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The Complementary Exponentiated I nverted Weibull Power Series Family of Distributions
and its Applications

Abstract

In statistical literature several distributions are usedbdel lifetime data. But many —if not most— |of

these distributions lack of certain lifetime context ivetion. Recently, attempts have been made to
define new families of probability distributions that exteshaeell known families of distributions and at
the same time offer great flexibility in real data maugl In this paper, a new family of distributions|is
introduced by compounding exponentiated inverted Weibull podier series distributions. The
properties of the new family are discussed, including qesntinoments and moment generating
function. The estimation of the model parameters is padd by the maximum likelihood method. The
new family generalizes some new lifetime distributidmsparticular, two special models belonging|to
this family are studied in some details. Applicationse@ data sets are given to show the flexibility and
potentiality of the proposed family of distributions. T

Keywords: Exponentiated inverted Weibull distribution, power series distribution; Order statistics; hazard
function.

1 INTRODUCTION

In recent years, compound distributions arise and applied/@raeareas, such as public health, economics,
engineering, and industrial reliability. New several ponnd models of distributions have been introduced

follows same way that was previously carried out in [Many researchers have proposed a series of new
compounding distributions by mixing the distribution when theilifetcan be expressed as the minimum or

maximum of a sequence of independent and identically distdbuandom variables which represent the

failure time of a system.

Several authors have proposed new compounding distributionsxmgrttie distribution of a maximum of a
fixed number of independent for any continuous lifetimérithisted random variables and discrete random
variable. The exponential truncated Poisson with inangafailure rate has been considered in [2]. A new
lifetime distribution, which is called the exponentiated Wdilgabmetric distribution, was introduced in
[3]. This new distribution obtained by compounding the expoatadi Weibull together with geometric
distributions. For more about another compounding distributices [4], [5], [6]. [7], [8], [9], [10], [11],
[12], [13] and [14].

Furthermore, several authors derived new compoundingldigtin by mixing continuous distributions with
power series distributions for both schemes (minimum orimmax). In [15] the Weibull power series
family of distributions, which includes the sub-models of ¢éixponential power series distributions, was
defined. The generalized exponential power series disivito was introduced in [16]. A new class of
extended Weibull power series distributions was introduced i [Two compound families, namely the
max-Erlang power series distribution and min-Erlang paeeies distribution were proposed in [18]. A new
family of Burr XII power series models introduced in 19 new class of lifetime distributions called the
Lindley power series was proposed in [20]. A new lifeetidistribution with decreasing failure rate, called
the inverse Weibull power series distribution was infoedl in [21]

In this article, a new lifetime family of distributions introduced by compounding exponentiated inverted
Weibull and power series distributions. The density, cunudatisurvival and hazard rate functions of the
new family are introduced in Section 2. In Section 3, sorathematical properties of the new family are
obtained such as, quantiles and moments. In the samensestime distributions of order statistics are
derived. In Section 4, some special sub-models and matieal properties of the complementary
exponentiated inverted Weibull power series distributiors given. In Section 5, maximum likelihood



estimator of the unknown parameters for the family isiokd. In section 6, three illustrative examples
based on real data are provided. Finally, concluding remaeladaressed in Section 7.

2 The New Family of Distributions

The inverted Weibull distribution is one of the most papuydrobability distributions to model life time data
with some monotone failure rates. The usefulness anitapphs of inverse Weibull distribution in various
areas including reliability and branching processes, carsdmn in [22] and in references therein.
Exponentiated (generalized) inverted Weibull distributisna generalization to the inverted Weibull
distribution through adding a new shape parameter. The privpaeihsity function (pdf) of exponentiated
inverted Weibull (EIW) with two shape parameters; takesfollowing form

_ —_gy—B
9(;6,8) = 0By F e " 1y, 0,8 > 0. ¢))

The corresponding cumulative distribution function (cdf) is giben
G0, =e",y,0,p>0. @

For 6 =1, it represents the standard inverted Weibull distributifor, 3 =1 , it represents the
exponentiated standard inverted exponential distributioneagioned in [23].

