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Abstract:

In this paper, an optimal control parabolic problem is studied. The existence and uniqueness theorem
for the solving optimal control parabolic problem is proved. Also, a theorem for the sufficient
differentiability conditions of the functional and its gradient formulae has been proved.
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1. Introduction and statement of the optimal control problem

The optimal control of systems described by partial differential equations has received increasing
attention in recent years. Many of the problems of control in air-frames design,shipbuilding industry,
magneto- hydrodynamics and other engineering field are problems of control of systems with distributed
parameter systems [1-4]. In [4], the existence and uniqueness theorem is proved under constrained

problem withclosed bounded space of Eybut here the controls VLIL,(Q) are respected to X,t . In
[4]the coefficients A (U (X,t), V) and B(U,V) U, were respected to U(X,t) and these coefficients

also had constraints but in the present paper A (X,t, V) does not depend on U(X,t). Also, in [4] the

sufficient differentiability conditions of the functional and its gradient formulae proved using the modified
functional which has given by helping the penalty function method. In this paper, an optimal control
parabolic problem is studied. The existence and uniqueness theorem for the solving optimal control
parabolic problem is proved. Also, a theorem for the sufficient differentiability conditions of the functional
and its gradient formulae has been proved.

Let D be a bounded domain of the N-dimensional Euclidean space in Ey, let |, T are given positive
numbers,0<t <T, Q=D x (0, T], D=[0,1].Throughout this paper, we adopt the following
function spaces [5] :-.

N
1) Eyis the N-dimensional Euclidean space with<Zl,22>EN :Z(Zl)i (2), ,||Z||IEN = <Z,Z>EN
i=l

2) LZ(D) is a Banach space which consisting of all the measurable functions on D with the norm
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D

3) L,(O1)is a Hilbert space which consisting of all the measurable functions on (0,1 with

|2

|
<Zl’22 >L2(0,I) = IZl(X) ZZ(X) dx ! ” z ||L2(O,I) = <Z’Z>L2(o,|)
0

4) L,(O,T)is a Hilbert space which consisting of all the measurable functions on (O, T) with

T
<Zl'z2 >L2(0,T) = jzl(t) Z2(t) dt ” z L,(0T) = <Z’Z>L2(O,T) .
0

5) LZ(Q) is a Hilbert space which consisting of all measurable functions on Quwith

(2.2) 0 = [2(x0) 20 dxat, 2] o =[(2.2) .
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6) W,°(Q) = { zOL,(Q) and O_XD L,(Q) }isaHiIbertspacewith
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A () is a Banach space consisting of elements of the spaceV\/j'0 (€2) with the norm

2

E dx dt

|z ”Vz(Q) =vral max |2 “Lz(D) ' \/i 9 X

8) V,°(Q)is a subspace of V,(Q), the elements of which have in sections
D ={ (x,7):x0OD, TDt}traces from L,(D)at all tLJ[O,T] continuously changing from
tO[0,T] inthenom L,(D).

Let the controlled process be considered in by the initial boundary value problem for the parabolic
equation

ou 0 ou
o (A (x,t,v,) ﬁj: f(xtuwv), (xt)0Q

u(x,00=¢(x ,xOD )

ou Ju
A(Xt,v) axl 9o(t) , A(Xt,\v) Ix

x=0

=g, (t) 0<t<T. )

x=l

Here X)L, (D), 9,,(t)TL,(OT) , m=12 are given functions, the function f (x,t,u,v,) is

measurablein (x,t) 0Q and all(x,t) JQ itis continuous and has continuous derivatives in u, Vv,

and of (x,t,u,vl)’ o f(x.tuyv)
ou ov,

in (xt)0Q and all(x,t)JQ it is continuous and has a continuous derivative V,and

0A(X1,Vv,)
oV,

are bounded. Besides, the function A (x,t,V,) is measurable

is bounded.

Let V={v:v=(v(xt),v(x1)):v OL(CQ), i =01: HV. H'—z(Q) <{i:$i >Gpe a

space of controls. We consider the following problem: minimize the functional

3.(v) =4, jOT[ u(0,) -y, (]2 dt+4 jOT [ul,) -y P dt+av-af; , @



on the set V under the conditions (1)-(3), where Y, (), Y,)LJL,(OT) are given functions, @ > 0
and [,20m=01,8,+0, #0 are given numbers, are also given:
= (a,,a)lL,(Q).

Under the solution of problem (1)-(3) for given admissible controlv]V , we mean a function

u=u(xt;v) OV,°(Q) satisfying the integral identity

g—;’(g—'i— f (x,t,u,vl)ﬂ(x,t)} dx dt

(5)

=@ (x) 17 (x,0) dx=[ gy (t) 7(0,t) dt =g, (t) 7 (I,t) dt

forall 7 =1 (x,t) OW,"(Q) thatis equal to zerofor t =T .

