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1 Introduction

Fact 1. Let p be a prime number. Then there is a ring homomorphism φ : Z → Z/pZ, where φ(a) = ā
is the congruent class modulo p. If f(x) = amxm + am−1x

m−1 + · · ·+ a0 with x, am, · · · , a0 ∈ Z, then

f(x) = am · x̄m + am−1 · x̄m−1 + am−2 · x̄
m−2 + · · · + a0.

Fact 2. Let a ∈ Z and p be a prime number. Fermat’s Little Theorem says that if gcd(a, p) = 1, then

ap−1 ≡ 1 (mod p).

Fact 3. Let p be a prime number and gcd(a, p) = 1. Then the order d of ā in the multiplicative group
(Z/pZ)× = {1̄, 2̄, · · · , p − 1} satisfies d | p − 1 by Fact 2 and Lagrange’s Theorem.

The aim of this paper is to prove an interesting method of divisibility by 7, 13, 17 and 19. In
Section 2, we will review some basic properties of congruence. In Section 3, we show the main result
for special method divisibility. In Section 4, we show an application for the main results.

2 Basic Properties of Congruence and Special Divisibility
Tests

In this section, we review some basic properties of congruence and special divisibility tests,
following David (2002). Putting this into the form of a definition, we have Definition 2.1.
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2.1 Basic Properties of Congruence

Definition 2.1. Let n be a fixed positive integer. Two integers a and b are said to be congruennt
modulo n, symbolized by a ≡ b (mod n). If n divides the difference a − b; that is, provided that
a − b = kn for some integer k.

Theorem 2.1. For arbitrary integers a and b, a ≡ b (mod n) if and only if a and b leave the same
nonnegative remainder when divided by n.

Theorem 2.2. Let n > 1 be fixed and a, b, c, d be arbitrary integers. Then the following properties
hold:

(a) a ≡ a (mod n)

(b) If a ≡ b (mod n), then b ≡ a (mod n)

(c) If a ≡ b (mod n) and b ≡ c (mod n), then a ≡ c (mod n)

(d) If a ≡ b (mod n) and c ≡ d (mod n), then a + c ≡ b + d (mod n)

(e) If a ≡ b (mod n) and c ≡ d (mod n), then ac ≡ bd (mod n)

(f) If a ≡ b (mod n), then a + c ≡ b + c (mod n)

(g) If a ≡ b (mod n), then ac ≡ bc (mod n)

(h) If a ≡ b (mod n), then ak ≡ bk (mod n) for any positive integer k.

In Theorem 2.2 we saw that if a ≡ b (mod n), then ca ≡ cb (mod n) for any integer c. The
converse, however, fails to hold. With suitable precautions, cancellation can be allowed; one step in
this direction, and an important one, is provided by the following theorem.

Theorem 2.3. If ca ≡ cb (mod n), then a ≡ b (mod n
d
), where d = gcd(c, n).

Theorem 2.3 get its maximum force when the requirement that gcd(c, n) = 1 is added, for then
the cancellation may be accomplished without a change in modulus.

Corollary 2.4. If ca ≡ cb (mod n) and gcd(c, n) = 1, then a ≡ b (mod n).

We take the moment to record a special case of Corollary 2.4 which we shall have frequent
occation to use, namely, Corollary 2.5.

Corollary 2.5. If ca ≡ cb (mod p) and p - c, where p is a prime number, then a ≡ b (mod p).

Definition 2.2. Let p be a prime not equal to 2 or 5. Let d be the order of α := 10 in (Z/pZ)×. Then
by Fact 3, one has αi+d = α. This shows that the powers 10

i
exhibit periodic pattern of period d. If

one writes 10
i
:= µi, then µi+d = µi (for convenience, we always represents µ0 by 1).

Example 2.6. (1) For p = 3, one has d = 1 : namely 10
i
, i ≥ 0 has the pattern (µ0) = (1).

(2) For p = 7,d = 6 : and (µ0, µ1, µ2, · · · , µ5) = (1,−4, 2,−1, 4,−2).
(3) For p = 11, d = 2 : and (µ0, µ1) = (1,−1).
(4) For p = 13, d = 6 : and (µ0, µ1, µ2, · · · , µ5) = (1,−3, 9,−1, 3,−9).

Example 2.7. Since 10 = 2 · 5, the divisibility by p = 2 or p = 5 is very obvious. It is easy to see that
the remainder for dividing N by 2 or by 5 is given by the last digit (i.e. a0) of N
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2.2 Special Divisibility Tests

The number

N = am · bm + am−1 · bm−1 + am−2 · bm−2 + · · · + a2 · b
2 + a1 · b + a0

may be replaced by the simpler symbol

N = (amam−1am−2 · · · a2a1a0)b.

