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Mathematical Study of In-host Dynamics of Hepatitis B
Virus in absence of immunity system

Abstract

We develop a mathematical model to understand the dynamics of HBV-in host
infection of individuals in vivo. The model incorporates the uninfected host cells,
short lived infected cells, chronically infected cells, free virus particles, humoral
immune response of HBV specific antibodies and cell mediated immune response of
CTLs is analysed to gain its characteristic within human cell mechanism. At first we
have analyzed the stability analysis of host cells and infected cells without the effect
of immunity system and also discuss the graphical analysis with immunity system.
Present study represents a mathematical model, which exhibit two equilibrium points
namely, the virus free equilibrium (VFE) and virus present equilibrium (VPE). It is
found that using Lyapunov function the virus free equilibrium (VFE) is globally
asymptotically stable (GAS) when Ry < 1. And also the virus present equilibrium
point (VPE) is locally asymptotically stable when R, = 1.
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Introduction

Hepatitis B virus is a potentially life-threading liver infection caused by the hepatise
B virus. It is a major global health problem. It can cause chronic infection (long-
standing) and puts people at high risk of death from cirrhosis and liver cancer [2].

The infection has been preventable by vaccination since 1982 [3, 1] .Vaccination is
recommended by the World Health Organization in the first day of life if possible.
Two or three more doses are required at a later time for full effect. This vaccine works
about 95% of the time. About 180 countries gave the vaccine as part of national
programs as of 2006 [4].

About one third of the world population has been infected at one point in their lives,
including 240 million to 350 million who have chronic infection [5, 1]. Over 750,000
people die of Hepatitis B each year [1]. The disease is now only common in sub-
Saharan Africa and East Asia; where between 5-10% of the adult population is
chronically infected. High rates of chronic infection are also found in the Amazon and
the southern parts of eastern and central Europe, in the Middle East and the Indian
subcontinent, an estimate 2-5% of the general population is chronically infected [1].
Less than 1% of the population in Western Europe and North America is chronically
infected [2].

Transmission of hepatitis B virus results from exposure to infection blood or body
fluids containing blood. Possible forms of transmission include sexual contact [6]
blood transfusion and transfusion with other human blood product [7] are use of



53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106

contaminated needles and syringes [8] and vertical transmission from mother to child
(MTCT) during childbirth. Without intervention, a mother is also positive for HBsAg
has a 20% risk of passing the infection to her offspring at the time of birth. The risk is
as high as 90% if the mother is also positive for HBeAg [9].

The hepatitis B virus can survive outside the body for at least 7 days. During this
time, the virus can still cause infection if it enters the body of a person who is not
protected by the vaccine. The incubation period of the hepatitis B virus is 75 days on
average, but can vary from 30 to 180 days. The virus may be detected within 30-60
days after infection and can persist and develop into Chronic Hepatitis B [2].

The likelihood that infection with the virus becomes chronic depends upon the age at
which a person becomes infected. 30-50% of children infected before the age of 6
years develop chronic infection. 20-30% of adults who are chronically infected will
develop cirrhosis and liver cancer [2].

Treatment strategies include drug therapy (for HBV) and liver transplantation in cases
of end-stage liver disease. However, these treatments are expensive and can produce
significant side effects [10]. It is known that many patients with liver transplants have
experienced HBV re infection, illustrating that treatments may not result in a
permanent cure [11]. There is still limited access to diagnosis and treatment of
hepatitis B in many resource-constrained setting, and many people are diagnosed only
when they already have advanced liver diseases. Liver cancer progresses rapidly and
treatment option are limited. In low-income settings, most people with liver cancer
die within months of diagnosis [2]. Thus, in order to analyze the with-host dynamics
of HBV, mathematical modeling is introduced.

Here we simplified a mathematical model of immune responds to HBV infection.
This focuses on the control of the infection by the interferon, the innate and adaptive
immunity. Much interest has been devoted to mathematical modelling of in vivo
dynamics of viral infections. These in-host models are formulated to explore possible
mechanisms and dynamical behaviours of the viral infection process. There is little
evidence that humeral immunity plays a major role in the clearance of established
infection. Cell-mediated immune responses, particularly those involving cytotoxic T-
lymphocytes (CTLs) seems to be very important [16, 17]. During HBV infection, the
host immune response causes both hepatocellular damage and viral clearance.
Although the innate immune response does not play a significant role in these
processes, the adaptive immune response, in particular virus-specific cytotoxic T
lymphocytes (CTLs), contributes to most of the liver injury associated with HBV
infection. CTLs eliminate HBV infection by killing infected cells and producing
antiviral cytokines, which are then used to purge HBV from viable hepatocytes [14].
Although liver damage is initiated and mediated by the CTLs, antigen-
nonspecific inflammatory cellscan worsen CTL-induced immunopathology,
and platelets activated at the site of infection may facilitate the accumulation of CTLs
in the liver [15].