Let Y = max{Y;}2,, be independent and identically distributed random vasafbéowing the
exponentiated inverted Weibull distribution whose density fandis given by (1) with shape parameters
0 >0and B >0, while Z is a discrete random variable following the powelieseprobability mass
function (truncated at zero)
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The coefficienta,'s depends only on, A(A) : = Zaz/lz,/l >0, is such thati(1) is finite.
i=1

Table (1): Useful quantities of some Power satisgibutions

Distributions | q, A(A) A'(Q) A"(D) A1 A
Poisson zI71 et —1 et et In(A+1) A € (0, )
L ogarithm z7! —In(1-2) a-n1* @a-n 1—e? A€ (0,1)
Geometric 1 A1-HD7T a-»7?F 20-0D7  20+D7! 1€ (0,1)
Binomial (") G+Dm-1 m@+Dmt 2D Q- -1 1€ (0,)

In [6], a compound class of distributions was idtroed. These distributions were obtained by mixiney
maximum of a sequence of any identically indepentifatime distributed random variables togethettva
power series random variable. The cumulative d@istidon function of this class is given by

A (Aa(y,g))

Fyidg) =——oy—"v> 04> 0.6 = G162 .00, @

whereG (y) is the cdf of the EIW distribution. Therefore, tHistribution function of the complementary
exponentiated inverted Weibull power series (CEIWRSIily of distributions is obtained by substindi
cdf (2) in cdf (4) as follows

A (/1 e‘ey—ﬁ)

F(y;0,8,1) = A
The pdf corresponding to (5) is given by,

,y>0,0,8,1>0. (5)

A0p y~B+De=0y"F 4 (/1 e~6v7F )
AQ)

f(y;0,8,2) = ,y>0,0,81>0. (6)



A random variablé distributed as in (5) shall be denotedoy CEIWPS@), where i = (6,B,1) is an
unknown vector of parameters. Furthermore, theabbéity and hazard rate functions take the follogvin

forms
Ae=077F
R(y;£)=1—%,y>0,6,ﬁ,l>0, )

and
208y~ D=0y pr (1e=0vF)
AQY) — A(Ae-077F)

h(y;f)z ,y>0,0,8,1>0. (8)

3 Properties of the Family
In this section, some statistical properties of tiesv family, including quantiles, moments and motnen
generating function are obtained. In addition, salis&ributions of order statistics are studied.

(3.1) A useful expansion

Some properties of the cdf (5) and pdf (6) wéldtudied through the following two Propositions
Proposition (1)

The EIW distribution is limiting special case dPS family of distributions whert — 0.

Pr oof

Y4
By substitutingA(A) : = Zaz A%,A >0, in cdf (5), then it can be written as
i=1

00
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F(y,0.80)=22——,

>,
z=1

by taking the limits for both sides,
_ had _p \z-1 _
a,e g +Z:zaZ (/1 e %V p)z e’
LimF (y;6,8,) = = e’
A-0 =
a, +ZzaZAZ'1
z=1

which is the cdf of EIW distribution.

Proposition (2)
The pdf of the complementary exponentiated invetébull power series family of distributions caa b
expressed as infinite mixture of exponentiated rideceWeibull with parameter@z, 8) as follows

F@:0.6.0) = Y P = Dg(y; 07.6),
where g(y) is the pdf 021171~EIW(92,[>’).

Pr oof
SubstitutingA'(A):= > za,A*™* in pdf (6), then
z=1
10 R 21
fG36,8,2) = rﬁ y e N s a, (1)

z=1
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3.2 Quantilesand moments

Quantile functions are used in theoretical aspedtprobability theory, statistical applications dan
simulations. Simulation methods utilize quantilendtion to produce simulated random variables for
classical and new continuous distributions. Thengjleafunction sayQ(u) of Y is given by

A(ne-00e7F)

