NONLINEAR ELLIPTIC PROBLEMS INVOLVING THE
(p(z), q(z))-LAPLACIAN SYSTEM IN R"
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ABSTRACT. In this article, we study the elliptic problems involving (p(z), ¢(z))-
Laplacian in R™, We apply a result by Ricceri [I7] to prove the existence of
multiple nontrivial solutions.

1. INTRODUCTION

In this article, we study the following two nonlinear problems:
— div(a(z)|VulP® "2 Vu) + b(x) [uP 2 = X f(z,u) + pg(z,u) in RN

(1.1)
ue Wy (RV)

and
—div (a(ac)VuV’(”)_ZVu) + b(2) P20 = My (x, u,v) + pgu(z,u,v)  in RY
—div (a’(a:)\Vv|q(z)72VU) + 0 (@) [u| T 20 = Ay (@, u,v) + pgo(z,u,v)  in RY

we WOLP(@ (RN),’U c WOLQ(E) (RN)

(1.2)

For the one equation problem (L.1]), we assume that 3 < N;p : RN — R is Lip-

chitz continuous with 2 < p~ < p(z) < p™ < N. X and p are positives parameters,

and a is a measurable function such that a € L (R™) with inf,crn a(x) > 0. The

two functions f(z,t) and g(z,t) having subcritical growth with respect to ¢, more

precisely, we assume that f is a Carathéodory function satisfying the following con-
dition

|f(z,t)] < m(z)|t]” VYo eRY and VteR, (1.3)

* *

p p

where m is a positive function such that m € L*=~' (R?)NL""" G (R™), with

np-
n—pt’
The function g = g(x,t), need to be a measurable function with respect to = in
R™ for every t in R, and is continuous with respect to ¢ in R for almost every x
in R™. Such that g(x,0) = 0, and there exists a positive function h(z) € L>(R"),
satisfying

pt < v+ 1< v <p*,p* denotes the critical Sobolev exponent, i.e., p* =

lg(,t)

— < +00 1.4
(a,t)eRn xR—{0} A (z)[t[P~ (14
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The function b(x) needs to satisfy the next condition:
b(x) > by >0 Vo € RY (1.5)

Problems involving p(x)-growth conditions, such as , have been given a spe-
cial attention since they are important in modelling some physical phenomena. For
example their applications to the study of electrorheological fluids and in elastic
mechanics (see Diening [I], Halsey [2], Ruzicka [3], Zhikov [4]). The case of the de-
generate equation —div(a(z)|VulP~2Vu) = Af(z,u) in R", was studied by many
authors, we mention the work of P.Drabek [5], and others like [6],[7],[8]. Existence
results for p(x)-Laplacian Dirichlet problems on bounded domains we refer to [[9],
[10], [11]] while for the study of p(x)-Laplacian problems in RY we refer to [[13],
[12], [14] and [15]]. In both investigation i.e bounded and unbounded, the authors
used a standard approach by applying the Mountain Pass Lemma for finding criti-
cal points of associated variational formulations of Ambrosetti and Rabinowitz [21].

Since the appearance of the abstract result proved by Ricceri in [I6] and its revis-
ited note established in [I8] dealing with variational equations with both Dirichlet
and Neumann conditions, they have extensively been investigated. In [I7], Ricceri
obtained a general three critical points theorem, that has been applied for a class of
elliptic operators involving nonlinearities of polynomial growth. We mention that
the result proved in [I7], will be an essential tool for the study of the existence of
at least three weak solutions for problems and , when the nonlinearities
have a maximal growth.

This article is organized as follows. In section 2 we introduce the general-
ized weighted Lebesgue-Sobolev spaces Li’((;)) (RY) and WPE):2@)(RN) | and some
imbedding results. In section 3 we treat the the case of the one elliptic equation
involving p(x)-Laplacian and we will prove multiple results by applying Ric-
ceri’s principle in [I7]. Finally, in section 4, we extend the result of the last section
to general elliptic systems of two nonlinear partial differential equations governed
essentially by the (p(x),q(x))-Laplacian (L.2))). Let us first recall the crucial theorem

