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Weakly Berwald spaces with second approximate
Matsumoto metric

Abstract

In this paper we take a Finsler space with («, 8) -metric L = a+ 3+

2 3
% + %, known as second approximate Matsumoto metric. We show that
it becomes a weakly Berwald space under some geometric and algebraic

conditions.
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1 Introduction

The concept of an («, 8)-metric on a Finsler space F = (M™, L) was introduced
by M. Matsumoto in [6] and has been studied by many authors [3, 5, 8, 10]. Some
important examples of (¢, 3)-metric are Randers metric (L = a + ), Kropina

a2 m—+1
metric (L = 5) , generalized Kropina metric (L = B ), (m #0,—1), and
Matsumoto metric (L = a"%) . The study of Finsler spaces with these metrics

has greatly contributed to the growth of Finsler geometry and its applications
to the theory of Relativity and allied areas.

Definition 1 A Finsler metric L(x,y) is called an («, 8)-metric if L is a pos-
itively homogeneous function of a and (3 of degree one, where o® = a;;j(z)y'y’
is a Riemannian metric and 3 = b;(x)y* is a 1-form on M™.

S. Bacso et. al [1] introduced the notion of weakly-Berwald space as another
generalization of Berwald spaces. IL-Yong Lee and Myung-Han Lee [4] have
studied weakly Berwald spaces with special (a, §)-metrics. In this paper we
extend the study on weekly Berwald spaces with second approximate Matsumoto
metric.
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Let F™ = (M™, L) be a Finsler space of dimension n, and the domain of the
fundamental metric function L(z,y) is the set of TM \(0) of the non- zero tan-
gent vectors. We assume that L is positive and the fundamental metric tensor

1 0
gij(z,y) = §L?i)(j) (where (i) := GTJZ) is not necessarily positive definite.

The equation of the (canonically parametrized) geodesics of F™ is given

by
2t ) dz? .
2G" (2, y) = =y 1
G+ 26w =0, (=), )
where o1 L2
i 1 ir s ro_
Gh=39 (y oz w)‘ @)

The Berwald connection of the space is defined by its connection coeflicients
G;k(x, y) which can be computed from G according to the following formulae:

Gi(x,y) = Gy Gipla,y) = G- 3)

A Finsler space is called Berwald space, if G; i are functions of position alone,
i. e., Berwald connection BI is linear.

Though G; 1. are not components of a tensor field, it is obvious that a Berwald
space is characterized by the tensorial equations 5‘hG§k = }ij = 0, where

ij = 0 means that G'(x,y) are homogeneous polynomials in y* of degree

two, so DY = G'y) — G7y" are homogenous polynomials in (y*) of degree three.
Thus one can consider weakly-Berwald spaces as the third generalization of
Berwald spaces. A Finsler space is called a weakly Berwald space if the (hv)-
Ricci curvature tensor Gjj = 0.
The spray function G* of a Finsler space with an («, 8)-metric are given by
2G" = v, + 2B*, where 'y;'- i stands for the Christoffel symbols in the associated
Rieman-nian space (M”-7 «).Then we have G; = Véj + B;- and G;k = 'y;»k + B;k,
where 0;B" = Bj and 0y B} = Bj;.. Thus a Finsler space with an (a, 8)-metric
is a weakly-Berwald space, if and only if B} = 0B™/0y™ is a one-form.

In 2001, S. Bacso and B. Szilagyi [1] gave an example for the weakly Berwald
Finsler space, and a sufficient condition for the existence of a weakly Berwald
Finsler space of Kropina type was also determined. In 2002, S. Bacso and R.
Yoshikawa [2] investigated the conditions for Randers and Kropina spaces to be
weakly-Berwald spaces. In 2003, R. yoshikawa and K. Okubo [11] obtained the
conditions for generalized Kropina spaces and Matsumoto spaces to be weakly-
Berwald spaces and Berwald spaces. In [9], it has been shown under which
condition a Finsler space with first approximate Matsumoto metric becomes a
weakly Berwald space. In this paper, first we discuss the conditions for the
Finsler space F™ with an («, 8)-metric to be a weakly-Berwald space and then
we find the conditions for Finsler space with second approximate Matsumoto
metric L =a+ 3 + '%2 + g—z to be weakly-Berwald space.
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2 Weakly-Berwald space with respect to («a, f)-
metric