2. The correctness of the optimal control problem

At first we consider the correctness of the boundary value problem (1)-(4) for givenvO V .

Proposition 1:0n the assumptions of the considering optimal control problem (1)-(4) and from [6]
follows that the boundary problem for a given vV has existence, uniquenesssolution and the

following estimation holds:

au(x,t;v)

<C,, OvOVv. 6
Ix 1 (6)

Above and everywhere below positive constants are independent of the estimated quantities and
admissible controls are denoted by C,, ,m=1.2,....

Further we need the following theorem.

Theorem A:(a corollary of the Goebel theorem [7]). Assume that )Z is a uniformly convex space,U is a
closed bounded set on )Z , a functional I (v)is lower semicontinuous and bounded frombelow on U ,
anda > Ois a given number. Then there exists a dense subset K of the space )2 suchthat for any
« O K the functional J, (v) = I (v) + & | v= w||2attains its minimal value on U at a unique

element.

Optimal control problems of the coefficients of differential equations do not always have solution [8]. In
this section, we will prove the existence and uniqueness of the solution of problem (1)-(4).

Theorem 1:There is an everywhere dense subset K [ L, () such that problem (1)-(4) has a unique
solution for . O K anda >0.



Proof:The proof of this theorem is divided to three parts: in the first part we prove estimationfor
ou=3du(xt;v) OV,°(Q), second part the continuity of the functional J,(v)and finally the
existence and uniqueness solution of the optimal control (1)-(4) is proved.

Let oOvL,(Q)be an increment of the control atv]V such thatv+o vV .Let u =u(x,t;v)

anddu = u(x,t;v+9v) + u(x,t;v).ltisclear that the function Jdu(x,t;v) satisfies the identity

J' —5ua—,7 +A (x,t,v0+5v0)a—5u6—’7
ot 0X 0X

Q

+0f (xtu\v) n(x,t)} dxdt=0 (7)

We shall prove the first part that o u(x,t) satisfies the following inequality

‘&@
0X

2 2
2
+||5f "LZ(Q)J . (8)

L(Q)

”5u"v21~°(9) = C2 [

t
Letn, =h™ In (X,7)d7,0<h<T where 7 s an arbitrary element of V,°(Q,)

t=h
vanishing for t>t,(t,<T-h)and Q=D x(0,t,] . We replace 7 (x,t) in (7) by /7_h(x,t)
and using the result in [6,p. 116-118], we obtain

NI~

2
j(Ju(x,tl))de+j! A {@j +n QU0 5y Ju} dx dt =0, )
D

a, ox ox 0X

Ot, [0,T], A= A(x,t,v, +3V,).

Hence at the made assumption |/1 (xt,v,) | <V, , V, >0 is positive number and applying Cauchy-

Bunyakovsky Inequality, we obtain

1 ) aduY
> [(GueetyPdx+y, | (axJ dxalt

D Q

o] 20 ]

1 il

(10)

Take & =&, = y,* and apply the Cauchy inequality with & { lab| < §|a|2 + 2i|b|2 j and
£

summands on the right hand side of (10); multiplying both sides by two we obtain
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Now we set
5 o 9 5t
y(t)= ” u(xt) ”L (D)’ 0= a + ” ||L2(Q
L2(Qy)
Then the inequality (11) yields the two following inequalities
? 20
y(t) <C; [y () dt+=— (12)
0 Yo
4 O
= oul; (13)
H LZ(QH Vo L2(Qy) (yo)2
From the known estimate [6,p. 116-118] it follows that the following three inequalities
L ) aul? 1
y(t,) < C, O, 0smaxst, (||5u||L ) <C, 2, |— <C, 0% (14)
2(P) x|,
Z(Qll)
. . ou ,
If we combine the estimates for du and a— , then we obtain
X
2 1
_ ou >
” ou Vio(Q,) =0=m (” ou LZ(D)) ‘a ( )S C, O (15)
Lo (Qy

then the validity of estimation (8) follows.

We prove the second part, under the above assumptions the right side of estimation (8) converges to
zero as || 5v||L2(Q) ~ 0 therefore |[du ||V21,0(Q) - Oas || 5v||L2(Q) - 0 . Hence from the trace

theorem [9] we get

16O, gy, ~0.[OU0D],0p) ~O &S [OV] o =0 (1

L,(0,T)

Now we consider the functional of the form

o) =, [ LU=y 12 dt+4, [ [ u(,t) -y, O] dt (17)



Let dv=(OV,,dV,) be anincrement of control on an element v OV such thatv +dv OV .

For the increment of J, (V) we have

53,(v) =2/, [/ [ u(0.0) - y,(1)] Su(O.)ck
+2f, [ ul.h-y,®1ou(,Hat (18)
+ By [[[8u@D1 dt+ B [ [ Sul.n)

Applying Cauchy-Bunyakovsky Inequality and the estimation (16), we get the continuity of the functional
(17).