Theorem 1.1. [I7] Let X be a separable and reflexive real Banach space; ® : X —
R, a coercive, sequentially weakly lower semicontinuous C' functional, belonging to
Wx, bounded on each bounded subset of X, and whose derivative admits a contin-
uous inverse on X*;J : X = R a C! functional with compact derivative. Assume
that ® has a strict local minimum xq with ®(xg) = J(x9) = 0. Finally, set

J(@) lim sup J(@) }

a = max {0, lim sup ,
{ |z —+o0 P(T) " woae P(2)

J(z)
B = sup ,
ved-1(j0,4+00]) P(T)

and assume that o < . Then, for each compact interval [a,b] C]1/5,1/a] (with the
conventions 1/0 = +oo, 1/oo = 0) there exists r > 0 with the following property:
for every \ € [a,b], and every C* functional ¥ : X — R with compact derivative,
there exists o > 0 such that for each u € [0,0], the equation

' (z) = N (x) + p¥' ()

has at least three solutions in X whose norms are less than r.
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for a b(z) € Lio.(RY) satisfying the condition (1.5) we introduce the generalized
weighted Lebesgue-Sobolev spaces L]g((i)) (RY) and Wr():b(@) (RN)

L) = (u [ b@lul@)l® < +oc)

equipped with the so called Luxembourg norm

[ullbe) piay = inf{v > 0, b(a:)|—“($) P@)dy < 1}
RN 12
and

Whr@ME(RN) = fu € LFD(RYN), Vu € LP)(RY)}

endowed with the norm

lull1,p(z)b) = Ullp@)b@) + 1VUlla@)p)

variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respect, they are Banach spaces, the Holder inequality holds, they are reflexive if
and only if 1 < p~ < p* < oo with p~ = inf g~ p(x) and pT = sup,cpy p(x)
and continuous functions are dense if p* < oo ([22] Theorem 2.8). we denote

by L ®)(RY) the conjugate space of LP(*)(RY), where wo t e = 1 -Forany

u e LP@(RN), v e L @ (RN) The Hélde type inequality
1 1
|/ wodz| < (— + i)||u||Lp<w>||UHLp/<z> (2.1)
RN p p
holds true.

Let E be the space defined as the completion of C§°(RY) with respect to the
norm ||ull1 p(z),b6(z), the condition (1.5) on the function b(x) implies that £ C

Wy (R™). Also a simple calculation shows that the norm ||ul
to the norm

lull = inf {v >0, / |

R

1,p(x),b(x) 18 equivalent

M ) g 1 |w|p<w>dx <1} (22

set
I(u) = / a(z)|Vu(z)|P® de + b(z)|u(z) [P d
then for all u € £ B .
[ull >1 = [lull” < I(u) < [lul/” (2.3)
+ -
[ull <1 = flull” < I(u) < Jul? (2.4)
u € E is a weak solution of (1.1) if

/ (a(x)|Vu|p(‘”)*2Vqu+b(x)|u|p($)*2uv) dzx = / )\f(:c,u)vdx+/ ug(z,u)vdx
RN RN RN

Vv € E.
Let recall some embedding results concerning variable exponent Lebesque-Sobolev
spaces. If p(z) is Lipchitz continuous and p™ < N, then for any g(x) satisfying

p(x) < q(z) < 1\],\]_”1()8), the embedding WP (RY) « L) is continuous ([20)
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theorem 1.1). Also, the Sobolev inequality, ||u|lr@* < C||lu| holds for all u € E
for some constant C' > 0.

3. MAIN RESULT AND PROOF
We state and prove the following main result of this paper.
Theorem 3.1. Let us suppose 2 < p(x) < N and . Furthermore, suppose for
1 <7 <p~ and some positive function a(x) € L= (R™) that

F
lim sup LU)T <M < 400 uniformly xzeRN (3.1)
[u]—+oo & o(z)|ul
and

sup{ F(xz,u)dz} >0

u€eE JRN
where F(x,t) fo
If we set
N )| V[P + N wlP®) do
w= —+1f Jon (@) V1 Jor @)l tu € E, F(z,u)dx >0
D Jgn F(x,u) dx R
(3.2)

Then for each compact interval [a,b] C |w,+o0[, there exists r1 > 0 with the fol-
lowing property: for every A € [a,b], and every function g : RN x R — R which is
measurable in RN and continuous in R satisfying , there exists 0 > 0 such that
for each u € [0,0], the one equation problem has at least three nonzero weak
solutions in E whose norms are less than r.