YR

after some simplifications, it reduces to the daling form

Q) = €)
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where,u is considered as a uniform random variable on thie interval(0,1) andA~1(.) is the inverse
function of A(.).
The r-th moment of about the origin follows from proportion (2) adldavs

fr=EY") = f ZP(Z =2)g(y; 0z,p) y~#¢* dy.
0 z=1

According to[23], the r-th moment for random variablg’ which follows an EIW distribution with
parameter® andp is given by 6% F(l —%). Then it is easily to show that, by using thisgedy as
mentioned in [23], the-th moment of Y following the CEIWPS distribution with parametégz, B) is

given by

- r T
by = Z P(Z =2) (02)8T <1 — E> r=1,23,.. (10)
z=1
Also, it is easy to show that

[0
r

t
M) =) = e,

=0

where, i, is ther-th raw momentwhile My (t) denotes the moment generating function (mgfy ofThen
by using (10), the mgf df can be written as

M, (£) = ii i—:P(z — 2)(02)F r<1 - [%)

r=02z=1

3.3 Some distributions of order statistics

Let Y., < Y5, < ..<Y,, be the order statistics of a random sample o€ siZollowing the
exponentiated inverted Weibull power series faroilydistributions, with parameteés 8, and 1, then the
pdf of the i-th order statist[24] can be written as follows
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where B(.,.)denotes the beta function. The expansion Af()l e %y B)L ! is given by
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@ m=0
where b,,, = ’Z“ form = 1,2,3
1

By using the identity( ib 2 m ]j — id ~,n for positive integerj (see [25]), then
m . jim

m=0

i+j-1 > _p\ ({+j+m-1)
A(2eo") z N e G . (12)
m=0

By using the expansion fop ' (A):= iz a A**, then

A (2@ )= ka, 2 —ey—f‘)("‘”
k=1
_g\k
- alz(k +1) b2t (emF) (13)
k=0

substituting (12) and (13) in (11), then

0B y~B+D ot o @
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Z - (i+j+m+k)
fi:n Vs ll) = zwukm y_(B+1) ( el ) ) (14)

where,

_i . itjaiai
o8 ( 7 )1 by (e+1) digjogem @y ATHFMAK
Wijjem' =

B(in—i+1)A(A)J+1

The distribution of the smallest order statistigiigen by substituting = 1 into (14) as follows



fun () = : i i O1ijem ¥ (e_gy_ﬂ)mmkﬂ) 0<y<o,

where
n gﬁ(n]_.l) (—1)jbk(k+1) dj:m a{+lﬂj+m+k+1
W1,jk,m = A(L)J+L

The distribution of the largest order statistioligained by substituting = n into (14) as follows

fan (y; f) = i i Wn,j k,m y_(B+1) (e_ey_ﬁ)(n+j+m+k) ,0 <y < oo,

m=0 k=0
where
_ nOBC- bkt ) dpyjoqan @y AHATMAK
w‘l’l,]',k,m - AQ)J+L

4 Special Models of the Family

In this section, some special sub-models of tnaglementary exponentiated inverted power seriedya

of distributions are studied. The complementaryosemtiated inverted Weibull Poisson (CEIWP) and the
complementary exponentiated inverted Weibull Iaganic (CEIWL) distributions are discussed in some
details.

The sub-models are considered as follows:

1- ForA(D):= (e* — 1) with A € (0, ), the CEIWPS family of distributions reduces to tG&IWP
distribution with cdf

exp (/1 e‘ay—ﬁ) -1

F(y;6,p,4) = ) )

y,0,8,4>0. (15)

2- ForA(A):=—1In(1— 1) with 2 € (0,1), the CEIWPS family of distributions reduces to {GEIWL
distribution with cdf

— In (1 -1 e‘ey_B)
—In(1-2)

F(y;0,B,1) = » ¥,0,52>0. (16)

3- For A(A):=2(1— 2! with 1€ (0,1), the CEIWPS family of distributions reduces to the
complementary exponentiated inverted Weibelbmetric distribution with cdf

(1—Ne-0"

F(y;6,8,1) =m,

y,0,8,1> 0.

4- For AQ):= A+ 1)™ —1 with A € (0,0), the CEIWPS family of distributions reduces to e th
complementary exponentiated inverted Weibull birgmistribution with cdf

(re" +1)" —1

F(y;6,8,4) = GrD"-1 "

y,0,8,1> 0.

