
On eccentric adjacency index of several1

infinite classes of fullerenes2

3

4

Abstract5

In theoretical chemistry, molecular structure descriptors are used for mod-6

eling physio-chemical, pharmacologic, toxicological, biological and other7

properties of chemical compound. The eccentric adjacency index of a graph8

G is defined as9

ξ
ad(G) = ∑

u∈V (G)

S(u)ε(u)−1,

where S(u) denotes sum of degrees of vertices adjacent to the vertex u and10

ε(u) is defined as the maximum length of any minimal path connecting u11

to any other vertex of G. Fullerenes are molecules in the form of cage-like12

polyhedra, consisting solely of carbon atoms bonded in a nearly spherical13

configuration. In this paper we calculate the eccentric adjacency index for14

several infinite classes of fullerenes.15

Keywords: Graph, Eccentricity, Eccentric adjacency index, Fullerenes.16

MSC(2010): Primary: 05C40, 05C90;17

1 Introduction18

Let G be any simple connected graph with the vertex set V (G) and the edge set19

E(G). For two vertices u and v in V (G) their distance d(u,v) is defined as the20

length of a shortest path connecting u and v in G.21

The degree d(u) of the vertex u in G is defined as the number of neighbors22

of u in G, i.e., d(u) = |{v ∈ V (G)|d(u,v) = 1}|. The eccentricity ε(u) of the ver-23

tex u of G is the distance from u to any vertex farthest away from it in G, i.e.,24

ε(u) = maxv∈V (G) d(u,v). The eccentricity sequence ec(G) of G, is the multi-set of25

eccentricities of the vertices of G, i.e., ec(G) = {ε(u) | u ∈V (G)}.26
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Mathematical chemistry is a branch of theoretical chemistry in which with the27

help of mathematical methods the molecular structure are investigated. Molecular28

graphs or chemical graphs are models of molecules in which atoms are represented29

by vertices and chemical bonds by edges. The chemical graph theory is a branch30

of mathematical chemistry in which the physico-chemical properties of molecules31

are studied by using their molecular graphs.32

In this paper, fullerenes are molecules in the form of cage-like polyhedra, con-33

sisting solely of carbon atoms, where each carbon atom is chemically bonded to34

three other carbon atoms in a nearly spherical configuration. The molecular graph35

of a fullerene (fullerene graph) can be viewed as a finite connected trivalent plane36

graph, all of its faces are pentagons and hexagons. Consider a fullerene graph with37

exactly p,h,n and m pentagons, hexagons, vertices and edges between them, re-38

spectively. Since each vertex lies in exactly 3 faces and each edge lies in 2 faces, the39

number of vertices is n = (5p+6h)/3, the number of edges is m = (5p+6h)/2 =40

3/2n and the number of faces is f = p+h. Recall that Euler’s formula states that41

n−m+ f = 2. It follows that (5p+6h)/3−(5p+6h)/2+ p+h = 2, and therefore42

p = 12,n = 2h+20 and e = 3h+30. Therefore the molecular graph of a fullerene43

made entirely of n carbon atoms, denoted by Cn, have 12 pentagonal and (n/2−10)44

hexagonal faces, while n 6= 22 is an even natural number equal or greater than 2045

[10, 21].46

By IUPAC terminology, a topological index is a numerical value associated47

with chemical constitution purporting for correlation of chemical structure with48

various physical properties, chemical reactivity or biological activity. The eccen-49

tric connectivity index is a topological index which was proposed in [25] and has50

been extensively used in molecular chemistry for studies related to structure activ-51

ity/property relationships [3, 17, 22]. This index is defined as52

ξ
c(G) = ∑

u∈V (G)

d(u)ε(u).

Mathematical properties of the eccentric connectivity index was studied in [19, 20,53

33]. The connective eccentricity index which is a modification of the eccentric54

connectivity index is defined [15, 28, 31, 32] as55

Cξ (G) = ∑
u∈V (G)

d(u)
ε(u)

.