To prove our result we need to define the following functions ¢, J, ¥ : E — R

o) = [ (VU o)) e

and

J(u) = F(z,u)dx
RTL
and

U(u) = /n G(z,u)dx

the function ¢(u) satisty the following inequalities

I(u) I(u)
s P(u) < —=
then using ) and . ,
Bl gy < 7 g < 1 (33)
pt P~
[ [
<O(u) < if 1<||u 3.4
e (u) = [l (3.4)

for each u € E It is well known that ® is well defined and continuously Gateaux
differentiable with

@/(u)v:/ a(ac)|Vu|p(””)_2VuVU+/ b(z)|uP® =2y dz

n
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for all u,v € E. Note also that ® is clearly coercive, weakly lower semi-continuous
and bounded on each bounded subset of E. By the standard uniform convexity
algebraic inequality of the function I(z) = |2[P(*), 2z € R, we deduce that ® is
uniformly monotone operator in E Moreover, a classical result on uniformly convex
spaces ensures that ® admits a continuous inverse on (E)* (Theorem 26. A) of
[19], i.e. ® € Wg.

It follows from (|1.3)),
1
F(z,u)| < ——m(z)|u[" ! 3.5
|F'( )\77+1()|| (3.5)
for all (z,u) € R™ x R. Then by standard argument we have F is in C1(R™ x R),
hence we see that J is well defined and continuously Gateaux differentiable with

J () = fz,u)vde
R’IL

for all u,v € E.
Lemma 3.2. J' is a compact map from E to (E)*.

Proof.
Let {ux} be a sequence in E which converges weakly to u. On one hand, in view of
Holder’s inequality and Sobolev embedding, we obtain for all 0 < R < +o0,

1

/>Rf(z,U)vdx§ </|>R|m|p1 dw) (Callull) o],

for all u,v € E, and p; = pi_p(*’w_l) € {pf:i_l, = ( - )} . Since m € LP1(R"),

Pr—(v+1)
we have lim |m|Pt dz = 0. This implies with the fact that {ug} is a
R—+o0 ‘IlzR
bounded sequence, for any ¢, there exists R, > 0 such that

/ flz ug)vder <e and / flz,u)vdr <e (3.6)
|z|> R |z|>R.
holds for all k.
On the other hand, applying Young’s inequality, we get
At < om)RTes

* v pr o
pf_('Y‘f'l)m(x)ﬁ(m)_i_’Y‘i'l yv P—

tv—17+1 ,

<
= *

P pr
for all t € R and a.e. € B, = {x € R";|z| < R.}. Let us remark that

vy pE
v—1v+1

<pt,

v—1

since v + 1 < v. Hence the Nemytskii operator N 5 associated with f7—1 is

continuous from L7151 (B,) in L'(B.). Then we conclude that

/ f(av,u;.c)ﬁ dr — f(z, u)ﬁ dz,
|z|<Re

|z|<Re
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which implies that f(z,uy) converges to f(x,u) in L7 (B.). Hence since LP~ (B.) C
L¥(B.), we have f(x,u)v converges to f(z,u)v in L'(B.), i

[ G - fawpds o, (37)
|z| <R,
for all v € L¥(B;). Finally, in view of (3.6) and (3.7, we get

fz,up)vde — flx,u)vde.
Rn Rn

This completes the proof of Lemma 2.1 and consequently J "is compact.
Now in order to prove our result, we prove that the conditions given in Theorem
1.1 are satisfied. Indeed, using Holder’s inequality and Sobolev embedding, we have

in view of (3.5)),

, .
[ rewars — ([ i as)” @y

*

Py . _ p_

V(z,u) € R" x E with p; = g
Then from (3.3]) (3.4) we obtain

J(w) _ p* 1 [P

) < — 74_1 Y m HLPIW7 Jull <1
and

T Pty Ry

P(u) ~ y+1 B =

for all u € E. Hence since p~ < p™ < v + 1 we have for ¢ > 0 small enough

J (U) p
lim su < C v+l p1E. 3.8
lu Sop (b( ) 1 ||mHL 1€ ( )