5- Ford =1, A(A):= (e*—1) with 2 € (0,), the CEIWPS family of distributions reduces to the
complementary standard inverted Weibull Poissofridigion with cdf

exp (A e‘y_ﬁ) -1
(et =1) '

F(y;8,4) = y,8A>0.



6- For 6 =1, A(Q):=—In(1—21) withA € (0,1), the CEIWPS family of distributions reduces te th
complementary standard inverted Weibull logarithdigtribution with cdf

—In (1 - Ae‘y_ﬁ)

F(y;B.1) = “IeioD ,

v,B,A>0.

7- For =1, A():= A1 —2)" with 1 € (0,1), the CEIWPS family of distributions reduces to the
complementary standard inverted Weibull geometistridution with cdf

A-Ner*

F(y;8,1) =m

, y,B,1>0.

8- Ford =1, AQ):= (1 +2)™ —1with1 € (0,0), the CEIWPS family of distributions reduces te th
complementary standard inverted Weibull binomiatritbution with cdf

(re>™ + 1)m 1
A+Dm—1

Fy; ,4) = , v,B,A>0.

9- Forp =1, A(D):= (e* — 1) with 1 € (0,0), the CEIWPS family of distributions reduces to the
complementary exponentiated standard inverted eeqg@i Poisson distribution wittdf

-8
exp()\ey)—l

F(y;0,1) =W ,

y,0,4>0.

10- Forg =1, A(Q):= —In(1—2) withA € (0,1), the CEIWPS family of distributions reduces te th
complementary exponentiated standard inverted resqi@l logarithmic distribution with cdf

2]
—ln(l—ley)

F(y;6,1) =m,

y,0,1>0.

11- For =1, A(Q):= (1 -2t with 1€ (0,1), the CEIWPS family of distributions reduces te th
complementary exponentiated standard inverted reequ@l geometric distribution with cdf

-0
ey (1-2)

F(y;0,A) =———— , y,0,A>0.
(1—&67)

12- Forp =1, AQ):= (1 +2)™ — 1 with 1 € (0,), the CEIWPS family of distributions reduces te th
complementary exponentiated standard inverted reeqi@l binomial distribution with cdf

-0 m
(AeT +1> -1
A+1)m-1

F(y;0,1) = y,0,1>0.

4.1 The complementary exponentiated inverted Weibull Poisson distribution

In this subsection, the pdf, reliability, hazarchdtion, quantile and moments for the complementary
exponentiated inverted Weibull Poisson distributime studied in more details.
The pdf of CEIWP corresponding to (15) is as fokow

6 A - -
f(v;0,6,2) 2@57—1) y~ 6D e exp (/13_93’ B) , Y,0,BA>0. @17)



Figures 1 and 2Zepresent the pdf and the cdf of tICEIWP distribution forselected values of
parameter®, 8 and A . In particular(9, 8, 2): = (4,6,0.5), (6,4,0.5), (6,6,0.5),(0.5,3,1),(1,3,1),(2,3,1),
(5,8,6),(8,6,5),(6,5,8),(5,7,6), (6,53) and (7,6,5) respectively.
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Figure (2): Plotsof the CEIWP distribution function for some parameter values

The reliability and hazard rate functions of CEIWP areobtained respectively, as follows

et —exp (Ae‘ey_p)
(er-1)

R(y;0,B,1) = ,%,0,8,1> 0, (18)

and,

9B y~B+D ¢=07F oy (le‘ey—ﬁ)

h: 0.6.4) = et —exp(2e~97F)

:y:9;3’1>0- (19)

Figures 3 and 4 illustrate theliability andthe hazard rate functions of the CEIV@Rtribution fol the
same set of parameters as in Figiland 2.