Let F* = (M"™,L) be an n-dimensional Finsler space equipped with («, 3)-
metric L(a, 8), where o« = +/(a;;(z)y'y?) is a Riemannian metric and 8 =
b;(x)y® is a 1-form. In this paper, the symbol (;) stands for h-covariant deriva-
tion with respect to the Riemannian connection in the associated Riemannian
space (M™, «) and 'y]i»k stands for the Christoffel symbols in the space (M™, ).
We use the following notations [2]

(a) b = a'"b,, b* = a"*b,bs,
(0) 2rij = bisj + bjiis 25ij = bij — bjui,

i _

7 ir r r T
(c) i =a"rej, sj=a"s.j, ri = by}, s; = bys;. (4)

We now consider the function G*(z,y) of F™ with an («, 8)-metric. According
to [7], they are written in the form

2G™ =~y +2B™, (5)

E* alLg aLge 1 «
B™ — m m o [ =™ — Zpm 6
I + L, %0 Lo (ay 8 )’ (6)

where we have put

«_ (BLg o o _ @B(rooLa —2asoLp) 5 5 o 2
E _< L)oo = e ) ot (7

and

oL oL L L oL

Lazia = a5 Laazia La = 3 _ar Laaa— .
o’ P 9B a2’ “? 7 9adB dad (8)

Since v, = 'y;-k(x)yj y* are homogeneous polynomials in (y°) of degree two, it
is obvious that a Finsler space with an («, 8)-metric is a Berwald space, if and
only if B™ are homogeneous polynomials in (y*) of degree two and Berwald
connection BT is linear.

Differentiating (6) with respect to y™ and contracting m and n in the ob-
tained equation, we have

m - (BLg\ .,  nBLs 5 [(claa By™ — a2b™ .
By = {am(aL yo al Om L, afB ¢
aLaa A 1 m l m o g m * A OZLB m
ke {am<a)y Lo 8m<5)b }c —|—8m<La)so

(Pt (o) () (). 0
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Since L = L(a, ) is a positively homogeneous function of o and 8 of degree
one, we have
Loa+ LB =L, Loac+ LagB =0,

Lgaa -+ Lﬁgﬂ = 0, Loaao + Laaﬁﬂ = —Laa. (10)

Using the above relations and the homogeneity of (y*), we obtain the following

equations
s (BLg m_ _BLls
b, (22 ) om0 (1)
. aLaa ﬂym — OZQbm _ "Y2 2
8"“( L, > < af > ~ (BLa)? {LaLaa +aLalaca = a(Laa)’},
(12)
' 1 m l m g m{ _ L 2 — 2
N
(8mc*) y™ = 20, (14)
S k) gmo 1 2 2 292
()= g (220" 2w 2
afy?Laaroo — 2a(63L5 + 042721/0@)50) —
azﬁW (2b2ﬁ2La - ’74Laoza - b2a’y2Laa) )a (15)
. OéL,g m OZQLLaQSO
on () = TR "
where
W = (rooLa — 2a80Lg), Q2 = (B*La + a¥*Laa), (2 #0) (17)

Y; = aiy”, so0 =0, b"s, =0, a’s;; = 0.
Body Math Substituting (7), (8), (11), (12), (13), (14), (15) and (16) into

(9), we get
1

Bm= — — _ _{202AC* + 20LO°B ’LaLaa D E

e 2aL(ﬁLa)2§22{ + 2« 50 + (Croo + Dsg + Ero)},

(18)

where
A = (n+1)B°La(BLaLs — aLLyy) + ay*L(a(Laa)? = 2LaLaa — @LaLaoa)
B = o?’LL,a,
¢ = 1372 (762(1104)2 + 2b2053LaLaa - a272(Loza)2 + az'yzLaLaaa) »
D = 20(8*(v* = %) LaLlp — &**¥*LaLaa — 2087°(v? + 268%) LgLaa — 0*v* (Laa)® — 0?8y LsLaaa),
E = 2a°8°L.Q. (19)

Summarizing up the above, we have the following
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Theorem 2 The necessary and sufficient condition for a Finsler space F™ with
an («, B)-metric to be a weakly-Berwald space is that G = 5. + B and B is
a homogeneous polynomial in (y™) of degree one, where B! is given by (18)and
(19), provided that Q2 # 0.