Now we prove the last part as follows:hence we get the continuity of the functional J, (V) onany
element vOV, i.e., on the set V. The latter set is a closed bounded convex subset of the
uniformlyconvex space L, (Q)[10]. Then due to Theorem A and the boundedness and continuity of
the functional J, (V) on the set V, there exists an everywhere dense subset K of the space L,(Q)

such that 0 ¢« O K witha >0 problem (1)-(4) has a unique solution.This completes the proof of
Theorem 1.

3. Sufficient differentiability conditions of the functional (4)
Let the following conditions be fulfilled:

Condition A1: The functions A(X,t,V,) , f(Xt,u,Vv;) satisfy the Lipschitz condition for v(IV .

Condition A2: The first derivatives of the functions A(X,t,v,), f(X,t,u,v;) with respectto v,,Vv,

are continuous functions in their domain of definition.

0A(Xt,V,) 6f(x’t’u’vl)and af(xtuv)
oy, ~ du v,

Condition A3: The operators are bounded in L, (Q).

For finding the adjoint system for the problem (1)-(3), we define the Lagrangian function [11] as
follows

Lt vu,0) =4, [ .0 -Yo®F dt+4 [ [ull.h-y®1 o
+a fv-v;

L (Q) (19)
0

+j O(x,t) B—‘: ——[/1 (x,t,vo)%j— f(x,t,u,vl)} dx dt

0 X

Then the problem (1)-(3) we introduce the adjoint state ©(x,t) = @ (x,t;V)OV,°(Q) as a
solution of the problem



00 . 0 00)_ af(x,tuy)
— + | A(xtV, == —— O(xt), (xt)0Q
ax( (Xt,v) OXJ 4 (x1), (x1) (20)

O(xT)=0,xO0D 1)

AL Y) ‘;—‘3 =24, [u@t) - yo(t) ]
Q)

A(x,t,vo)g—x ==28 [u(l,ty-y,t)] Ost<T

x=1

As a solution of the problem (20)-(22) for the given v OV , we take the function W =W (x,t;v)
from W,*(Q) satisfying the integral identity

J-[GG_W F ALY 000w df(x,tuwv)
5 Ot X 0X au

O(x,t) W(xt)] dxadt

T T (23)
=24, [[uon- 0] e©td-2 4 [[ul.h-vb] et

forall W(x,t) =W (x,t;v)OW,°(Q) thatis equal to zerofort =0 .

Proposition 2:0n the basis of adopted assumptions and the results of [12] follows that for every

v OV the solution of the adjoint problem (21)-(22) is existed, unique and w < Cgalmost at
X

all(x,t)0Q ,0vOV.

The sufficient differentiability conditions of function (4) and its gradient formulae will be obtained by
defining the Hamiltonian function M (x,u,®,v) as[13]:

Juoo®

M(xt,6,v) = A(Xt,v,) PV f(X,t,uv,) ©(xtv)+ ai(vm “W,)°] (24

Theorem 2: Let the above assumptions A1-A2 be satisfied. Then the functional J,(V) is continuously
differentiable by Fréchetin V' , and its gradient satisfies the equality

0J,(Vv) :_al‘l(x,u,@,v) = (
ov ov 0V,

_0Mn(x,u,0,v) an(xu,0,v)
’ oV,

) (25)

where



0Mn(x,u,0,v) :_[aA(x,t,VO) ou 00 2a (Vg - wy)]

9V, 0V, 0 X 0 X
on(x,u,0,v) _ _[a fxtuv) O(x,t)+ 2a (v,—-w,)]
0 \A 0 Vi

Proof:Let O v =(dv,,0v,) OV be an arbitrary increment of the control V such that v+ dv OV
. Using the formula of Lagrange's finite increments one can obtain that the function
AU =u (Xt v+ ) —u(xt;v) is a solution from the class V,°(Q) of the following

boundary value problem:

ot ax au
(26)
ai([/}(x,t,v +ov,) - )I(xtvo)]—J (Ze)d/l,(xt)DQ
1
ou(x,0=0,x0D @7)
(& U L a(xot,v, +5v)65“J =0
0% 9% o 0<tsT
V=S (28)
[& U LA (x t,v, +5v)65“J =0
0 X 0 X .
{6, =(x,t,u,v, +6,,),6,, 6,0[0,1] and

where { 8, =(x,t,u+6,du,v, +dv,) ,

N =A(X,t;v, +v,) —A(X,t;V,) are some numbers.