Here we construct a simplified, biologically justified, mathematical model of the
dynamics of HBV infection and want to focus on three important components of the
immune response; the interferon and cellular components of innate immunity and the
adaptive immunity. Innate host responses during the early phases of viral infections
are mainly characterized by the production of type-I interferon (IFN) and the
activation of natural killer (NK) cells [14]. Innate immunity generally plays a role
immediately after infection to limit the spread of the pathogen and initiate efficient
development of an adaptive immune response.



107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127

128
129

130
131
132
133
134
135
136
137
138
139

140

143

143
144
145

146
147

148
149
150
151
152
153
154
155

156
157

158

Our goal of this study is how the early virological and immunological events might
influence the development of activation of adaptive immunity necessary to control
HBYV infection. All of these have the same goal of limiting the concentration of the
virus and the damage of the system.

The interaction between the HBV virus and both the innate and adaptive immune
response determines the final outcome of the infection. Current treatments are
effective in suppressing HBV viral replication but in most cases fail to clear the virus
[10]. Increased knowledge of the virological and immunological events secondary to
HBV infection allows us to define the mechanisms involved in viral clearance and
persistence.

Here, we explore the natural history of hepatitis B—in host, and if possible the
mathematical formulation of its dynamics in vivo and the construction of
epidemiological aspects within a mathematical model. The paper is organized by,
model formulation, analysis of the model, evaluation of the basic reproduction
number and determines the existence and stability of the virus free and virus present
endemic equilibrium of the model.

Formulation of model

We design a mathematical model to understand the transmission dynamics and
prevalence of HBV-in host. The model is constructed based on the characteristics of
HBV-in host transmission. In our model, the total homogenously mixing population at
time t, is denoted by N (t). The total host population is sub-individual into six
epidemiological groups: H(t) represent the uninfected target host cells at time t and
short lived infected cells I(t), chronically infected cells C(t), and free virus
particles V (t). The A (t) represent the density of HBV specific antibodies produce by
the humoral immune response at time t and Z (t) represents the density of CTLs
produced by the cell mediated immune response at time t, so that

N(t)=H(t)+I1()+c(e) + V() +AMD+Z (1)

The susceptible host cell is decreased by infection, which can be acquired following
effective contact with free virus particles, at a rate A given by

A=Y D)

1t av”

The uninfected target cell consist of constant recruitment rate of uninfected healthy
cells and the rate of infection is given by saturation functional response which
describes the interaction of the virus with uninfected cells (at a rate f(1 &),
and a = 0 where & is the vaccination efficacy, 0 = ¢ = 1) and infected hepatocytes
can be cured and move back into the target population at that rate o and host cells is
decreased by the natural death rate, i . Thus the rate of uninfected target cell is given

di _  (1-0)BHV

qd
dt H 1 +alV
The short-lived infected cells consist of the interaction of the virus with uninfected

cells (at a rate 5(1 —wo)(1 —¢), and « = O where @ is the fraction of infection

+ pof
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depends on the short lived and chronically infected cells, 0 < ¢ =< 1) and decreases
by the death rate & of the short-lived infected cells and infected hepatocytes can be
cured and move back into the target population at the rate g and the density of CTLs
produced by the cell mediated immune response of infected cells at the rate P and
progression rate 1 of short-lived infected cells. Thus the governing equation is

Al (1-9)(1— 0)BHV _
dt 1+ al’

O —pl — PIZ — !

