0,

PR, ifand only if, Pypcq = Papea = 0,

PR;(PRK —manifold) if and only if, P4.q = 0.

Theorem 3.12. Suppose that M is VG-manifold, the classes R; and PR; are coincide if and
only if M is J-invariant Ricci tensor.

Proof. Suppose that R; and PR are coincide, then we have

—Tl_lrbc&? =0
Tpe = 0
Therefore, M is J-invariant Ricci tensor.
Conversely, Suppose that M is J-invariant Ricci tensor

Making use of Lemma 3.2., it follows that
1
Pabca = Rabca = 37— Tbc0d

Since M is J-invariant Ricci tensor, then according to the Lemma 3.7 we get

Papca = Rapca

Therefore, R; and PR are coincide. 0
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