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Oscillatory Blood Flow in Convergent and Divergent Channels,

Part 2: Effects of Reynolds Number

ABSTRACT This paper studies the effects of Reynolds number on the oscillating flow in convergent and
divergent channels. The nonlinear equations governing the flow are solved analytically by the method of
perturbation series solutions. Expressions for the velocities and wall shear stress are obtained and
analyzed graphically. It is found that increase in the Reynolds number increases the velocities and wall
shear stress. Similarly, it is seen that a flow separation occurs in the radial velocity flow structure.

Keywords: convergent and divergent channels, oscillatory flow, perturbation method,
1. INTRODUCTION

The artery which bears the most important and life- giving fluid in higher animal is infected by a number
of diseases. This may account for why it seems the most research area of fluid dynamics. Amongst these
diseases is the sclerosis of the artery, which involves the hardening of the artery due to deposition of
lipids (a generic name for esters) on the arterial internal walls. The calcification of the lipids leads at the
point of infection leads to lose of distensibility at such point. Also, the progressive encroachment of the
plague on the internal walls tends to block the passage of blood to other parts of the body. This imposes
extra load on the heart musculature. To maintain the peripheral flow, the heart enlarges itself, and thus,
increasing the amplitude of the pulse or pressure wave. More so, the encroachment of the plague leads
to distortion of the tapered geometry of the artery to other forms, such as the locally constricted channel.

In part one of these studies, the effect of variations in the pressure wave amplitude and height of
constriction on the flow structures of blood in the region before and after the critical height of the
constriction, approximated by the convergent and divergent channels were examined. The study did not
consider the effects of Reynolds number on the flow. Therefore, in this model the effects of Reynolds
number on the flow are to be investigated.

Some work exists in literature on the study of arterial blood flow in general, and under diseased
conditions, in particular. [1], [2], [3] and [4] studied the flow in locally constricted and peristaltic channels;
[5] considered the pulsating flow of a Newtonian, and incompressible viscous fluid in channels of varying
cross-session using the perturbation series expansion solution which they developed, and observed that
flow separation occurs in all geometries. [6] solved the Navier—Stokes and the energy equations by the
method of finite difference, and developed an asymptotic series for the dynamic and thermal quantities.
Their model shows the existence of an annular effect in the entry region for the pulsatile part of the
velocity and temperature; [7] solved the Navier—Stokes and energy equations numerically for the laminar
pulsating flow in a channel, and concluded that an appreciable heat transfer enhancement occurs in the
channel.

This paper presents an analytic model on the effect of Reynolds number on the velocity and wall shear
stress structures
of the oscillatory flow in convergent and divergent tubes.

The paper is organized in the following format: section 2 gives the methodology; section 3 holds the
results and discussion, while section 4 presents the conclusions.

2. METHODOLOGY

The problem examined the flow of blood in axisymmetric convergent and divergent channels. These
channels approximate the region before and after the critical point of the constriction caused by the
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stenosis of the artery. Due to the plague, the region of the artery affected becomes rigid and therefore,
loses its distensibility. Let (R, &, X) and (u,v,w) be the polar cylindrical orthogonal coordinates and vector
components, respectively, and assuming the flow is symmetrical about the @- axis, then for a two-

dimensional situation, the coordinates and vector components are reduced to (R, 0, X) and (u, 0, w)
respectively, such that the continuity, momentum and energy equations governing the flow become:

1ou Jdu Odu
ROR OR 00X
du du  du_ 1op 2u 1w 9%

o YR ax T T por TV 3p2 TROR Tx2

dw, dw.  w_ 13 32w+ Low 32w

ot JdR dX pdX JR2 ROR Hx2
where p the density, p the pressure, U the kinematic viscosity of the fluid, and 7 is the time. R=0 is the
centre or symmetric axis of the tube; R = ao(X,t) , which is an arbitrary function of X and t is the cross-

@)

sectional radius of the tube; a, is the characteristic radius of the tube, and t is the time.