The chronically infected cells consist of the interaction of the virus with uninfected
cells (at a rate £(1 &)@, and « > 0) and decreases by the death rate a of the
chronically infected cells and the density of CTLs produced by the cell-mediated
immune response of chronically infected cells. It is further increased by the
progression rate 1 of short-lived infected cells. Thus the governing equation is

dC _ ¢(1-o)BHV

—al —PCZ+nl
dt 1+ al n

The free virus particles consist of the average number of virus produced during the
lifetime of short-lived infected cells. It is also increased by the average number of
virus produced during the lifetime of chronically infected cells and decreases
clearance the free virus (at rate ¥) , by humeral immune response against HBV
infection of free virus particles (at a rate q) and by the density of CTLs produced by
the cell-mediated immune response of free virus particles. Thus the governing
equation is

dv
—=N,81+ N,aC —yV —qVA—PVZ

The humeral immune response consists of the production rate of antibodies (at the
rate @, depends on the number of short-lived and chronically infected cells and
decreases by the lost of the antibodies (at a rate f4). Hence

dA
E=rxﬂ_(f+ C)A—p 4

The cell mediate immune response consist of the export of precursor CTL cells from
the thymus at the rate b and CTL cells also expand in response to viral antigen
derived from infected cells such as short-lived and chronic infection (at a rate ¢; and
is decreased by the lost of CTL (at a rate ;) . Therefore, the governing equation is

dz , ]
E=b+clu—|—£]3—p:zz

Based on the characteristics of HBV transmission within in-host the non-linear
differential equations (associated variables and parameters are describes in Table 1)
are given by

dH (1—a)fHV

— =g —pH———"——+ pl

dt H L +alf P
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dl _(1-g)(1— 0)BHV

— 81 —pl —PIZ —nl
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Variables

A

N, N

(2%

1

H;

Description

Healthy host cells
Natural death rate
The vaccination efficacy
The interaction rate
Cured rate of infected hepatocytes
the fraction of infection depends on
the short lived and chronically
infected cells
The death rate of the short-lived
infected cells

Cell-mediated immune response

The death rate of the chronically
infected cells

The free virus clearance rate
The antibody neutralization rate
The average number of virus produced
(depend on the life span of short-lived
and chronically infected cells
respectively)

Production rate of antibodies

The export number of precursor CTL
cells from the thymus

The lost rate of antibodies
The saturation infection rate

The progression rate of short-lived
infected cells

HBV-specific CTL stimulation rate

The lost rate of CTLs
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Parameters

Values
100 [18]
varies
01
0.01 [19]
Varies
4 [20]
0.5 [varies]

D<gp=1
0.012 [23]

0.5 [22]
varies

varies

varies
0.67 [24]
varies

0.43 [20]

0.066 [19]
0.43 [21]
0.12 [25]

varies

Table 2: Data summary of parameters of the model

Analysis of the model :
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Consider the model (2), with absence of immune response (i.e. model (2) with
P =g =a, = b = c; = (). Then the model (2) in the reduced form is :

dH (1—o0)BHV
I A AP
dt 14+ aV

dl (1-p)(1-g)BHV

e iy —pl—mnl SO 1)

df (1l —a)fHV
it 1+aV

—aC —nl

dV
el N;8I + N.aC —yV

Existence and the local stability of virus free equilibrium points (VFE):

The reduced model (2) has a VFE, obtained by setting the R.H.S of the equations in
(2) to zero, which is given by

A
gy = (H*I*,C*,V*) = (;,o,u,u).

The local stability of £; can be established using the next generation operator method.
The matrices F and Q for the new infection terms and the remaining transfer terms
from the model at the VFE are respectively given by,

Br(1—p)(1— o)) Br(1- ) (1~ o)
0 0 0
p(l+av)® Iz
F= Brp(l—a) |= Brp(1—a)
0 —_— 0 —_—
;:(1+G'Vj‘ i
0 0 0 - 0 0 0
d+p+n 0 07
and Q= —-n a 0
—-N,§ —N,a vyl

The associated reproduction number, denoted by R, = p(FQ™Y), where p denotes the
spectral radius (dominant eigenvalue in magnitude) of the next generation matrix
FQ L. It follows that

Ba{(1—o){@N.6+ @N_p + 1N, + N,5(1 — @)}}
u(d+p+ny

Ry =p(FQ™Y) =

Lemma 1 : The disease free equilibrium, &; of the model (2), is locally
asymptotically stable (LAS) if R; <0 1, and unstable if R, = 1.

The threshold quantity ,R; is the reproduction number for the model. The
epidemiological implication of Lemma 1 is that HBV in-host spread can be
effectively controlled in the community (when Ry < 1) if the initial sizes of the
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population of the model are in the basin of attraction of the disease free equilibrium
El}a

Global Stability of VFE of the model :

Lemma 2 : The model (2) does not undergo backward bifurcation at R, = 1 in the
absence of immunity (i.e., when P =g =a, =b = ¢, = 0).