On can see in the above definition that the reciprocal of the eccentricity is consid-56

ered for a vertex, so the contribution of a vertex is non-linear. In the process of57

finding an invariant to be better suited to certain tasks than the previous ones, the58
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eccentric adjacency index was introduced in [16] as59

ξ
ad(G) = ∑

u∈V (G)

S(u)
ε(u)

,

where S(u) denotes the sum of degrees of all neighbors of the vertex u. As it is60

seen in the definition of ξ ad(G), the degrees are taken over the neighborhoods and61

then summed and also the reciprocal of the eccentricity is considered for a vertex,62

so the contribution of a vertex to ξ ad(G) is non-local and non-linear.63

It is worth mentioning that the product version of the eccentric adjacency index,64

termed as augmented eccentric connectivity index, has been proposed by replacing65

S(u) with the product of degrees of all neighbors of the vertex u [4, 5, 6, 8, 24, 29,66

30].67

Some eccentricity-based invariants of fullerenes were computed already, [1, 7,68

11, 12, 13, 14, 24, 26]. In this paper we aim to compute the eccentric adjacency in-69

dex of the molecular graph of several infinite classes of fullerenes, namely C12n+2,70

C20n+40, C12n+4, C10n, C12n, C24n, C18n+10, C20n+10, C12n+6 and C40n+6.71

Let us recall that the n-th harmonic number Hn is given as the n-th partial sum72

of the harmonic series, Hn = 1+ 1
2 +

1
3 + · · ·+

1
n = ∑

n
i=1

1
i .73

Throughout this paper, our notations are standard and mainly taken from stan-74

dard books of graph theory such as [18, 27].75

2 Main Results76

In this section, the eccentric adjacency indices of the molecular graph of some77

infinite classes of fullerenes, namely C12n+2, C20n+40, C12n+4, C10n, C12n, C24n,78

C18n+10, C20n+10, C12n+6 and C40n+6 are computed.79

Let us consider C12n+2 fullerenes. Note that the molecular graph of C12n+2 is80

cubic with exactly 12n+ 2 vertices and 18n+ 3 edges. In Table 1, the eccentric81

adjacency index of C12n+2, 2≤ n≤ 9, is computed.82
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Table 1: The eccentric adjacency index of C12n+2, 2≤ n≤ 9.
Fullerenes eccentric adjacency index
C26 3× (72/5+1)
C38 3×114/7
C50 3×36/7+3×102/8+3×12/9
C62 3×72/8+3×72/9+3×42/10
C74 3×36/8+3×72/9+3×54/10+3×36/11+3×24/12
C86 3×72/9+3×54/10+3×36/11+3×36/12+3×36/13+3×

24/14
C98 3× (12/9+ 18/10+ 12/11+ 12/12+ 12/13+ 12/14+ 12/15+

8/16)
C110 3× (18/10+12/11+12/12+12/13+12/14+12/15+12/16+

12/17+8/18)

A general formula for the eccentric adjacency index of C12n+2, n ≥ 10, is ob-83

tained as follows:84

Theorem 2.1.
ξ

ad(C12n+2) =
90
n
+108(H2n−1−Hn).

Proof. Using GAP [9] the eccentricity of these vertices were computed in [14] (see85

Figure 1). These eccentricities are presented in the following table:86

Table 2: The eccentricity of molecular graph C12n+2, for n≥ 10.
Type of vertices eccentricity Number
The Type 1 Vertices 2n 8
The Type 2 Vertices n 6
Other Vertices n+ i(1≤ i≤ n−1) 12

Now the result follows from the data provided with Table 2 and from the fact that87

for each v ∈V (C12n+2), S(v) = 9.88

Let us consider C20n+40 fullerenes. Note that the molecular graph of C20n+4089

fullerene is cubic with exactly 20n+ 40 vertices and 30n+ 60 edges. In Table 3,90

the eccentric adjacency index of C20n+40 fullerenes are computed for 1≤ n≤ 10.91
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Figure 1: The molecular graph of fullerene C12n+2 for n = 4