Lemma 3 If o® = 0(mod, 8), that is, a;j(x)y'y’ contains b;(x)y" as a factor,
then the dimension n is equal to 2 and b® vanishes. In this case we have 1-form
§ = d;(z)y" satisfying o = 36 and d;b* = 2.

3 Finsler space with second approximate Mat-
sumoto metric

Let us consider a Finsler space F" = (M", L) with second approximate Mat-
sumoto metric
g> B

L f) = a+B+=—+ . (20)

We now find the conditions for F™ with (20) to be a weakly-Berwald space. For
F" with (20), we have

3 —ap?— 283 > +2ap +35°

Laa = 2ﬂ2(a:_ 36), Laaa = *652(04;_46) . (21)
o' o'
Substituting (21) into (6), we get
B — roo(a® — aB? — 263) — 2s0a?(a? + 203 + 35?)

(a3 —aB?—263) +2(b2a? — B2)(a + 38)

(@®+2a8+38%) Bla+3P) " (22)
2003+ 0’8+ a1 %) (a®—ap?—28%) )Y

a?(a+ 383) ym a?(a? +2aB+38%) ,,
g a2
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Again, substituting (21) into (7), (17), and (19) in respective quantities, we
obtain

A=(n+ 1)§(a3 —af? —28%)(a’® — 6a3B? — 12783 — 15a3* — 128°)
- 2%2@2042 —BH(a® + a?B+ af?+ B3 (a* + 6038 + a? B2 + 4a8% + 65%),

B= 2%21((1 +38)(a® + a?B+ aB® + 5°),

C= g(b%ﬁ - 5% ((4b2 —1)a’ = 120°0°8 — 2(4 — b°)a*5°
—4(2b% + 5)a® B + 3(360% — 1)a®B* + 1603° — 1666>,

3
D= 2*37 <b2(1 +2b%)a” + 12b%a8B + 2(3b* — 8b% — 1)’ B2
«
—2(33b? + 1)a*B® + (36 — 41b%)a’B* (23)

+2(29 — 33b%)a?B° + 82a8° + 72,6’7> ,
4
E= 257 ((1 + 2b%)a® 4 6620’ — (2b% 4+ 4)a* B2 — 10(b* + 1)a®p?
(6]

—3(4b® — 1)a?B* + 14a8° + 16BG>,

roo(a® — af? — 28%) — 2a2s¢(a? + 203 + 33?)
3

W:

)

Q= g (a3(1 +2b%) + 20°a*f — 3a5” — 85?))7

o @ roo(a® — af? — 28%) — 25002 (a® + 203 + 33?)
- 25( (@ —af? = 26°%) + 2(b?a? — 2)(a + 3P) )

. a(a®+2ap +35%)
© 2(a3 + 2B+ afB? + B3)
roo(0” — aff® = 26°%) — 2s0a*(a® 4 203 + 35%)
( (0¥ —af” —26%) + 2(%a? — B*)(a + 39) )
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Substituting (23) into (18), we get

2B ((1 + 2022058 + a1 8% + aza’3p? — aza'?pt — 204011 B0
+2a5a10ﬁ6 +2a6a957+2a7a8ﬁ8 +a8a759 +a9a6510 _’_a10a5511

+ ap1at B +40(19 — 266%)a B 4+ 12(83 — 32b%)a? B + 70403 + 256,616)

— 700 <12b4a15 + a120M B + 20%a13013 B2 4 a4 82 + 24150 B + 2a16a105°
+2a170” 8% + 2a150°B7 + darga” B2 + az00° B + 2a210° B + aza! B!