The result given in lemma 2(discounting the possibility of backward bifurcation when
P=g=ua,=>b=c, =0) suggest that the DEF, =, of the model (2), may be
globally asymptotically stable (GAS) when Ry <land P=g =a, =b=c; =10
this is explored below.

Theorem 1 : The DEF, 4, of the model (2), with F =g =a, =b = ¢; = 0is GAS
inDif By < 1.
Proof : Consider the Lyapunov function
F=RI+fC+fV
Where,
aN_ + N, §
h=FT——7T=
d+p+n
fi =N,
=1

With Lyapunov derivative given by (when dot represent differential with respect to t)

F=fIt)+ 00+ [V

N, + N,é [(1—9)(1— o) BHV
_ NN+ N, [( p)(1—a)p _af_p[—pfz—nf]

S+ p+7 1+aV
¢(1-0g)BHV ]
+ Nc[ P al — pCZ +nl

4+ 1[N,81 + N_aC —yV — qVZ — PVZ]

_ (N + NS)(1—9)(1 —0)BHV SI(N.+ N;8)  pl(nN, + N,6)

(§4+p+0101+ al”) ia+ptn d+ntn
nl(nN, + N;6)  @N (1—0)BHV
— — N_aC +nIN_ + N,61 +N_aC
§+p+n 1+ aV 4% TN T °

(N, + N,5)(1 —@)(1— o)Bn¥ SN, + N,&)  pIgN, + N,5)  nI(aN, + N,5)

T wEteEmtal) T G4pdn | G+ptn 5tp+7
N (1 — g)gnV _
Tl TNt NSl— oV
BrV(nN,+ N;8)(1—0) BrvVe(l—o) (N, + N,6)
p(é+p+n)(1+aV) G+ Tmra)
(N, + N;8) D oy

- TNA+p+ +nIN + NST —9V +
5+P+ﬂ‘ ( i ﬂ) i 0 ) ¥ IJ(]-"'CIV)




341

342
343 _ BavinNe+i;8)(1-0)  Bavel-cl(nN +N;8) | @N(1-c)gnv
- g8 +p+nl1+av) pl&+p+n)1+av) pl1+av)
IN, = N,i6 + nIN, + N1 —yv + 2L BTV
- - nL -Y
344 o o #(1 +aV)
345
346
_ Vg, + N 511 — o) — geVe(l —od (g, + N5 — V(S + p + N1 + aV) + oN eVl —a) (& + p + 7)
347 u(@ + p +7)(1 + V)
348
349
_@N.(1—o)faVE + N (1 - o)faVp + N V(1 — o) + V(1 — oIN;6 — BrVp(l — o)N;§ o
350 B plf 4+ p + 7)1 4 2l) ~!
351
352
v g (1 —olfnd + N (1 —olfup + gl —o) + fu(l — o) W6 — Bug(l — o)N; 6 .
= — — - — 1+ al)
3531 + i) uilf +p+ny
354
v v v

=" R-1-——av<—" _[r,—1]<0
3551 + ul’) (1+ul) (1+al)
356
357  Thus, F < 0if R, = 1 with F=0ifand only if v=0 (since 4 = % = 0). It follows,

358 from the LaSalle’s Invariance Principle (LaSalle (1976)), that V' — 0 as ¢ — oo,
359

360

361

362 Existence of Virus Present Equilibrium point (VPE):

363

364 In this section, the possible existence and stability of virus present (positive)

365  equilibria of the model (2) ( that means, equilibria where at least one of the infected
366 components of the model is non-zero) will be consider in the absence of immunity,
367 thatiswhen(P =g =a,=b=1c¢, = Q).