The boundary conditions are:

ou
i w =0, —=0 at R=0 4

(i) R a (4)
(i) by the no-slip condition at the wall of the tube

u(a,,t)=0 at R=a,(X,t) (5)
(iii) the flux across a cross—section of the tube is prescribed as:

ao(X ’t) Zﬂ' lﬂf
[ dR [ Rudé=2 my, (1+ke 'P') (6)
0 0

wherey/ is a constant, k is the amplitude of the pulse which is assumed to be small, and B is the
frequency of oscillation.

To eliminate the pressure terms in equations (2) and (3) we take the partial derivatives of equations (2)
and (3) with respect to R and X respectively, then subtracting the first result from the second one, we

have
g(a_a_w)a_(a_a_qa_w(a_a_wj
Jot\0R 09X ) 9X\oR 09X ) orR\OR ox )
0’ (au awj 0’ (au aw) la(au BWJ 1(8u awj
v — |+ — | = || === (7)
0X?\0R 090X ) OR*\0R 0X ) ROR\OR 09X ) R*\0R 09X

Also, the pressure expression in the axial direction can be obtained from equation (3), as

a_p_v(azw 1 ow azwj_(aw w awj

= et — Ut W
X  Lor* Ror® ax?) Uar "or"ox

Introducing the stream function y, vorticity Q, and non-dimensionalized variables, respectively, into
equations (7) and(8), we have
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o0X £

1
Equation (13) shows that the pressure field is of order —. Also, the O (a)2 terms are neglected for being
£

small.
Furthermore, the wall shear stress is expressed as

T, = pUQ (see[5]) giving us
_19% 199

Y ror? r*or

T

The boundary conditions become:

6=0. % 0. 3(1%}0 at =0 ‘ (15)
ox or\r or
p=1 + keiT,2—¢:O at r=s(x,T) (16)
r
where
Loy o _1dy
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are the stream functions and vortices terms, and

Q 3
}":5 ’x:gi’ T = Bt, ¢(r’x’T):i, W(V,X,T): ao ,Re= \Ilo ,
a, a, v, v, av
a
77 :4, aoz_
av S

o

are the non-dimensionalized variables, where Re is the Reynolds number of the flow, 77 is a
dimensionless number for the frequency of oscillation, T is the dimensionless time, € is the height of
constriction, ¢, w are the dimensionless stream function and vorticity, respectively. Also, we assume
that the cross—section of the tube in the model vary in the axial direction, and for which we take a(X, t) =

as (€X/a,, ), r=R(1+&(x,1)), 0 <r <1,0 < x <1wheresis an arbitrary function of X;

a
a is the variation in the r along the axial direction; 0 < € = T” << 1 is a small dimensionless parameter
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that characterizes the slow variation in the channel radius; L defines the channel characteristic length.
£ =0 corresponds to a tube with constant radius. As ¢ increases from zero the variation of ¥ in the

axial direction depends upon € X instead of X.

We shall seek for perturbation series solutions about the small parameter € of the form:
=1 ke fOwe(f0+ ke”f“))+... (19)
where f, represents @ and¢. This enables us to linearize the problems and make them tractable.

Therefore, substituting equation (19) into equations (11), (12), (15) and (16), we have
the zeroth order terms as
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with the boundary conditions
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and the first order terms
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Furthermore, by equation (19), equations (9), (10), (13) and (14) become
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The analyses show that the non-steady parts of the solutions are very negligible.

The solutions of equations (20) - (35) are

(30)
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where |, (Ar), l1(Ar), 1o (Ar), lo(As), l1(As) and |, (As) are the modified Bessel function of order zero, one and
two, respectively.

