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Necessary and sufficient conditions for L*- conver gence of
cosinetrigonometric series

Abstract

We obtain a necessary and sufficient conditionLfeconvergence of a
modified cosine sum and a theorem of Telyakovskii ¢oncerning
convergence behavior of cosine series with monotatécreasing
coefficients has been deduced as a corollary.
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1 Introduction
Consider the cosine series
Sy iak cos kx . 01
2 ka1
Let §,(x) denote the partial sum of (1.1) and let f(X{)ra,_ . Si(X) .
The problem of L — convergence, via Fourier coefficients,
consists of finding the properties of Fourier caménts such that the

necessary and sufficient condition for [[X$ — f(x) || = 0o(1), 1> o0,is
given in the form alog n = o(1), n-o , where || . || denotes thé L
norm.

The following definitions are related to this paper.

Convex sequence. [2,vol.ll,p.202] A sequence {ais said to be convex if
Na.= 0 for every k wherd?a, = Aa—Aau; andA a = a — ae1.
Quasi- Convex sequence [2,vol.ll,p.202]. A sequence {his said to be

quasi-convex if Sk | A%a| <.
k=1

The class of all such sequences is an extensitheaflass of convex null
sequences. The class of quasi-convex sequenaesilsclass dBV class

(i | Aa | <), the class of all null sequences of bounded tiaria
k=1

Teljakovskii [3] generalized the notion of quasi- ¢erity .
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Let {a} be a sequence satisfying

@— 0 askso; (1.2

S é:o |Aay| <o ; (1.3)

s ¢ M2 Aa, AaM+k|<oo_ (1.)
m=2 | k=1 k |

It has been established [3] that a quasi-convex seduence
satisfies the conditions (1.2) (1.4) and imply lim.. S\(X) exists
where {(x) is the partial sum of (1.1).

Concerning E-convergence of the cosine series (1.1), the
following theorem is known :

Theorem A[2]. If a 10 and {a} is convex or even quasi-convex, then
for the convergence of the series (1.1) in the imedpace L, it is
necessary and sufficient that ,lag n = 0(1), n>o .

Teljakovskii [4] generalized Theorem A for the twsseries (1.1)
with coefficients {@} satisfying conditions (1.2} (1.4) and established
the following Theorem :

Theorem B [4]. Let the coefficients {g of the series (1.1) satisfy the
condition (1.2} (1.4). Iflim,_. & log n =0, then the cosine series (1.1)
converges in the'tmetric space.

Teljakovskii [3] has also shown thadanthe conditions (1.2}
(1.4), the series (1.1) is a Fourier series and

/ dx< C(S+S)

0
where C is a positive constant.
Sidon generalized the concept of quasi-convexitipbews :
The class §5]. A null sequence {& belongs to the class S if there exists

a [
-2 + ¥ a, coskx
2 k21

a sequence {§ suchthat (i) AL 0, k- oo, (ii) iAk <o, and
k=0

(i) | Aac|< A¢ forallk.
The class S is the extension of the class of eu@msiex
sequences. Since a quasi-convex null sequenisfiesatconditions of

the class S, if we choose G A i| Nan | .

Teljakovskii generalized Theorem A by establishing following
theorem :
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3

Theorem C[1]. Let {a} belong to the class S. Then the cosine series
(1.1) is the Fourier series of its sum f and,(X5 f(x) || = 0(1), n-oo
ifand only if glogn = o(1), B .

Teljakovskii, thus showed that the class S is @sdass of L
convergence which in turn led to numerous, moreeg@nesults.

Rees and Stanojevic [6,7] introduced a new typmosine sum

ho)= 13 Mac+y 3 Aacos kx (1.5)
2 k=0 k=l j=k
and obtained a necessary and sufficient for iesgrability.