On the other hand, using (3.1)), there exists A > 0 such that
|F(z,u)| < Ma(z)|u|™, Vu|>A

where 7 < p~ < pT and M > 0. Then, using Holder and Young inequalities and
Sobolev embedding, we obtain for each v € E\{0} for ||ul| > 1

J(u) < p* fR’"(\u|>A) F(x,u)dx pt fRn(‘ulgA) F(z,u)dx

P(u) ([l [P~ (el [P

PTM fgnqupsy @@l dz pt Jgnujc ) mi@)|u] " de

- \WW y+1 ([l
pMCT HaH H I pt AT fR"(Iu\SA) m(z)|u|"dz

- HMV v+1 ([l

_pr * . «
Now using the fact that m € L* 7 (R") since pf:T € [pf:*_p i _p(;_,_l)], we get
+ T . m ul||”
I(u) ptMCT ||a||L(,,%), e [[m| e - |lull

< —
D(u) [ullP7=7 v+l IWW



tMCOT « [ Eezd|
p 1 ||a||L(pT_)' p+A'y+1—‘rC{ Lp** —

[uffP™=7 LA (7]

Therefore, since 7 < p~ we obtain

J + AT
fmsup 2 < pror (Ml o +ZA T - e 39)
[l =400 P(u) L v+1 M

for [Ju|| > 1 we get

lim sup M
lu||—+o0 (u)

Finally, for an arbitrary ¢ and in view of (3.10]) and (3.8]), we get
max { lim sup M lim sup J(x) } <0

+ Avt+1-T
. prA
<ptC; (MIIaIIL(f)/+7HIImII - ) (3.10)
T L

Iz —>+o0 ®(T) =0 P(2)

Hence, all the assumptions of Theorem 1.1 are satisfied (with xo = 0).

Moreover, since the function G : RN x R —» R is measurable in RY and C! in R
such that G, = g satisfying (1.4)). Then using standard arguments the functional
V(u) = [p. G(x,u)dz is well defined and continuously Gateaux differentiable on
W, with compact derivative, and one has

’

U (u)o = / gla,uwpde

for all u,v € W. So, by Theorem 1.1, the problem (|1.1)) has at least two nonzero
weak solutions which are critical points of the functional ® — AJ — pW.
Then the proof of Theorem 1.3 is achieved.

Example. In this example we consider the problem (1.1, where N =5, p(z) =
cos(|z|) + 3,001 the one equation problem become,

_ div(a(x)|vu|cos(\a¢|)+1,001 VU) + b(x)|u‘cos(|x|)+1,001u — )\f(a:,u) + Mg(l’7u) in R®

u e Wol,cos(|x\)+3,001(R5),
(3.11)
p~ =2.001;p" = 4.001;p* = 10.01 > 10,

The function p(x) satisfy the theorem conditions then for any fonction m €
3,001 v 3,001
L2001 (R5) N L7-1(z00t=571)(R5), 4 and v satisfying 4,001 < v+ 1 < v < 10 < p*.
For the function F(z,t), let choose 7 such that A’T'H <1t <p,andlet 0 < e <
1+l

min(1,7 — 75=) be small enough. Consider the function F : RY x R — R given by

1
F(z,u) = :m(mﬂur—s In|u| ifu#0, F(x,0)=0

Then, condition (L.3) is satisfied since In [u + 2= < |[u[Y~7F1F¢. It is not difficult
to see that the remaining hypotheses of Theorem 1.2 are satisfied
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4. (P(x),Q(X))-LAPLACIAN SYSTEM

In this section we consider the two-equations nonlinear problems involving the
(p(z), q(z))-laplacian :

—div (a(x) VuP 2Vu) + b(@)[ulP @ u = Afu (2, u,0) + pga(z,u,v)  in RY
—div (o (2)|Vo|*@ 72 V0) + 8 (@) [u] 120 = Afy (2, u, v) + pgy(z,u,0)  in RY
ue Wy " (®RY), v e Wy I(RY)