— =3 p=d, =1

[N

H i
0 1 - - + 1" I S i 4

Figure (3): Plots of the CEIWP reliability functions for some parameter values



Figure (4): Plots of the CEIWP hazard ratesfunctionsfor some parameter values

It is clear from Figure4) that the hazard function takes differforms accordingo different values of th

parameters.
The quantile function of theEIWP distritution is given by substitutingl(1): = (e* — 1), andA='(4)
(20)

in (9, as follows
-1

1 1 B
Qw) = [—Eln (Zln{u(e’1 -1)+ 1})] ,
whereu is a uniform random variable on the unit interval (( In particular,the median of th«CEIWP

distribution, sayQ,, is obtained byettin¢ u: = % into (20), i.e.
=1

log(1+ 1)

21D

B 11 11 et +1\]#F .
QZ - 9 n 2 ) .
Ther-th raw moment of th€EIWP distribution about the origin is given by settiA(1): = (e = 1) into
(10), i.e.
b =3 = 1) O2)F T (1- —), r=123, .. 22)
In particular, setting = 1 in (22, the mea of the CEIWP distribution is given by
(23)

E(Y)—Z gy 027 r(1—%>

The variance of the CEIW@istrlbqun takes the following form

var(Y) = Z e (GZ)BF(l—— [Z i

L r(1 —%)]2.

4.2 The complementary exponentiated inverted Weibull logarithmic distribution
In this subsection, the pdf, reliability, hazard function, nfil;y and moments fothe complementar

exponentiated inverted Weibull logarithr distribution are discussed
The probability density function of ttCEIWL distribution corresponding to (16) is given by



. _ 0B A - —gyB
f(y' Q,ﬁ,/l) - _ 1n(1—l)(1—le_93’_3) y (B+1) e Y ,y,9.3,7\ > 0. (24)

Figures 5 and 6epresent the pdf and the cdfthe CEIWL distribution for selected values of parame
6, and A . In particular (6,B,2):=(0.7,3,0.1),(1,4,0.1),(2,5,0.1),(0.5,5,0.3),(1,5,0.3)
,(2,5,0.3),(0.5,3,0.5), (2,3,0.5),(1,4,0.8),(1,5,0.8), and(1,7,0.8) respectively.

IR

rh

1 = K !

Figure (5): Plotsof the CEIWL densitiesfor some parameter values
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Figure (6): Plots of the cdf of the CEIWL for some parameter values

The reliability and hazard rate functicof the CEIWL distributiorare obtained respectively, as follows
In (1 -2 e‘ey—ﬁ)

R(y;6,6,A) =1— ,v,60,B,4>0, 25

(0,8, 2) A= esA> (25)

and,
(26)

9pA y~B+D g=0y7F (1 - xe-ey‘”)
,¥,0,6,1> 0.

h(y;0,8,1) = =
C:6.4.4) —In(1=2) +In(1 - 2e-87")
Figures 7, 8 illustrate theliability and hazard rate functioof the CEIWL for thesame set (parameters

as in Figures 5 and 6

B s | ;
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Figure (7): Plotsof CEIWL reliability functions for some parameter values
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Figure (8): Plotsof the CEIWL hazard ratesfunctionsfor some parameter values

The quantile function of CEIWIdistribution is given bysettingA(1):= —In(1 — 1), and A7'(1):=
(1—e?) in(9),ie
=1
) = 111—(1—/1)uT -
Q u)= 9 n A_ ’ ( )
whereu is a uniform random variable on the unit interval (( In particular, the median of thCCEIWL

distribution, sayQ,, is obtained bgetting, u: = % into (27), i.e.

_[ 1l (1+A)]_71

G==g =z )l

The r-th raw moment of th&€EIWL distribution about the origin is given by substitutitA(1): =
—In(1 —2) into (10), i.e.

a, ?
,Ll,’ﬂ = z ln(l—)l) (GZ) r (1 - E) p r = 1,2,3, (28)

=1

In particular, setti%g =1 in (28, the mean oY is given by
= a, \* 1

=

The variance of the CEIWLdistributiontakes the foIIowingorm
a,
= — 13 B
var () Zl = (1 356 r [z = (1 o= 0" r( ﬂ)]
zZ=

5 Parameter Estimation of the Family

In this section, thestimation of themodel parameters of CEIWPS family of distributiassobtained by
using the maximum likelihood metht

LetY,,Y,,.., Y, be a random sample from the family with paramed, 8 andA. The likelihood functior
based on the observed random sample ofn is given by