368 Let &,= (H™,I™,C™, V™) represent any arbitrary virus present equilibrium of the
369 model (2) with P =g = a, = b = ¢, = 0. Solving the equation of the system (2),we
370 have the following virus present equilibrium point (VPE)

371
A _ H— (1—c)AH + pl 4
372 =T H 7). =] R )
373
r:ﬂ—(1 Y(1—o)AE — 81 — pI — 4l 5
374 dr o # T PL= Al e (5)
375
d
376 d—j:@::1—ajﬂ,ﬁ—ac+m.................(6)
377
W o NSI+N.aC— o 7
379
380
381

382  From (4) we get the first equilibrium point,



383

385
386 =mwt+pl”=[p+(1-agi”]H"
387
T+ pl™
388 p+(1—a)d (8)
389
390 From (5) we get, (1—e)1—a)A"H* - (6+p+n)I™*=0
391
1— @) (1 — )1 H*
RO €k 21t I )
392 (6+p+n)
393
394  From (6), @l — a)iH™ — al*™ £ nl™ =0
395
wk LT s - 1 @)1 slaxE*™
= — — =

396 @(1 —o)A"H al** + Grpen 0
397
398

=

e(l—a)d+p+n)A"H"—a(§+p+n)C" +
399 n(1—@)(1—aA*H™ =0
400
401
402 O — lopl1-c)(E+p+n)+n1 —@)1-a)]A¥H* (1':])

alf+p+n)
403
404  And from the equation (7) we have,
405
406 NSI* +N_aC™ —yV*= =0
407
408
1 — @)1 — g)asH=
- N;é‘( WE'( )
&+p+n)
01 —a)(+p+n) +n(l - @)1 - a)lAH*
+ N_m — - — ¥ =1
409 ald+p+n)
410
_ 0501 — @)l — o) + Noalpll —alld+p +n) + 9l — @)l —gllii“H™
ald +p+1)
411 —yalf+p+ )V =10
412
413
e NSl — @)1 —e) 4 Noalp(l— o) E4+p+7) 9l — o)1 — ]3I H™

e (11)
414 yald+p+n)
415
416

417 So, we have positive virus present equilibrium points only where H; > 1. The
418  expression for 4, at the endemic steady state, denoted by A*, is given by

419
ﬁv&*
20 F TTgaps (D)

421



422 = A (1t avs)=pre

423
1
= ——(AM(—¥d —yn —yp —aASH™N AGH™N. AGH*™N,
?(5+p+7ﬂ[( y8—yn —yp —a 1 +a o +a @
— aASH"Nuypo — adH" N @0 — aAH" N @p + aAH " N.@do + aAH "N @ap
— aAH**Nn+ aAH*N.on))
_EWN@ad(1 )3 o) | Nea[e(t a)(81p 1 m) 101 @)1 o)]JAH™
424 ya(d+p+1)
425
- Alyli4 p+ )+ qldH™N, — l8H"Nyo — ad8H™Nup + aldH" Ny + alH™N 8 + el H"N.gp — alH N pis — al H™N pop + alH"Nn
’ ¥ié+pe+n)
_ BiNaed(1—pd1—a) +Malp(l—adld+p+n) +n(1-p)(1- OlliE
426 - vald+p+n)
427
= da[y(6 +p + 1) + aA6H**N, — aA6H**N,c — aASH** N, + aASH**N,@o
+ adH"N @S+ arH N pp — alH* N @pdoc — aAH" N .@op
+ aAH** N n— ail N on]
= B{N,a6(1—)(1— o) |
428 +Nafp(l-0)(d+p+n) +n(l—@)(l—a)}AH™
429
= Aa[y(§ +p + 1) + aASH*N,(1 — o) — aA6H*N,@(1 — o) + adH"* N (1
) | @dH"*Noop(l o) | adH* N1 )]
= Ba{N;5(1—¢)(1— o)
430 + N [p(1-a)(§+p+n) +n(1-e)(1-a)JAH™
431
= Aaly(§ +p +n) + (1 — o) (alSH*N,— al§H*N,@ + alH* N.@d
+ alH* N gp+ a:H*N:q)]
=fa{Ns(1—¢)(1— o)
432 + N [p(1-a)(§+p+n) +n(1-e)(1-a)JAH™
433
= Aaly(§ +p +n) + (1 — a){albH*N,(1— @) + aAH*N.@5+ alH*N_-¢gp
+ adH*Nn)]
= Ba{N;5(1—¢)(1— o)
434 + N [p(1-a)(§+p+n) +n(1-e)(1-a)JAH™
435
436
=2 Av(f+c+n) +[(1—0){6N,(1— @) + N.0S+ N.@wp + N-nHalH*
= BV,6(1-9)(1- o)
+ N_p8(1—0a)+N,pp(l —a)+N.on(l —a)+N n(1l - o)
437 — N_wpn(1—o)}AH™
438
= Ay +e+n) +[(1—a){N,(1 — @) + No@d+ Negp + Nenj]aiH™
439 = B{(1 - o) {N,6(1~ ¢) + N, @8 +N @p+ N JAH*™
440
1-— ON(1— +Nwpd+ N + N
S a(E+p4n) |1 ( o) {GN,( w) ey c HH Eqrx},H**
y(6+p+mn)
441 = Jg{:l - Jj{NAS(l - ‘Pj + Ncqjg-l_NchP_‘_ Ncﬂ}'lH%
442