Table 3: The eccentric adjacency index of C20n+40, 1≤ n≤ 10.
Fullerenes eccentric adjacency index
C60 60
C80 3(240/11)
C100 3(60/11+240/12)
C120 3(120/12+210/13+30/14)
C140 3(60/12+120/13+180/14+30/15+30/16)
C160 3(120/13+120/14+120/15+60/16+30/17+30/18)
C180 3(60/13+120/14+120/15+90/16+60/17+60/18+30/19)
C200 3(60/14+ 120/15+ 90/16+ 60/17+ 90/18+ 60/19+ 60/20+

60/21+30/22+30/23)
C220 3(120/15+ 90/16+ 60/17+ 90/18+ 60/19+ 60/20+ 60/21+

60/22+60/23+30/24+30/25)
C240 3(60/25 + 90/16 + 20/17 + 90/18 + 60(1/19 + 1/20 + 1/21 +

1/22+1/23+1/24+1/25)+30/26+30/27)

In the case that n≥ 11, a general formula for the eccentric adjacency index of92

C20n+40 is obtained as follows:93

Theorem 2.2.

ξ
ad(C20n+40) = 180(H2n+4−Hn+3)+90(

1
2n+5

+
1

2n+6
).

Proof. Using GAP [9] the eccentricity of these vertices were computed in [14] (see94

Figure 2). These eccentricities are presented in the following table:95
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Table 4: The eccentricity of molecular graph C20n+40, for n≥ 11
Type of vertices eccentricity Number
The Type 1 Vertices 2n+6 10
The Type 2 Vertices 2n+5 10
Other Vertices n+4+ i(0≤ i≤ n) 20

Now the result follows from the data provided with Table 4 and from the fact96

that for each v ∈V (C20n+40), S(v) = 9.97

CONNECTIVE ECCENTRIC INDEX OF FULLERENES 
 

49 
 

By using these calculations and Fig. 4, the Theorem is proved.   
 

 
Fig. 4. The molecular graph of the fullerene C20n+40 for n = 3. 

 
5. Conclusion 
Topological descriptors are very important tools in chemical graph theory. Among 
them topological indices role a fundamental map in predicting chemical phenomena. 
The connective eccentric index is a topological index was defined by Gupta, Singh and 
Madan. In this paper this topological index of two infinite classes of fullerene graphs 
were computed. 
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Figure 2: The molecular graph of fullerene C20n+40 for n = 3

Let us consider C12n+4 fullerenes. Note that the molecular graph of C12n+2 is98

cubic with exactly 12n+ 4 vertices and 18n+ 6 edges. In Table 5, the eccentric99

adjacency index of C12n+4 are computed for 2≤ n≤ 7.100
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Table 5: The eccentric adjacency index of C12n+4, 2≤ n≤ 7.
Fullerene The eccentric adjacency index

C28
9×12

5 + 9×16
6

C40
9×36

7 + 9×4
8

C52
9×12

7 + 9×32
8 + 9×8

9

C64
9×24

8 + 9×24
9 + 9×12

10 + 9×4
11

C76
9×12

8 + 9×24
9 + 9×12

10 + 9×12
11 + 9×12

12 + 9×4
13

C88
9×24

9 + 9×12
10 + 9×12

11 + 9×12
12 + 9×12

13 + 9×12
14 + 9×4

15

A general formula for the eccentric adjacency index of C12n+4, n ≥ 8, is ob-101

tained as follows:102

Theorem 2.3.
ξ

ad(C12n+4) =
36

2n+1
+108(H2n−Hn).

Proof. Using GAP [9] the eccentricity of these vertices were computed in [11] (see103

Figure 3). These eccentricities are presented in the following table:104

Table 6: The eccentricity of molecular graph C12n+4, for n≥ 8
Type of vertices eccentricity Number
The Type 1 Vertices 2n+1 4
Other Vertices n+ i (1≤ i≤ n) 12

Now the result follows from the data provided with Table 6 and from the fact that105

for each v ∈V (C20n+40), S(v) = 9.106
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Fig. 3. The Molecular Graph of the Fullerene C12n+4  
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Figure 3: The molecular graph of fullerene C12n+4

Theorem 2.4.