. . . . —-x/2
Similarly, the geometries under consideration are: the convergent channels=e¢"

x/2

,and divergent

channel s=e
3. RESULTS AND DISCUSSION

The effects of Reynolds number on the flow behaviour of blood in the regions before and after the stenos
critical height, and which are approximated as convergent and divergent channels as shown in Fig 1 of
part one of these studies are considered. The problem shows that the flow structure depends on variation
in the Reynolds number. For this, Fig 1 — Fig 6 show the computational results for the velocities and wall
shear stress for various values of Reynolds number and constant values of other parameters, using
Maple 12 computational software. For realistic values of T=m/2, A=2, k=0.03, €=0.05, Re 10, 100, 500,
1000 the profiles show that the increase in the Reynolds number produces a commensurate increase in
the velocities and wall shear stress.

In the regions before the plague, that is, in the upstream, the flow is laminar, Poiseuille and fully
developed. Therefore, the Reynolds number is moderate. But towards the peak of the constriction, that is,
in the convergent channel whose geometry narrows down exponentially, the inertial force rises such that
the Reynolds number and the momentum increase On the other hand, in the divergent channel whose
geometry widens away exponentially from the peak, the inertial force must drop. This must be followed by
a drop in the Reynolds number and momentum, and subsequently the velocities and other factors of the
flow must drop. This is supposed to be the case in the divergent channel. Therefore, the increase in the
velocities and wall shear stress in the divergent channel, possibly, could be due to the influence of the
flow situations in the convergent region on it. And, these account for the observations noticed in Fig.1 —
Fig 6.

Furthermore, a flow separation is seen in the radial velocity flow structure at r < 0.3 in both convergent
and divergent regions (see Fig 2 and Fig 3). This is in consonance with [5], which showed that separation
virtually occurs in the flow. The occurrence of this special feature at such point could be due to adverse
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flow conditions there. According to [5], the flow separation is due to the viscous effects at such point. And,
until the point r < 0.3, where the radial velocity drops to zero, it increases as the Reynolds number
increases. After this point, flow pattern changes such that the velocity decreases as the Reynolds number
increases.

More so, the increase in the axial velocity arising from the increase in the Reynolds number tends to
cushion the effects of arbitrary increase in the pulse amplitude and height of constriction which decrease
the axial velocity.
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Fig 1 Axial velocity-Reynolds number profile in a convergent channel
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Fig 2 Axial velocity-Reynolds number profile in a divergent channel
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Fig 3 Radial velocity-Reynolds number in a convergent channel
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Fig 4 Radial velocity-Reynolds number profile in a divergent channel
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Fig 5 Wall shear stress-Reynolds number profile in a convergent channel
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Fig 6 Wall shear stress-Reynolds number profile in a divergent channel

4. CONCLUSION

The analyses of results show that any increase in the Reynolds number causes some increase in the
velocities and wall shear stress factors. Also, the Reynolds number which brings a rising effect in the axial
velocity tends to cushion the adverse effects of increase in the pulse amplitude and height of constriction
on the axial velocity.

REFERENCES

[1] Burns JC, Parkes T. Flow of incompressible fluid in peristaltic tubes. Journal of Fluid Mechanics.
1967; 29: 731

[2] Shapiro AH, Jaffins MY, Weinburg SL. Flow of incompressible fluid in peristaltic tubes. Journal of Fluid
Mechanics. 1969; 37:409.

[38] Lee JS, Fung YC. Flow of incompressible fluid in locally constricted tubes. Journal of Applied
Mechanics. 1970; 37: 9.

[4] Yin FC, Fung YC. Flow of incompressible fluid in peristaltic tubes. Journal of Applied Mechanics.1971;
47:93.

[5] Rao AR, Devanathan R. Pulsatile flow in tubes of varying cross-sections. Z.angew Maths Physics.
1973; 24:203-213.

[6] Creff R, Andrew P. Dynamic and convective results from a developing unsteady flow. International Journal of
Numerical Methods in Fluids. 1985; 5:745-760.

[7] Haneke H, Laschelfski H, Grobe-Gergemann A, Mitra NK. Natural forced convection and combustion
simulation. Advanced Computer Methods in Heat Transfer. 1992; 11(2): 287-298.

10