+ 2a0302 82 + 2a9402 6 — 16008 — 192515>

— 2sp <a25a15ﬁ + 2a26a14ﬁ2 + a27a13ﬂ3 + 2(1280(1254 + 2(1290[11ﬂ5
+ 2a300 8% + 2a310° 87 + 6a320°B% + azza’ B + 2a34,0°B8'° + azsa’ B

+ 6asga’ B2 — 138403813 — 864a2,814)

— 2r (2(1 +2b%)a’ B + 4(76* + 2)at 5% + 2(28b* — 1)at?s?
—8(b* + 7)ot — 4(44b* +29)a' 7 — 12(320% — 3)a 08¢

+ 4(—46b? + 63)a” 8% + 4(500% + 87)a® 5% + 2(3346* — 17)a” 5°
+4(133b% — 30)a’ B0 + 6(64b* — 95)a’ B + 8(18b* — 91)a? 2

— 64003513 — 192a2ﬂ14> =0, (24)
where
ay = (28b* + 1602 + 1), ay = (56b* — 4b* — 7),
az = (8b* 4+ 1120 + 27), a4 = (88b* 4 116b* + 3),
as = (51 — 160 — 152b*), ag = (109 + 2526 — 92b),
a7 = (33 + 464b% + 60b*), ag = (428b* + 628b* — 355),
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= (5320 — 240b% — 699), aip = (384b* — 1140b* — 515),

= (144b* — 115602 + 105), a1z = (48b* + 80 + 2b°n +n + 1),
(226 — 10 + 3n), ayq = (8b* — 1206% — 16b%*n — 11n — 17),
= (78b* — 26b% — 40b*n — 8n — 1), a1s = (412b* — 500°n + 11n + 79),
arr = (294b* — 170 + 34b%n + 44n + 168),

(—324b* — 25067 + 196b°n + 41n + 95),

(—562b* + 87b? + 138b*n — 18n — 91),

aso = (1952b* + 135662 + 310b%n — 247n — 835),

(—13200* + 164662 — 237b62n — 168n — 468),

(—1440b* + 22166 — 840b%n + 201n — 557),

(1064b? — 372b%n + 156n — 33), agy = (6720 — 144b*n + 36n — 16),
(—

(-

(—

(—

(

(-

(=

(

(—

(—

4% — 20°n —n + 1), age = (—8b* — 5nb* —n + 1),
24b* — 96b% — 4b°n + Tn + 11),
126* — 18002 + 40b%n + 17n + 11),
5550 — 28062 + 1426%n + 23n + 63),
azo = (587b*b* — 3872 + 222b%n — 18n + 298),
334b% — 854b% + 108b*n — 105n + 467),
120* — 79b? — 88b%n — 29n 4 193),
7207 564b% — 1386b*n — 117n + 13),
214b% — 849b*n + 147n — 1903),
31207 — 1188b%n + 603n + 631), asg = (—72b°n + 87n — 304).

Now we assume that F" is a weakly Berwald space, then B! is hp(1). Since o
is irrational in (y'), the equation (24) is divided into two equations as follows,

where

B2BIFy + BrooG1 + o*BsoHy + o B*roly = 0, (25)
BB Fy + argoGe + o BsgHa + a®Brol; = 0, (26)
Fi = 2a10M —2a30"? 5% + 4a50'°8* + 4a702 5% + 2a9a83°
+2a110* B0 + 24(83 — 326%)a? B2 + 5125,
Fg _ 2a1a14+2a2a12/62_40/4&1064_'_4&6@8/66+2a8a658

+2a100? 810 4 80(19 — 26b%)a? 312 + 1408b™*,
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G1 = —(arzaa' + a1450" B + 2a160' 8 + 2a150°8° + a20a° 8% + aza’ B0

+ 202407 B — 1928™),
Gy = —2(6b4a14 + b2a13a12,6’2 + a15a1064 + a17a8ﬁ6 + 2a19a658 + a21a4610