Using the conditions A1-A2 and estimating the right hand side of (8) we establish that

U100y < Co |0V, 29)

Vi(Q)

and from the trace theorem and (29) we obtain

10 " 5\/" L(Q) ° (30)

[6u@O;, o) * [ouC.D]; o, <

Now, using again the Lagrange formula for the increment of the functional (4) we obtain the formula



53,(v) =3, (v+ov) =3, (V)
= 28, [/ [ u(0,t) = y,(t)] du(0,t)dt
+2, [T u(,t) =y, ()] Su(l,b) &l

+ 2a I[v—a)] ov dx dt
where R(8) = 4, [T Q00T dt+ 4, [T (0] dit+[ (6] ceet.

Ifin (7), we put 7 =@ (x,t;v) and W =Jdu(x,t;v) in(23)and subtract the obtained the results,
we obtain

26, [ [ u(0.1)-Yo()] A0t +24, [ [ u(,1) -y, ()] aud, et

i(/](x,t,v +3V,) a_u%_c;)(—f(x,t,u v, +3,) O(x, t)] xR ()
where
R(@) = JLAt + 1) 21 22 axat
+[1 af(( b) af(xatu” Wy &u(x.t) ©(x 1) dx it (34)

Q
Aoty +avg) = (94X 5 N Lo (1o,
av L, (Q)

0 f(xt,u,v)
ov,

f(X,t,U,V1+5Vl): < d/1>+0(||5\/ )(35)

L, (@)

Taking and from (35) and (31), we obtain

53,0) j<‘” - gvf (x,t>+2a(v—w),5«> +R(A) ()

L2(Q)

and from the formulae of R, (dv) = R, (dV) + R, (dv)+ O (||ov|, () We obtain

|R(&)|=C,y | oV (37)

Ly (Q)

Hence, in the right hand side of the expression for the Hamilton-Pontryagin function, we obtain



arl )t1 )@!
83, =] <— a8 ,5«> ~0(16i, ) @9
Q

L2(Q)

Andthis proves the Fréchetdifferentiability of the functional (4) and also gives its gradient formulae. This
completes the proof of the theorem.

4.Conclusion

In [4], the existence and uniqueness theorem is proved under constrained problem with control space
E\ but here the space of controls VIIL,(Q) are respected to X,t . Also, in [4] the coefficient of

higher-order derivatives was A (U(X,t),V) but in the present paper it is A (X,t,V) . In this

paper, an optimal control parabolic problem is studied. The existence and uniqueness theorem for the
solving optimal control parabolic problem is proved. Also, a theorem for the sufficient differentiability
conditions of the functional and its gradient formulae has been proved. A parabolic optimal boundary
control problem is accepted for publishing in International Journal of Computational Engineering
Research. Therefore, the numerical solution of the considering optimal control problem will be reported
later.

5. Acknowledgment

The authors would like to thank the anonymous referees for their valuable comments that improved the
quality of this paper.

REFERENCES

[1] N. U. Ahmed and X. Xiang, Nonlinear boundary control of semilinear parabolic systems. SIAM
Control and Optim. 34(2), 473-490, 1996.

[2M. H. Farag, W. A. Hashem and H. H. Saleh, A penalty function approach for solving inequality
constrained optimization problems, International Journal of Mathematical Archive, 5(7), 1-7, 2014.

[3] M. H. Farag, A. B. Shamardan and H. H. Saleh, On an optimal control problem for a class of
distributed parameter systems, ARPN Journal of Science and Technology, 3, 199-1202, 2103.

[4] S. H. Faragand M. H. Farag, “On an optimal control problem for a quasilinear parabolic equation,”
Applications Mathematicae, 27(2) , 239-250, 2000.

[5] R. K. Tagiyev, Optimal control for the coefficients of a quasilinear parabolic equation, Automation
and Remote Control, 70(11), 1814-1826,2009.

[6] O. A. Ladyzhenskaya, Boundary value problems of mathematical physics,Nauka, Moscow, 1973.

[7] A. N. TikhonovandN. Ya. Arsenin , Methods for the solution of incorrectly posedproblems, Nauka,
Moscow, Russian, 1974.

[8] M. Goebel, On existence of optimal control, Math. Nauchr.,v. 93, 67-73, 1979.

[9] V. P. Mikhailov, Partial differential equations, Nauka, Moscow, Russian, 1983.



[10]K. losida, Functional analysis, Springer-Verlag, Berlin-Heidelberg-NewYork, 1965;Mir,Moscow,
1967.

[11] M. H. Farag, On an optimization problem with hyperbolic partial differential equations,JOSR
Journal of Engineering, 2(4), 27-33, 2014.

[12] O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Ural'tseva,Linear and quasilinear parabolic
equations, Nauka, Moscow, Russian,1976.

[13] M. H. Farag ,Fathy H. Riad and W. A. Hashem, A penalty/MPQI method for constrained
parabolic optimal control problems, IPASJ (IIJCS), 2(4), 14-22, 2014.