ξ
ad(C12n+6) =

72
2n+1

+
90
2n

+108(H2n−1−Hn), n≥ 9.

Proof. The results follow from the fact that the molecular graph of C12n+6 is cubic;107

and from the eccentricities computed by GAP [9], which are presented in Table 7.108

Table 7: The eccentricity of molecular graph C12n+6, for n≥ 9
Type of vertices eccentricity Number
The Type 1 Vertices 2n+1 8
The Type 2 Vertices 2n 10
Other Vertices 2n+1− i (2≤ i≤ n) 12

109

Theorem 2.5.
ξ

ad(C20n) = 180(H2n+3−Hn+3), n≥ 6.

Proof. The results follow from the fact that the molecular graph of C20n is cubic;110

and from the eccentricities computed by GAP [9], which are presented in Table 8.111

Table 8: The eccentricity of molecular graph C20n, for n≥ 6
Type of vertices eccentricity Number
All Vertices 2n+3− i (0≤ i≤ n−1) 20
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112

Theorem 2.6.

ξ
ad(C40n+6) =

72
4n+2

+
108

4n+1
+

144
4n

+
90

2n+1
+180(H4n−1−H2n+1), n≥ 9.

Proof. The results follow from the fact that the molecular graph of C40n+6 is cubic;113

and from the eccentricities computed by GAP [9], which are presented in Table 9.114

Table 9: The eccentricity of molecular graph C40n+6, for n≥ 9
Type of vertices eccentricity Number
The Type 1 Vertices 4n+1 8
The Type 2 Vertices 4n+1 12
The Type 3 Vertices 4n 16
The Type 4 Vertices 4n+2− i (3≤ i≤ 2n) 20
The Type 5 Vertices 2n+1 10

115

The eccentric adjacency index of C12n, for n ≤ 9, C10n, for n ≤ 7 and C18n+10,116

for 4≤ n≤ 13 are computed in Table 10, Table 11 and Table 12, respectively.117

Table 10: The eccentric adjacency index of C12n, for n≤ 9
Fullerene Eccentric adjacency index

C24
9×24

5
C36

9×36
7

C48
9×12

7 + 9×36
8

C60
9×24

8 + 9×24
9 + 9×12

10
C72

9×12
8 + 9×24

9 + 9×24
10 + 9×12

11
C84

9×24
9 + 9×24

10 + 9×12
11 + 9×12

12 + 9×12
13

C96
9×12

9 + 9×24
10 + 9×12

11 + 9×12
12 + 9×12

13 + 9×12
14 + 9×12

15
C108

9×24
10 + 9×12

11 + 9×12
12 + 9×12

13 + 9×12
14 + 9×12

15 + 9×12
16 + 9×12

17
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Table 11: The eccentric adjacency index of C10n, for 2≤ n≤ 7
Fullerene Eccentric adjacency index

C20
9×20

5
C30

9×30
6

C40
9×10

6 + 9×20
7 + 9×10

8
C50

9×10
8 + 9×20

9 + 9×10
10 + 9×10

11
C60

9×10
7 + 9×20

8 + 9×10
9 + 9×10

10 + 9×10
11

C70
9×20

8 + 9×10
9 + 9×10

10 + 9×10
11 + 9×10

12 + 9×10
13

Table 12: The eccentric adjacency index of C18n+10, for 4≤ n≤ 13
Fullerene eccentric adjacency index