443



444
445

446
447

448
449

450
451

452
453

454
455

456
457

458
459

460

461
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467
468
469
470
471

472
473

474
475

476
477

478

14 (1-0){6N,(1—¢) + Nood+ Negpp+Nen

i.,l[ aAH™
y(6+p+mn)
_ B{(1—o){N,5(1— @) + N @S +N, pp+ NJ;}}AH%
v(d+p+mn)

e by
=)A|:1+FA] = Ryd

ak,

B

=—2A4+1-RA=0

ak
- 2o

A2+ A(1—Ry) =0

aRy .
B

fe 4.
]

7 A=R,—1

R,—1

aky
B

= 4=

_ B(R,— 1)
ahy

=41

i 1
=Eil——) If Ry > 1 then A > 0.
o R

]

Lemma 3 : The model (2) with P = g = a, = b = ¢, = 0 has a unique virus present
equilibrium point , given by £; whenever R, = 1.

Local stability of VPE point :( HBV- in host without immunity system)

The local stability of the virus present unique equilibrium point (VPE) =,, will now be
explored for the reduced model (2). Using the substitution H** = N* —] — € =V,
gives the following reduced model:

dl . (1—g)(1—00)BV
E_ 14+ al”

[N —I—-C—V]—(6+p+n)I

dl
=’E=[—(1—¢J](1—U)ﬂ1—k1]f+[—(1—69)(1—0)&1](7
(1 @)1 a)[a; a4]V

dl

== (—ma, — k) + (—ma,)C + m(ay, —a)V
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508
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& o) e [ € V] = aCH ] (13)

dE 1+al

= % =[-p(l—ala; +nll +[—p(1 —cla; —alC+ (1 —a)[a;—a,]V

dﬂ
—>EL' — (—nuy + )1 + (—nuy —w)C +nfu; — ugV
o = N8I + N_aC —yV

Theorem 2: The unique virus present equilibrium point, s, of the model (2), is
locally asymptotically stable (LAS) if By = 1.

Proof: The proof is based on using the technique in (Hethcote and Thieme (1985)),

which employs a Krasnoselskii sub- linearity trick. The essentially entails that the
linearization of the system (13), has solution of the form

Z(t) = z;e%......... (14)

Substituting a solution of the form (14) into the linearized system of (13), gives the
following linear system

Bz, = (—ma, — kylz; + (—-may)z; + (a, —ay)zz e e (15)
Bz, = (—na, + n)z; + (—na; —a)z, + [a; — 24]25 . oo ... (16)
fz; = N6z, +N.az; —yzz . v o (17)
Where,
A =1f+;__= a, j%= a, (1—@)1-0a)=m e(l—c)=mn,
k,=6+p+n

Firstly, all the negative terms in the equation (17) are moved to their respective left
hand sides. Solving the equation of (17) and substituting the result into the remaining
equations we have,

From (17) we have, Bz, = N;6z; + N.az, —yz,
= (6 +¥)z; = N6z, + N,az,

=z, = OB TNGREL e (18)
3 (B+y)

Firstly, all the negative terms in the equation (16) are moved to their respective left
hand sides and solving the equation of (16).

From (16) we get, Bzy — (—rnwy o)z — (nug +w)z, + [u; —uy) [%]
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F+( +a)+ Nﬂ +[ amw
na, +a @+1) z, @+
[ + azN{En'] + a, N, a (19)
= -;r;r = Z:
@+l (@ +y)

Firstly, all the negative terms in the equation (15) are moved to their respective left

hand sides and solve that equation.
From (15),

1NIJ

Bz, + ma,z, + kyz, + ma,z, = (a, —a,) [

Np8z, 4N, Ezz]
(g+y)

aN_a

= [ + (ma, + k,)]z, + ma,z, +
a,N,§
(6+7)
[H+ (ma, + k) +
_ayN, g
“ein?