+ agsa®B'? = 808M),
Hy = —4(azsa™® + assa®B% + azoa®B* + 3a320°8° + azsa® B + 3azsa?B0 — 4328'2),
Hsy = —2(azsa'? + azra'®B% + 2a290° B* + 2a310°8° + azza’ 8% + agsa®B0 — 1384517,
I = —8((7h? + 2)a'? — 2(b% + 7)a!0B2 — 3(32b% — 3)a®B* + (5062 + 87)a’38

+ (133b% — 30)a*B® + 2(18b% — 91)a? B0 — 484'2),
I = —4((1 4 2b%)a'? 4 (2867 — 1)a'03% — 2(44b% + 29)a® B* + 2(—46b + 63)a’3°

+ (33407 — 17)a* 6% 4 3(64b% — 95)a? B0 — 3208'2). (27)

Eliminating B]" from these equations, we obtain

Rroo + OZQﬂSO + OéQBTTO =0, (28)
where
R=FG, — F\Go, S = FH, — F\Hy, T = [,Fy — I F). (29)
From (28),we get
(R/a?B)roo + Sso + Tro = 0. (30)

Since only the term ;a6 of Ssg in (30) does not contain 3, we must have
hp(26)Vag, such that
a®®sg = Vi, (31)

where
€1 = 74&1((126 - (125). (32)

First consider that a? # 0(modf) and b*> # 0. (31) shows the existence of a
function k(z) satisfying Vag = ka5, and hence sy = kf3, (30) reduces to

(R/a?B)roo + SkB + Trg = 0,

which implies that
Rroo + Ska?B? + o2BTry = 0. (33)

Only the term —2a;a?®(a12 — 12b%)rgo of the above does not contain 3. Thus
there exist hp(29)Usg satisfying —2a; a8 (a1 — 12b%)rg9 = BUsg. It is a contra-
diction, which implies £ = 0. Hence we obtain sg = 0;s; = 0. Therefore, (28)
becomes

Rroo + (XQ,BTTQ =0. (34)

Only the term 1884163?8r¢g of (34) seemingly does not contain a2, and hence
we must have hp(28)Vag such that 8281y = a?Vag. From o? # 0(modp3) there
exist a function f(z) such that

Too = Oézf(l"); Tij = aijf(-r)- (35)
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Transvecting above by b'y’, we have

ro = Bf(x); rj =b;f(x). (36)
Substituting (35) and (36) into (34), we have
f(z)(R+ 8°T) = 0. (37)
Assume that f(x) # 0, from (37) we get
R+ BT =0, (38)

The term 72a1a28(a12 — 12b4) of the above does not contain 8. Thus there

exist hp(27)Vay satisfying —2a;a?8(a1o — 12b%) = BVar, where Vay is hp(27) this

implies Va7 = 0, provided that b? # 0. Hence f(z) = 0 must hold and we obtain
roo = 0; 755 =0 and ro = 0; r; = 0.

Conversely, substituting rgg = 0, s = 0 and 79 = 0 into (24), we have BT = 0,
that is, the Finsler space with (20) is a weakly-Berwald space.

On the other hand, if we suppose that the Finsler space with (20) is a
Berwald space, then we have rgg = 0, sg = 0 and rg = 0, because the space is
weakly Berwald space from the above discussion. Hence s;; = 0 hold good.

Now consider a? = 0(modf3), Lemma (3) shows that n = 2, b> = 0 and
a? =36, § = d;(z)y;. From these conditions (28) is rewritten in the form
R'roo + 868 59 = 0, (39)

where

/ 14 14 15513
R =a101287°0" + (a1014 + a2012)37°67° + (2a1a16 + 2014 — 2a40a12
16 512 17511
—2a1a15)37°0" 4 2(ara18 + azaie — asa14 + a12a6 — arai7 + agais)f 0