C82
9×67

10 + 9×15
11

C100
9×18

10 + 9×50
11 + 9×22

12 + 9×10
13

C118
9×36

11 + 9×39
12 + 9×21

13 + 9×13
14 + 9×9

15
C136

9×18
11 + 9×36

12 + 9×27
13 + 9×21

14 + 9×15
15 + 9×12

16 + 9×7
17

C154
9×36

12 + 9×27
13 + 9×21

14 + 9×18
15 + 9×21

16 + 9×15
17 + 9×9

18 + 9×7
19

C172
9×18

12 + 9×27
13 + 9×21

14 + 9×18
15 + 9×21

16 + 9×18
15 + 9×21

16 + 9×18
17 + 9×15

18 +
9×15

19 + 9×9
20 + 9×7

21
C190

9×27
13 + 9×21

14 + 9×18
15 + 9×24

16 + 9×18
17 + 9×18

18 + 9×18
19 + 9×15

20 +
9×15

21 + 9×9
22 + 9×7

23
C208

9×9
13 + 9×21

14 + 9×18
15 + 9×24

16 + 9×18
17 + 9×18

18 + 9×18
19 + 9×18

20 +
9×18

21 + 9×15
22 + 9×15

23 + 9×9
24 + 9×7

25
C226

9×21
14 + 9×18

15 + 9×24
16 + 9×18

17 + 9×18
18 + 9×18

19 + 9×18
20 + 9×18

21 + 9×18
22 +

9×18
23 + 9×15

24 + 9×15
25 + 9×9

26 + 9×7
27

C244
9×12

15 + 9×24
16 + 9×18

17 + 9×18
18 + 9×18

19 + 9×18
20 + 9×18

21 + 9×18
22 + 9×18

23 +
9×18

24 + 9×18
25 + 9×15

26 + 9×15
27 + 9×9

28 + 9×7
29

By the means of group actions, the eccentricity of vertices of C10n, C12n, C24n118

and C18n+10 were computed. Let us summarize them in the following lemmas:119

Lemma 2.1 ([7]). For n≥ 8, we have ec(C10n)=
{ 10︷ ︸︸ ︷

n, · · · ,n, · · · ,
10︷ ︸︸ ︷

2n−1, · · · ,2n−1
}

120

and ec(C12n) =
{ 12︷ ︸︸ ︷

n, · · · ,n, · · · ,
12︷ ︸︸ ︷

2n−1, · · · ,2n−1
}

if n≥ 10.121

Lemma 2.2 ([12]). The eccentricity of vertices in C24n are presented in the follow-122

ing table:123
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Table 13: The eccentricity of vertices in C24n
Type of vertices eccentricity Number
The Type 1 Vertices 2n+3 48
The type 2 vertices 2n+3i (1≤ i≤ n−2) 24

Lemma 2.3 ([13]). The eccentricity of vertices in C18n+10 are presented in the124

following table (see Figure 4):125

Table 14: The eccentricity of vertices in C18n+10
Type of vertices eccentricity Number
Type 1 Vertices 2n+3 7
Type 2 Vertices 2n+2 9
Type 3 Vertices 2n,2n+1 15
Type 4 Vertices n+ i (2≤ i≤ n−1) 18

6 

fullerenes, namely, C18n+10. To do this, we first drew 

these compounds by HeperChem [15] and then 

computed their adjacency and distance matrices by 

TopoCluj [16]. Next, we applied some GAP [17] 

programs to compute the ecc(u) for a given vertex u 

of these nano-materials. The final step of this 

process is the analysis of the data obtained by our 

GAP programs. These programs are accessible 

from the authors upon request.  

An automorphism of the graph G = (V, E) is a 

bijection  σ on V which preserves the edge set E, 

i.e., if e = uv is an edge, then σ(e)=σ(u) σ(v) is an 

edge of E, where σ(u) is the image of the vertex u. 

Thus Aut(G), the set of all automorphisms of G, 

under composition of mappings, forms a group. 

Aut(G) acts transitively on V if for any vertices u 

and v in V there is α ε Aut(G) such that.α(u) = v. 

To explain our method, we computed the 

eccentric connectivity polynomial of an icosahedral 

fullerene C20 with 20 vertices and a cube H3 with 8 

vertices. Since for every, ν ε V (C20), ecc(ν)= 5, 

Ξ(C20, x) = 60x
5
. On the other hand, H3 is 3-regular 

and so for every v ε V (H3), ecc(ν)= 3. Hence 

Ξ(H3, x) = 24x
3
. 

u v

 
Fig. 1: The molecular graph of fullerene C20. 