L (y; E) = Anen[’m(A(/D)_n ﬁ }’i—(BH) ﬁ (e‘yt‘_ﬁ)g ﬁAr (/1 e_eyi—ﬁ)
i=1 =1 i=1

The natural logarithm of the likelihood functidn,L = Ln L (y; f) , Is given by

InL=nlnA+nné+nlnf —nlnA@d) — (B + 1)ZInyl—HZyl ZlnA’ /1 e i )

i=1

The maximum likelihood estimators 6fg, A, say(? ,[?i are obtained by setting the first partial defives
of In L to be zero with respect & 8 and A as follows,

n - B _ ._[" —
oInL _ " A (Ae(’yl )e oyFy, -6
Zy‘ 5 , (30)
A’ (le—"yi )
n n no . —By-_B —y; B 6-1 —y B
dlnL n iy 4" (e o) (e )y e
- =_—Zlnyi+2yi Iny, +,wz 2 6D
g N i=1 o A (Ae—eyi )
and
" - —B — —B
dlnL _n nA® " A (,1e oyi )e 0yi o

=—— +
, _gy,~B
ar A A(A) = A (/1 e~ 0yi )
The maximum likelihood estimate 6f# and A, sayd, # and/ is obtained by solving numerically the non-

olnL dlnL olnL
n=0,n Ondn—O.

linear systen 38

6 Applications

In this section, the flexibility and potentiality some special models of EIWPS family are examinsidg
three real data sets. Applications of the CEIWPRSihutions based on their sub-models; namely, GEIW
CEIWL and EIW are considered.

6.1 Thefirst data set

The first dateset is taken fronj26], where the vinyl chloride data is obtainednfralean upgradient ground
—water monitoring wells in mg/L; the data are dtofes

51,12,13,06,05,24,05,1.1,8.0,0.8,0.6,0.9 04, 2.0,0.5,5.3,3.2, 27,25, 2.3, 1.0, 0.2, 0.1,
0.1,1.8,0.9,2.0,4.0,6.8,1.2,04,0.2.

The estimator of the unknown parameters of eactrilalision is obtained by the maximum-likelihood
method. In order to compare the three distributioydels, the different criteria like: -2logL2LL) Akaike
information criterion (AIC), Bayesian informatiomiterion (BIC), the correct Akaike information eiion
(CAIC) and the Kolmogorov-Smirnov (K-S) statistiase considered for the data set. The best disimibut
corresponds to smaller -2logL, AIC, BIC, CAIC a#dS values:
2K(K + 1)
AIC = 2K — 2LL, CAIC = Alc + ——rk—1 BIC = kIn(n) — 2LL,

where,k is the number of parameters in statistical mcnlé, the sample size aiLdis the maximized value
of the log- likelihood function under the considraodel.

Also,

K — S = sup [E,(y) — F()], whereE, (y) = Zumberof observations =y (1 is the cumulative distribution
y

n

function



Table (2) provides the maximume-likelihood estimafigld Es), the AIC, BIC, and the CAIC values as well
as the Kolmogorov- Smirnov statistics for the folsta set.
The MLEs M easur es
M odel 6 5 A K-S -2LL AIC CAIC BIC
CEIWP 0.228| 1.084 3.259 | 0.090 122.801 128.801 129.601 127.395
CEIWL 0.608| 0.902 0.181| 0.114 195.045 201.045 201.845 199.639
EIW 0.654| 0.880 0.113 172.152 176.152 176.53D 175.2(15
Table(2) MLEs, AIC values, BIC values, CAIC values and¥X-statistics for the first data set
Based on the values of AIC, CAIC, BIC and K-S irblea(2), the CEIWP model provide better fit thae th
CEIWL and EIW models.
Figures 9 and 10 provide the plots of estimated utative and estimated densities of the fitted CEJWP
CEIWL and EIW models for the first data set.

CENP  e— CEVP e
CAIL o o — = CEWL----l
EW o L.k | ow 4
I R I R N R S '..'1:355:"3.31.‘
Figure (9) : Estimated cumulative densitiesfor thefirst data Figure (10): Estimated densities of models for thefirst data

It is clear from Figure (10), that the fitted depgor CEIWP model is closer to the empirical hggtam than
CEIWL and EIW models.