Regarding the L- convergence of (1.5) to a cosine trigonometric
series belonging to the class S, Ram proved thewolg result :
TheoremD. [8]. If {ay} belongs to the class S, then

|| 10 ha(X) || = 0(1), R-co.
Kumari and Ram [9] introduced a new modified cessam
a noon a
fx)= 2+ A(—_’Jk cos kx, (1.6)
2 k=l j=k j
and proved the result :
TheoremE. Let {a} belong to the class S.
If imp_o|a&+1|logn=0, then || f09 f,(X) || = 0(1), n>o0.
Hoodaet al.[10] introduced new modified cosine sum
g(X) = (1) [ai + iAzak} +3 [anﬂ + iAzaJ} cos kx , (1.7)
2 k=0 k=1 =&
and studied the necessary and sufficient conditiéms the L-
convergence and integrability of the Ilimit of (1.4nder the
conditions(1.2) — (1.4).

In recent years, significant results haeerbdeveloped by various
authors [11-16] by imposing different conditions the coefficients a
of trigonometric series (1.1). The aim of this eas to study the :
convergence of (1.7) under class S on the coefiis @ and deduce
Theorem C as a corollary of our result.

2 Lemma
The following lemma is required for the proof afraesult.
Lemma 1.[17]. If| G| <1, then
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0

y¢.D, (X) |dxs C (n+1) ,
k=0

where C is a positive constant ang>) = (1/2) + cos x + ... + c0S nx
represents Dirichlet’s kernel.
3 Results
Theorem 1. Let{a} belong to the class S, then
[| f(X)— gn(X) || = 0(1), P~ ifand onlyif glogn = 0(1), - .
Corllary 1. Let {a} belong to the class S, then
| S(X) - f(X) ||= 0o(1), n-o ifandonlyif galogn = o(1), P> .
This is nothing but theorem C.
Proof of Theorem1. We have

a(x) = e) [al + kiOAzak} +ki1 [anﬂ + iAzaJ] cos kx

=k

(1/2)[& — ans1 + @e2] + |<Z—:1 [a — @41 T+ @+2] COS kX
= @#2) - (1/2)Aa.+1 + i ac COS kx— Aan+1 i cos kx
k=1 k=1

= @2) + kil & COS kx— Aay+1 Zn:{cosks+ﬂ
= K=1

= BX) — Agy+1 Di(X) .

Using Abel’s transformation, we get
n-1

g(x) = >, AabD(X) + aDn(x) — Aan:1 Dn(X) 3.1)

k=0

= Agy D(X) + 842 Dy(X) .
k=0

Now,

f(X)= Gn(X) = 3 28,D,(x) — &aDn(X) .

k=n+1

Abel transformation with lemmal yield,
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[1£09 = 9,(x] dx

m
=]
olk

Vs

[

=n+l
4

0 |k=n+1

o-_-l-l-.q

k=n+1

ZA

ZAAkZ _‘D(x)

a, D, (x)|dx +j

a,,.D, ()| dx

> A S Aak D (¥)

dx +j|an+2Dn(x)| dx
0

dx+ +J|an+2D ()| dx

< CY(k+D0A, + jlan+zD ()] dx .

k=n+1

Now, [[a,.,D, ()
0

hypothesis alog n

behaves like alog n and under the assumed

= 0(1), n- as well asi(k +1)AA_converges, the

k=n+1

right hand side tends to zero as® and this gives

liMmp_ e ]Z|f(x) -g,(x)|dx=0.

On the other hand

A2D0(0) = 3 8a,D, (x) —[f(X) + gu(X)] ,

and so

J 2,.,0,(¥)

k=n+1

x<j
0

ZAak D, (X)

k=n+1

X+J|f(x) g, ()| dx .

Using the hypothesis of the theorem along with &bestimates , the
right hand side tends to zero as ®.

This completes the

Proof of Corollary 1.

[ 1160 - S0 | dx

proof of our theorem.

We have

= [ 110 = 60 + G0 = Si(x) | dx

0

<1100 - 609 Idx +] | 6:(x) ~ S¥) [dx



142 < [ 1900 ~Fa(X) dx + | A1 D()ldx

143 whereas
144

m

145 [ |88aD09ldx < [ ]0) ~Fox) [dx + [ ]0) = S0 | dx .

146 SinceJ’ | Dn(x) |dx behave like log n for large values of n dndthe

147 hypothesis of our result the corollary follows.
148
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