(9+rj

+rx:h’rx
z,
§+rj‘
1‘"'"';] [
(5'+j + |ma

a, N a
Z,
(e 1y) -~

From (18) we have, [1 + E] Zq = Ez

¥

B +y) 2

rxlN o]
(5‘ +}*]]
..(20)

Adding the equations (19) and (20) we observe that,

2a;N,6
(6+ )
E%Nﬂ

@1l

[Q+kl+(m+ﬂjal

-

(m+n)a,
1
[ +k1+ ky

=|:rlll +

+ 2a,N.a
(&1

2a,N§

k(6 +v)
EunNIu ]

ki(9 +v)

L1+ F(@)]z,+ [1+ F,(0)]z, — [+

Ni& Nea
—z + —Z,.
y 1 y 2

[1+ F3(8)]z3 =-

Where, F; (8] = g + (m+nja, .2 alw,a.;
ky ke iy (B+)"

F,(8) — (m tnja,  2a,Nc

a (6 +71)
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Note that, the notation A(Z,) (with i=1, 2, 3) denotes the i-th co-ordinate of the
vector M(Z). It should further be noted that the M matrix has non-negative entries
and equilibrium & = (H**,I**, C**,VV**) satisfies & = Mg . Furthermore, since the co-
ordinate of & are all positive, it follows then that if Z is a solution of (21), then it is possible
to find a minimal positive real numbers s, depending on Z, such that

Z]] < 524 e s e (22)

Where [|Z]| = [Z, Z_Z_) with the lexicographic order and |l .l is a norm in €. Now

we want to show that Re (8) << 0. Deny it, we distinguish two cases: & =0 and
8 + 0. In the first case, the determinate of the homogeneous linear system (13) in the
variable Z; (i = 1,2,3) corresponds to that Jacobean matrix.

Then, for & = 0, the only solution of the system (21) is the trivial one which implies
that g = 0. Assume now that g =0, and Re () = Q. Let
F(6) = min{|1 4+ F(&)],i = 1,2,3 }. It is easy to prove that in this case |1+ F(&]}| =
for all i, and therefore F(#) = 1. Taking norms on both sides of (21), and using the
fact that M is non- negative, we obtain the following inequatiy:

Fe)ZIl=MIZIl .. ... ....(23)
Using (22) and (23), we get

F(AIZ| € sMe, = sz,

=

which implies, Izl < o

£y < 55

But this contradicts the minimality of s. Therefore, Re (&) =2 0. In this way we proved the
following theorem.

Theorem 3: If R, == 1, then the positive endemic virus present equilibrium state z; of
the system (2) is locally asymptotically stable on the set D.

Global stability analysis of VPE

Theorem 4: The unique VPE of the reduced model (13). Consider the following non-
linear Lyapunov function:

L= 1= g+ -]
H A
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Since the arithmetic mean exceeds the geometric mean, it follows then that

Hi*i*

- —_-"_ <o
H* H

Also, if we consider IT < 1 then the sign of the quantity pI** - h;—f(l — IT) is positive.

Considering the parameter values from Table 2, the value of k; is greater than 1. So
the last term of the above expression is also positive.

Hence L < 0 for R, = 1. Hence, L is a Lyapunov function of the system (13) on Dﬂ. Thus,
o

by the Lyapunov function L and the LaSalle’s Invariance principle [13], every solution to the
equation of the reduced model (13) approaches (VPE) as t — on for Ry = 1.
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Numerical simulation and discussions

In this section, we have drawn some graphical presentation using data from Table 2. Here we
have collected some data from [26] and we assumed some data for our convenience.

Short lived infected cells with immune response and R0=0.0831

0.9 .
0.8 |
0.7 .
0.6 e
0.5 .
0.4 .
0.3 e
0.2 .

0.1 =

Total number of short lived infected hepatocyte cells

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (hours)

Fig 1: Short lived infected cells with immune response when Ry=0.0831<1

In Figure 1, consider the different rate of immune response parameters (P, g, &, b, ¢ )
for the reduced model (2). We see that the total number of short lived infected cells
are slowly decreases with immune response when R is less than 1 (i.e.Ry=0.0831<1).