+ (arago + 2aza18 — 4agars + 2asa14 + agars — dajarg + 2azarr — dasais) 3860

+ (a1a22 + agago — 4asais + 4asais + agais + arpa12 — 2a1a21 + 4azarg — dayras

— darays) B0 4 (2a1a04 + azasy — 2a4a00 + dagars + 2aga16 + aipars + 760 — 2a1as3
+ 2a3a91 — 8asary — dazary — 2agays)B206° + 2(—96 + azass — asase + agazo + asars
+ a10a16 + 380a14 + 352 + 80a; + azass — 2asaz1 — 4azarg — agarr — ajjars) B’

+ (=192 — 4dagasq + 2agass + agazo + 2a10a18 + 1520a16 + 704a14 — 160as — 4asass
— dazaz; — 4agarg — 2ai1a17 — 1992a15)5%20° + (384ay + 4agass + agaze + arpasn

+ 1520a1g + 1408a16 + 320as — 4arass — 2agas; — 4ariarg — 1992a17 — 512a,5)5%36°
+ (—384ag + 2agasy + ajpaze + 760az0 + 1408a1s + 320 — 2agass — 2a11a21 — 3984a1g
— 512a17)5%*0* + (—ag + 2a10a24 + T60a22 + T04ag0 + 160ag — 2a11a23 — 1992a2;
—1024a19)3%°6% + 8(—24a10 + 190az4 + 88azo + 20a1; — 249as — 64as; ) 32652
+128(105 + 11lagy — 4ags) 3276 — 94208528,

10
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S = (2a1a26 — ara25)B"6" + (2a1a8 + 2a2a26 — arazr — agass) B8 + (2a1a30

+ 2aza08 — dagass — 2a1a29 + azasy — 2a5a25)B 76" + (6arasz + 2asaz0 — dasass

+ dagags — 2a1a31 + 2a3a29 — 2a5a97 — 2a7a95)3 050 + (2a1a34 + 6azazs

— dagasy + dagass + 2asa6 — arass + 2azaz — dasagy — 2a7a27 — agadas)B'78°

+ (6arase + 2a2a34 — 12a4a3z + 4agagzp + 2agags + 2a10a26 — a1azs + azass

— dasaz; — 4arasy — agagr — ayiags)B86° + (—864a1 + 6asass — 4asasz,

+ 12agasz2 + 2agasp + 2a1p0a28 + 1520a96 + 1384 + asass — 2asazs — 4arasy

— 2a9a9 — a11a97 — 996a95) 51007 + (—864ay — 12as6a4 + dagass + 6agass + 2a10aso
+ 1520a9g + 1408a96 — 1384 — 2asass — 2arass — 2agas; — 2a11az9 — 996 — 256a95) 32056
+ (—4.432 4 12agasg + 2agasy + 6aigass + 1520a30 + 1408ags + 2.1384 — 2arass — agass
— 2a11a31 — 1992029 — 256a27)3218° 4+ (—4.432 + 6agass + 2a10a34 + 3.1520a35 + 1408
+2.1384 — agags — arazs — 1992a3; — 512a29)5%20% + (—864ag + 6aipazs + 1520a34
+ 3.1408 4 1384 — ay1a35 — 996as3 — 512a3;) 5% + (—864a10 + 1520.3a36 + 1408a34
+ 1384a1; — 996ass — 256as3) 52462 + (—432.1520 + 3.1408a36 + 996.1384 — 256a35)3%°6
— (608256 — 354304) 526, (40)

Since only the term 94208328 of R'roo + 885 so in (39) seemingly does not
contain d, we must have hp(1)V; such that roo = 6V;. We have so = 0; s; = 0,
now (39) becomes

R,’f’()() = 0, (41)

which implies
7‘00:0; rij:OandrO:O; 7’]‘:0.

Conversely from o9 = 0, rg = 0 and sg = 0 we have B]’ = 0. Thus the space
with (20) is weakly-Berwald space. Thus we state that

Theorem 4 A Finsler space with the metric (20) is weakly Berwald space if
and only if the following conditions holds;

(1) a? # 0(modB) implies r;; = 0 and s; = 0.

(2) o = 0(modB) implies n = 2, b> = 0 and r;; = 0, s; = 0 are satisfied,
where o = 9, § = d;y*.
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