(4.1)
where 2 < p~ < p(z) < pt < N,2 < ¢~ < q(z) < gt < N. A\p > 0 are
parameters. The functions a(z),a’(z) are measurable functions in L>°(R™) with
inf(gny a’(x), infgnya(z) > 0. The functions b(x), b’ (x) are measurable functions in
L5, (R™) with inf gy b'(x), infgn)b(z) > 0. The functions f(x,t,t") and g(z,t,t')
having sub-critical growth with respect to ¢, More precisely, we assume that f is
a Carathéodory function satisfying the following condition

|f(z,t, )] <m(x)(|t]” + |[¢']") VxeR"™ and VteR, (4.2)

where m(z) is a positive function such that

me L¥= (R N L7 o) (R,

with
st <y+l<v<s®
where
s =max(p*,q"), sT=min(p~,q7), s° =min(p*,q")
with
T n—pt T T n—gt
x,, t,t
up 9( o )/‘ o ) (4.3)
(a.t,t) R x (R—{0})2 h(@)([t["= + [t/|P~)
for some

h e L*[R") and g(z,0) = 0.

We shall look for a weak-solution of (4.1)) in the space Wol’p(x) (RN) x Wol’q(x)(RN)
which is endowed with the Cartesian norm || (u, v)|| = Hu||Wol,p(z)(RN)+||U||W01,E,(I)(RN).
We set

E = Wol’p(m)(]RN)7 E = Wol’q(z)(RN), U= (u,v), flz,U)= fulz,u,v)+f,(z,u,v),
9(x,U) = gu(x,u,v)+g,(x,u,v), and F(z,u,v) = fou fu(z,s,0) ds—&—fov folz,u,s)ds

Theorem 4.1. Let us suppose for 1 < 1 < s~ and some positive function a(x) €
L) (R™) that

F(x,U
lim sup (=, )T <M < +oo  uniformly xRN, (4.4)
U —-+00 @(2)|U]

sup (/ F(a:,U)dx>>O
UeExE \JRN

and



If we set

Az, U)d
w— f{#ngteW}, (4.5)
R'ﬂ

where A(z,U) = (a(z )|Vu|p(x) +a'(2)|Vu|?® + b(2)[u[P@dz + V' (z)|u|?™)) and
W ={U € ExF, [, F(z,U)dx > 0}, then for each compact interval [a,b] C
|w, +o00[, there exists 11 > 0 with the following property: for every A € [a,b], and
every function g : RN x R — R which is measurable in RY and continuous in R
satisfying (4.3)) , there exists & > 0 such that for each u € [0, 48], the two- equation
system as at least two nonzero weak solutions in E whose norms are less
than r1.

To prove this result we need to define the following functions
o, JV:EXxFE —R
1

o(U) = /n ]ﬁ (|vu|p(w) +b(a:)|u|p(a:)) d$+/Rn e (\Vu|‘1($) + b/(x)|v|q(x)) da

and

and
v(U) = G(z,U) dx
R‘IL

The functions ®(U), J(U) ,¥(U) need to satisfy the conditions of the theorem
1.1, i.e

® : Ex E' — R, a coercive, sequentially weakly lower semi continuous C!
functional, belonging to Wgy g/, bounded on each bounded subset of E x E’, and
whose derivative admits a continuous inverse on X*; also it not difficult to see that
o(U) satisty;

lulls” | olE” Ll el

[ [l

<o(U) <
Pt qat P~ q
then for |lullg <1 and ||v||gr <1 we have:

+ + - -
lulls + [loll o(U) < lully + 10l

st 5~

then for a very small value of ||u| g, and, ||v| g we have

st s
(s + Wole)™ _ g7y < Qe+ Ioile)
st s~
witch leads us to an inequality similar to the one (3.3)) in section 3,

(IUllexe)*

x <o) < (||U||ExE') ] (4.6)

Olso for a very big value of ||u]|g and ||v||g/, we have an inequality similar in
section 3
Ul zxer)*®
st
Those inequalities , will play a major role (similar to the one played
by and in section 3) to prove

<®(U) < M (4.7)
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. JU) .. J(U)
a =max {0, limsup ——=, limsup ——= },
{ U400 R(U) " juj=0 ®U)
B=  sup J(U)

wcd-1(J0,400)) P(U)’

with @« = 0 < 8 = oo Then, for each compact interval [a,b] C]0, co[ there exists
> 0 such that the problem (4.1]) has at least three solutions in F x E’ whose

norms are less than r.
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