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Abstract:

In this paper, an optimal control parabolic problem is studied. The existence and uniqueness theorem
for the solving optimal control parabolic problem is proved. Also, a theorem for the sufficient
differentiability conditions of the functional and its gradient formulae has been proved.
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1.Introduction and statement of the optimal control problem

The optimal control of systems described by partial differential equations has received increasing
attention in recent years. Many of the problems of control in air-frames design,shipbuilding industry,
magneto- hydrodynamics and other engineering field are problems of control of systems with distributed
parameter systems [1-4]. In [4], the existence and uniqueness theorem is proved under constrained

problem with closed bounded space of Ey but here the controls VLI L, (Q) are respectedto X,t . In [4]
the coefficients A (U(X,t),V) and B(U,V) U,were respected toU(X,t) and these coefficients

also had constraints but in the present paper A (X,t,V) does not depend on U(X,t). Also, in [4] the

sufficient differentiability conditions of the functional and its gradient formulae proved using the modified
functional which has given by helping the penalty function method. In this paper, an optimal control
parabolic problem is studied. The existence and uniqueness theorem for the solving optimal control
parabolic problem is proved. Also, a theorem for the sufficient differentiability conditions of the functional
and its gradient formulae has been proved.

Let D be a bounded domain of the N-dimensional Euclidean space in Ey, let |, T are given positive

numbers,0<t <T, Q=D x (0,T], D=[0,1]. Throughout this paper, we adopt the following
function spaces [5] :-.
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Let the controlled process be considered in € by the initial boundary value problem for the parabolic
equation
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Here ¢(X)UL,(D), 9,,()OL,(QT), m=12 are given functions, the function f (x,t,u,v,) is

measurablein (X,t) JQ and all (x,t) JQ itis continuous and has continuous derivatives in u,v,

and of (x,t,u,vl)’ of(xtuyv)
ou ov,

in (xt)0JQ and all(xt)JQ it is continuous and has a continuous derivative V,and
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space of controls. We consider the following problem: minimize the functional
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on the set V under the conditions (1)-(3), where Y, (t), V() L,(QT) are given functions, @ =0
and B,20m=01,8,+6, 20 are given numbers, are also given:
a=(a,,a;)0L,(Q).

Under the solution of problem (1)-(3) for given admissible controlv1V , we mean a function
u=u(xt;v) OV, °(Q) satisfying the integral identity
0
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forall 7 =1 (x,t) OW,*(Q) that is equal to zerofor t =T .
2. The correctness of the optimal control problem

At first we consider the correctness of the boundary value problem (1)-(4) for given vV .



Proposition 1:0n the assumptions of the considering optimal control problem (1)-(4) and from [6]
follows that the boundary problem for a given vV has existence, uniqueness solution and the

following estimation holds:

ou(xt;v)
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Above and everywhere below positive constants are independent of the estimated quantities and
admissible controls are denoted by C,, ,m=12,....

Optimal control problems of the coefficients of differential equations do not always have solution [7]. In
this section, we will prove the existence and uniqueness of the solution of problem (1)-(4).

Theorem 1: There is an everywhere dense subset K [J L, () such that problem (1)-(4) has a unique
solution for . 1K anda >0.

Proof:The proof of this theorem is divided to three parts: in the first part we prove estimation for
ou=3du(xt;v) OV,;°(Q), second part the continuity of the functional J,(v)and finally the

existence and uniqueness solution of the optimal control (1)-(4) is proved.
Let Sv O L,(Q)be an increment of the control at vV such thatv+0 vV Let u=u(x,t;V)

andou = u(x,t;v+9ov) +u(xt;V). Itis clear that the function Ju(x,t;Vv) satisfies the identity
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Hence at the made assumption |/1(x,t,v0)| <V, ,V,>0 is positive number and applying

Cauchy-Bunyakovsky Inequality, we obtain
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From the known estimate [6,p. 116-118] it follows that the following three inequalities
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then the validity of estimation (8) follows.



We prove the second part, under the above assumptions the right side of estimation (8) converges to

zero as || 5v||L @ — O therefore |ou ||V10 - 0as |dv|, @ — 0 - Hence from the trace
theorem [8] we get
||5u(0 ) "L omn ~ 0, ||5u(| ) "LZ(OT -0as ||5V||L2(Q -0 (16)
Now we consider the functional of the form
T 2 T 2
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Let Ov= (dV,,dV,)be an increment of control on an element VIV such thatv +ov UV .

For the increment of J, (V) we have
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+28, [ [ u(,0-y,(0]8u(, Dt ()
+ B [[[OUOD] dt+ 4 [ [ oul,y) ct

Applying Cauchy-Bunyakovsky Inequality and the estimation (16), we get the continuity of the functional
(17).