6.2 The second data set

The second data set is obtained from [27]. It ciasdf thirty successive values of March precita{in
inches) in Minneapolis/St Paul. The data are devia

0.77,1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.437,32320, 3.00, 3.09, 1.51, 2.10, 0.52, 1.62, 10332, 0.59,
0.81, 2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96),10800, 2.05.

The following Table 3 provides the MLEs, the AlCi(Band CAIC values as well as the K- S statistas f
the second data set.

The MLEs M easur es

Model 0 B A K-S -2LL AlIC CAIC BIC
CEIWP 0.376 | 1.916 3.474| 0.117 85.627 91.627 5p.5 | 90.058
CEIWL 1.019 | 1.553 0.020( 0.153 233.5P839.526 240.326 238.120
EIW 1.025 | 1.550 0.152 140.186144.186 144.573 143.249

Table (3) MLEs, AIC values, BIC values, CAIC values and¥statistics for the second data set.

In order to assess whether the CEIWPS models gwpiate, Figure 11 provides the histograms of the
data set as well as the plots of the fitted CEIEE|JWL and EIW density functions. From Figure 11sit
concluded that the CEIWP distribution is quietahié for this data set.



Figures 11 and 12 provides some plots of the egtitnedf as well as the estimated probability déssiof
the fitted CEIWP, CEIWL and EIW models for the sedalata set.
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Figure (11): Estimated cumulative densitiesfor the second data Figure(12): Estimated densitiesfor the second data

6.3 Thethird data set
The third data set is taken from [28]. The corresjiog data are referring to the time between faguor a

repairable item. The data set is as follows:

1.43, 0.11, 0.71, 0.77, 2.63, 1.49, 3.46,2.46, ,006B4, 1.23, 0.94, 4.36, 0.40, 1.74, 4.73, 2.285,00.70,
1.06, 1.46, 0.30,1.82, 2.37, 0.63, 1.23, 1.24, 1195, 1.17.

The following Table 4 provides the MLEs, the AICI(Band CAIC values as well as K- S statistics fo t
third data set.

The MLEs M easur es

M odel 0 B A K-S -2LL AIC CAIC BIC

CEIWP | 0.680 1.104| 0.279 0.1334 101.368 107.3p8 08.2B2 105.800

CEIWL | 0.747 1.075| 0.017 0.1339 221.411 227.411 28.334 225.842

EIW 0.752 1.073 0.1337 127.814 131.81l6 132.260130.770

Table (4) MLEs, AIC values, BIC values, CAIC values andXstatistics for the third data.

The values in Table 4, indicate that the compleamgnexponentiated inverted Weibull Poisson modé is
strong competitor among other distributions thas wsed here to fit this data set. Figures 13 @ngrdvide
some plots of the estimated cdf and pdf of thedit€EIWP, CEIWL and EIW models for the third dagh s
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Figure (13): Estimated cumulative densitiesfor thethird data Figure(14): Estimated densities of the third data

In Figure 14 the fitted densities of the CEIWP, Gl and EIW models are compared to the empirical
histogram of the observed third data set. Basedherplots of Figure 14, one can notice that thedit
density of the CEIWP model is closer to the emplricsistogram than the corresponding densities ef th
CEIWL and EIW models

7 Conclusions

In this paper, a new family of lifetime distributi® called the complementary exponentiated inverted
Weibull power series (CEIWPS), was introduced. Thasnily was obtained by compounding the
exponentiated inverted Weibull and power serietritligions. The properties of the proposed famikgrev
discussed, including the quantile function, the rapte and the moment generating function. Some
distributions of order statistics were also obtdinEhe estimation of the model parameters is peréar by

the maximum likelihood method. Two special sub-nied# the new family are investigated, namely, the
complementary exponentiated inverted Weibull Paisdistribution and the complementary exponentiated
inverted Weibull logarithmic distribution. Some rmeaimatical properties of the new distributions welso
discussed. Finally, the complementary exponentiatedrted Weibull Power series models were fitted t
real data sets revealing the flexibility and paiity of the proposed CEIWPS family of distributis
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