We ordinarily record numbers in the decimal system of notation, where b = 10, omitting the
10-subscript which specifies the base. For instance, the symbol 1785 stands for the more awkward
expression

1785 = 1 · 103 + 7 · 102 + 8 · 10 + 5.

We are about ready to derive criteria for determining whether an integer is divisible by 9 or 11,
without performing the actual division. For this, we need a result having to do with congruences
involving polynomials with integral coefficients.

Theorem 2.8. Let P (x) =
Pm

k=0
ckxk be a polynomial function of x with integral coefficients ck. If

a ≡ b (mod n), then P (a) ≡ P (b) (mod n).

One divisibility test that we have in mind is this. A positive integer is divisible by 9 if and only if
the sum of the digits in its decimal representation is divisible by 9.

Theorem 2.9. Let N = am · 10m + am−1 · 10
m−1 + am−2 · 10

m−2 + · · ·+ a2 · 10
2 + a1 · 10 + a0 be the

decimal expansion of the positive integer N, 0 ≤ ak < 10, and let A = a0 + a1 + a2 + · · · + am. Then
9 | N if and only if 9 | A.

Theorem 2.8 also serves as the basis for a well-known test for divisibility by 11. We state this
more precisely by Theorem 2.10 and Theorem 2.11.

Theorem 2.10. Let N = am · 10m + am−1 · 10
m−1 + am−2 · 10

m−2 + · · ·+ a2 · 10
2 + a1 · 10+ a0 be the

decimal expansion of the positive integer N, 0 ≤ ak < 10, and let B = a0 − a1 + a2 − · · ·+ (−1)mam.
Then 11 | N if and only if 11 | B.

Theorem 2.11. Let N = am · 10m + am−1 · 10m−1 + am−2 · 10m−2 + · · · + a2 · 102 + a1 · 10 + a0 be
the decimal expansion of the positive integer N, 0 ≤ ak < 10, and let

M = (100a2 + 10a1 + a0) − (100a5 + 10a4 + a3) + (100a8 + 10a7 + a6) − · · · .

Then 7, 11, and 13 divide N if and only if 7, 11, and 13 divide M .

3 Main Result

Now we state the main results of this section.

Theorem 3.1. Let p 6= 2, 5 be a prime number and N = amam−1am−2 · · · a2a1a0 be a positive integer
in the decimal system , i.e.

N = am · 10m + am−1 · 10m−1 + · · · + a0.

where 0 ≤ a0, a1, a2 · · · , am ≤ 9 are integers. Then the remainder for dividing N by p is the same as
that of dividing

mX
i=0

µi · ai = a0 + µ1a1 + · · · + µmam,

where µi has periodic pattern which is defined and explained above.
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Proof. Writing
N = 100 · a0 + 101 · a1 + · · · + 10m−1 · am−1 + +10m · am.

and taking congruence modulo p, it follows from Fact 1 that

N ≡ 10
0
· a0 + 10

1
· a1 + · · · + 10

m−1
· am−1 + 10

m
· am

≡ a0 + µ1a1 + · · · + µm−1am−1 + µmam(mod p).

Corollary 3.2. Let p and N be given as in the above theorem. Then p divides N if and only if p
divides

a0 + µ1a1 + · · · + µm−1am−1 + µmam.

Proof. Immediately.

4 Applications

In this section, we shall utilize Corollary 3.2 to show some example.

Example 4.1. To see an illustration of Corollary 3.2, take the integer

N = 6496847279 = 13 · 17 · 37 · 97 · 8191.

Let p = 13, by direct computation, 10 is of order d = 6 in (Z/pZ)×,thus (µ0, µ1, · · · , µ5) =
(1,−3, 9,−1, 3,−9). Then the number 9 · (1) + 7 · (−3) + 2 · (9) + 7 · (−1) + 4 · (3) + 8 · (−9) + 6 ·
(1) + 9 · (−3) + 4 · (9) + 6 · (−1) = −52, must be divisible by 13.This is true, since −52 = (−4) · 13

Let p = 37, by direct computation, 10 is of order d = 3 in (Z/pZ)×, thus (µ0, µ1, µ2) =
(1, 10,−11). Then the number 9·1+7·10+2·(−11)+7·1+4·10+8·(−11)+6·1+9·10+4·(−11)+6·1 =
74, must be divisible by 37. This is true, since 74 = 2 · 37
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