Now we prove the last part as follows: the set V is closed and bounded in L,(Q). Since

Jo(V) is continuous on V , s0is J, (V) =J,(V) +a |v-w), - Then from the Weierstrass

existence theorem [9,p. 505-506 ] it follows that the problem (1)-(4) has at least one solution.

The functional J, (V), a>Ois continuous on V . Moreover, since L,(Q) is a uniformly
convex space [6], from the theorem in [10] yields the existence of a dense subset K of L,(Q) such
that forany « K and a > 0 problem (1)-(4) has a unique solution. Consequentially, for almost all

w0L,(Q) and a>0 problem (1)-(4) has a unique solution. This completes the proof of Theorem
1.

3. Sufficient differentiability condition of the functional (4)
Let the following conditions be fulfilled:
Condition A1: The functions A(X,t,V,) , f(X,t,u,v;) satisfy the Lipschitz condition for v(OV .

Condition A2: The first derivatives of the functions A(X,t,Vv,), f(Xt,u,v;) with respectto v,,V.

are continuous functions in their domain of definition.

0A(X,t,Vp) af(x’t’u’vl)and af(xtu\v)

Condition A3: The operators ,
ov, ou ov,

are bounded in L, (Q).



For finding the adjoint system for the problem (1)-(3), we define the Lagrangian function [11] as
follows

L(xtvu,0) =4, [ [u.)-yOF dt+4 [ [ul.)-y @) d
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Then the problem (1)-(3) we introduce the adjoint state @ (x,t) = @(x,t;V)OV,°(Q) as a
solution of the problem
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As a solution of the problem (20)-(22) for the given v 1V , we take the function W= W (x,t;V)
from W, (Q) satisfying the integral identity
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Proposition 2: On the basis of adopted assumptions and the results of [12] follows that for every

v [V the solution of the adjoint problem (21)-(22) is existed, unique and aq(;—(x,t) < Cyalmost at
X

al(x,t)dQ ,0vOV.

The sufficient differentiability conditions of function (4) and its gradient formulae will be obtained by
defining the Hamiltonian function M (X, u,®,Vv) as[13]:
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Theorem 2: Let the above assumptions A1-A2 be satisfied. Then the functional J, (V) is continuously

differentiable by Fréchetin V' , and its gradient satisfies the equality
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Proof:Let O v =(dv,,dv,) OV be an arbitrary increment of the control v such that v+Jdv OV
. Using the formula of Lagrange's finite increments one can obtain that the function
AU =u(X,;v+ ) —u(xt;Vv) is a solution from the class V,°(Q) of the following

boundary value problem:
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where ¢ 6, = (X, t,u+8,dU,v, + ) , ¢ 6, =(x,t,u,v, +8,),6,, 6,0[0,] and

N =A(X,t;V, +,) —A(X,t;V,) are some numbers.

Using the conditions A1-A2 and estimating the right hand side of (8) we establish that
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and from the trace theorem and (29) we obtain
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Now, using again the Lagrange formula for the increment of the functional (4) we obtain the formula
53, (v) =J,(v+ov)—J,(v)

T
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where R(&) = 5, [ [ @O dt+4, [ [ aull,H] dt+ [[ov] o,

If in (7), we put 7 =O(x,t;v) and W =Ju(x,t;Vv) in (23) and subtract the obtained the results,
we obtain
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Taking and from (35) and (31), we obtain
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and from the formulae of R, (dv) = R, (dv) + R, (dv) + O (||ov], (@) We obtain
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Hence, in the right hand side of the expression for the Hamilton-Pontryagin function, we obtain

33.(V) :I<_6|'I(X,t,u,@,V) ,d/> +O(||d/

L(Q) ) (38)
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andthis proves the Fréchetdifferentiability of the functional (4) and also gives its gradient formulae. This
completes the proof of the theorem.

4, Conclusion

In [4], the existence and uniqueness theorem is proved under constrained problem with control space
E, but here the space of controls VIL,(CQ) are respected to X,t . Also, in [4] the coefficient of

higher-order derivatives was A (U(X,t),V) but in the present paper it is A(X,t,V) . In this

paper, an optimal control parabolic problem is studied. The existence and uniqueness theorem for the
solving optimal control parabolic problem is proved. Also, a theorem for the sufficient differentiability
conditions of the functional and its gradient formulae has been provedA parabolic optimal boundary
control problem is accepted for publishing in International Journal of Computational Engineering
Research. Therefore, the numerical solution of the consideringoptimal control problem will be reported
later.
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