We began by the following simple Lemma: 
 

Lemma 1. Let G = (V, E) be a graph. If Aut(G) 

acts transitively on V, then G is k-regular, where |E| 

= k|V|/2. Moreover, for every u in V(G), Ξ(G , x) = 

k|V|×x
ecc(u)

. 

The hypercube Hn is a graph consisting of all n-

tuples b1b2bn, bi ε{0,1}, as vertices. Two vertices 

are adjacent if the corresponding tuples differ in 

precisely one place, so for every vertex a in V(G), 

ecc(a) = n and Hn is n - 1 regular. Darafsheh [14] 

proved that Hn is transitive. We now applied 

Lemma 1 to compute the eccentric connectivity 

polynomial of a hypercube Hn. We have Ξ(Hn,x) = 

(n–1)2
n
.x

n–1
. On the other hand, by considering the 

fullerene graph C20 shown in Figure 1, one can see 

that C20 is vertex transitive. But ecc(u) = 5, for 

every u in V(C20). This implies that Ξ(C20,x) = 60x
5
. 

The fullerenes C20 and C60 are the only vertex 

transitive fullerenes. So it is important how to 

compute Ξ(G, x) polynomial for other fullerenes.  

Lemma 2. Let G = (V, E) be a graph. If orbits of 

Aut(G) under its action on V are V1, V2, Vs and ui is 

a vertex of Vi, then: 

( )
( , ) | |

s
ecc u

i i
i

iG x k V x
1
  . 

Proof. Suppose Vi
,
s (1 ≤ i ≤ s) are orbits of 

Aut(G) on the set V. Clearly, for every ui in Vi 

degGui = ki and Aut(G) acts transitively on Vi (1 ≤ i 

≤ s). By using Lemma 1 the proof is completed.  

Now we used Lemma 2 to compute the 

polynomial Ξ(G,x) for the fullerene graph C18n+10. In 

Table 1, the Ξ(G,x) polynomials of C18n+10 

fullerenes (Figures 2 and 3) are computed, 4 ≤ n ≤ 

13. For n ≥ 14 we have the following general 

formula for the Ξ(G,x) polynomial of this class of 

fullerenes: 

 
Fig. 2. The molecular graph of the fullerene C18n+10. 

 
Fig. 3. The value of ecc(x) for vertices of central and 

outer polygons. 

Theorem 1. The Ξ(G,x) polynomial of the 

fullerene C18n+10 (n ≥ 14), is computed as follows: 

Ξ(C18n+10, x) =54x
n+2

2 1

1

nx

x

 



+ 

+45(x
2n

 + x
2n+1

) + 27x
2n+2

 + 21x
2n+3

. 

Proof. From Figure 2, one can see that Aut(G) 

has exactly four orbits on the vertices of C18n+10. We 

named the representatives of these orbits as type 1, 

type 2, type 3 and type 4. In Table 1, we recorded 

our calculations: 

M. Ghorbani et al.: Eccentric Connectivity Polynomial of C18n+10 Fullerenes 

Figure 4: The molecular graph of fullerene C18n+10

As a direct consequence of Lemma 2.1, Lemma 2.2 and 2.3 the eccentric adja-126

cency index of C10n, for n ≥ 8, C12n, for n ≥ 10, C24n and C18n+10, for n ≥ 14 are127

computed.128

Theorem 2.7.
ξ

ad(C10n) = 90(H2n−1−Hn−1),
129

ξ
ad(C12n) = 108(H2n−1−Hn−1),
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130

ξ
ad(C24n) =

432
2n+3

+216
n−2

∑
i=1

1
2n+3i

,

131

ξ
ad(C18n+10) =

63
2n+3

+
81

2n+2
+

135
2n+1

+
135
2n

+162(H2n−1−Hn+1).
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