Short lived infected cells without immune response and R0=0.3960

Total nunrber of short lived infected hepatocyte odlls

(o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (hours)

Fig 2: Short lived infected cells without immune response when Ry=0.3960<1

In Figure 2, consider the absence of immune response parameters
(P =g =ay,=b=c =0) for the reduced model (2). We see that the total number of
short lived infected cells are also slowly decreases without immune response when Ry
is less than 1 (i.e.R¢=0.3960<1). But the reduced rate is comparatively slow than the
role of immune response.
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Short lived infected cells with immune response and R0=4.5856

Total nurer of short lived infected hepatocyte cells
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Fig 3: Short lived infected cells with immune response when Ry=4.5856 >1

In Figure 3, consider the different rate of immune response parameters (P, g, &4, b, ¢;)
for the reduced model (2). We see that the total number of short lived infected cells
are slowly decreases within the initial time and after that it is increases and due to the
immune response short lived infected cells are reduces when Ry is greater than 1
(i.e.Rp=4.5856>1).

n Short lived infected cells without immune response and R0=1.6619
Q
§. 1.2-
E- 1 [ A
g 0.8 i
£
w5 0.4
g 0.2
R — —
(o] 10 20 30 40 50 60 70 80 20 100

Time (hours)

Fig 4: Short lived infected cells without immune response when Ry=1.6619>1

In Figure 4, consider the absence of immune response parameters
(P —gq— a, — b—¢c_— 0) for the reduced model (2). We see that the total number of
short lived infected cells are slowly decreases within the initial time and after that it is
gradually increases due to absence of immune response when Ry is greater than 1
(i.e.Rp=1.6619>1).
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Chronically infected cells with immune response and RO=0.7919

Tota nurber of dronically infedted hepatooyte odlls
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Fig 5: chronically infected cells with immune response when Ry=0.7919<1

In Figure 5, consider the different rate of immune response parameters (P, q, &4, b, ¢;)
for the reduced model (2). We see that the total number of chronically infected cells
are slowly decreases with immune response when Ry is less than 1 (i.e.Ry=0.7919<1).

Chronically infected cells without immune response and R0=0.7919

Total nunoer of dyonicaly infected hepatooyte odlls

Time (hours)

Fig 6: chronically infected cells without immune response when R¢=0.7919<1

In Figure 6, consider the absence of immune response parameters
(P =q=ay =b=c =0) for the reduced model (2). We see that the total number of
chronically infected cells are also slowly decreases without immune response when
Ry is less than 1 (i.e.Rp=0.7919<1). But the reduced rate is comparatively slow than
the role of immune response.
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Chronically infected cells with immune response and R0=7.8940

Tota nunber of dronically infected hepatooyte odlls

s
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Fig 7: chronically infected cells with immune response when Ry=7.8940>1

In Figure 7, consider the different rate of immune response parameters (P, g, &4, b, ¢;)
for the reduced model (2). We see that the total number of chronically infected cells
are slowly decreases within the initial time and after that it is increases and also
decreases due to the immune responses. In the long term the infected cells tends to a
stable situation when R is greater than 1 (i.e.Ry=7.8940>1).

Chronically infected cells without immune response and RO=7.8940

Tata nurper of dronically infeded hepatooyte odlls

| . . . . . . . .
0 10 20 30 40 50 60 70 80 20 100
Time (hours)

Fig 8: chronically infected cells without immune response when Ro=7.8940>1

In Figure 8, consider the absence of immune response parameters
(P=y=uy=b=rc =0) for the reduced model (2). We see that the chronically
infected cells are gradually increases due to the absence of immune response and in
the long term the infected cells tends to a stable situation when Ry is greater than 1
(i.e.Rp=7.8940>1).

Summary of Contributions

We rigorously analyzed (mathematically and numerically) the dynamics of HBV in vivo in
our model. The model equations are solved numerically and the results are presented
graphically based on our simulations. The immune response can be sufficient to clear
the HBV infection from hepatocyte cells of an individual. But in the absence of
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immunity, the viral load is brought down to very low levels although not completely
cleared . Most important, we also showed that the virus-free equilibrium is stable
while the virus present equilibrium is also stable depending on the various values of
the model parameters. Some mathematical and epidemiological findings of our study are
given below:

1. The model has a virus free equilibrium (VFE), which is asymptotically stable if 7 < 1 and
unstable if Ry = 1. We also found that, the model has a unique virus present equilibrium
point and discuss the local stability at VPE using Sub-linearity trick when Ry = 1 and global
stability of that point using non linear Lyaponuv functions when 7 = 1.

2. The decreases rate of infected cells with immune response is comparatively better than that
of without immune responses .
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