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Abstract: Riemannian curvature is determined by the Ricci curvature by a
special formula to introduce new type of Riemannian manifold which called
Jawarneh manifold. Some geometric properties of Jawarneh manifold have
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1-Introduction:

It is well known that on a Riemannian manifold(\d) the curvature tensor vanishes
for n = 1, and it is proportional to the metricay h = 2. But for n = 3 the curvature
tensor of a Riemannian manifold is proportionath® Ricci tensor. Hence without loss
of generality we can define a new type of Riemammmanifold by considering a
Riemannian manifold (¥ g) (n>2)with non-vanishing Ricci tensor S anccitsvature

tensor R satisfies the relation;

1.1)  RXY,Z) = K[S(Y,Z)X — S(X,2)Y],
whereka non-zero scalar and,

1.2) S(X,Y) = g(LX,Y),

where L being the symmetric endomorphism of thgeah space at each point of the
manifold corresponding to the Ricci tensor S. Saichanifold shall be calledJawarneh
manifold (after my cost name). In particular if 0=the to a flat
manifold. This justifies the definition of the méold defined by (1.1).

It is known [1] that on a Riemannian manifold weréia

1.4) R(X,Y,Z,W) =R(Z,W,X,Y),



1.4) R(X,Y)Z+R(Y.Z)X + R(Z,X)Y = 0.
Last equation is called identity.
Let X, Y €Tp(M) at a point pe M, andlety be a plane spanned by X, Y. Then the

sectional curvature with respect to the sectimdefined by [2],

R(X,Y,X.Y)

1.5) k(y) = - IXX)g(¥,Y)-g(X )2’

Sectional curvature ¥ is uniquely determined by the sectipand is independent of
the vectors X and Y in the section. If the sectiauavature kf) is constant for all
sectiongy at each point of M, then M is said to be a spda®nstantRiemannian

curvature and we have [2],

1.6) R(X,Y)Z =h[g(Y,2)X-9(X,2)Y],
a constant and any“@vector fields X,Y,Z on M.

The Weylprojective curvature tensor P of a Riemanmanifold[2] is defined as,

1
(n-1)

A Riemannian manifold is called symmetric manif¢id

1.7P(X,Y,Z) = R(X,Y,Z) + [S(X,2)Y —S(Y,2)X].
manifold if its curvature tensor and Ricci tensatisfies,

1.8) (VxR)(Y,Z)W =0,

1.9) (VxS)(Y,Z) =0.

It is known [1] that in a Riemannian manifold the& tensor is of Codazzi type

respectively cyclic parallel if it satisfies,
1.10)(VyS)(Y,Z) — (V;S)(Y,X) = 0,
1.11)(VyS)(Y,Z) + (VyS)(Z,X) + (V;9)(X,Y) = 0.

It is also known [1] that theconformal curvatureder C on a Riemannian manifoid

as,

1.12) CX,Y,2) =RX,Y,2) = 1/((n—=2)) [SY,2)X —=SX,Z2)Y + g(Y,Z)LX —
gX, D)LY +r/(n—1D)(n—-2) [g(Y,2)X —g(X,2)Y] .

In section? it is shown thatJawarneh manifold i€arstein manifold,satisfies Bianchi
identityandof constant Riemannian curvature whicbhanformal to a flat manifold.
Also it is shown that Jawarneh manifold is aconfaltynflat manifold,symmetric

manifold, and ofconstantscalar curvature. Furthisrshown that inJawarneh manifold



the Ricci tensor is of Codazzi type and cyclic pata shown thatJawarneh
manifold is of constant curvature and therefos iocally maximally symmetric

manifold.

Finally in section3a non trivial example is givenprove the existence ofJawarneh

manifold.

2-Jawar neh manifold:

We can verify that (1.4) satisfied by (1.1), i. e. Jawdrmeanifold satisfies
Bianchi first identity.

Contracting (1.1) and using the assumption S(>9Y)we can get,

2.1k = —.

This fact will be used exactly in obtaining a nawial example in the next section.
Itis clear from (1.1) and (1.7) that Jawarneh rf@diis a Weyl projectively flat
manifold. But it is known[1] that the necessary anfficient condition for(M, g)
(n>2) to be of constant Riemannian curvature istti&a\Weyl projective curvature
tensor vanishes identically. Thus we can state,

Theorem?2.1)Jawarneh manifold is of constant Riemannian cureatu

It is known [1] that a Riemannian manifold of cargtRiemannian curvature is
conformally flat manifold. Thus we can state,

Theorem?2.2)EveryJawarneh manifold isconformally flat manifold.

Also it is known [1] that a Riemannian manifoldaafnstant Riemannian curvature is
conformal to a flat manifold. Thus we can state,

Theorem?2.3)Jawarneh manifold isconformal to a flat manifold.

From (1.1) and (1.6) we have,

2.20[S(Y, Z)X — S(X,Z)Y] = h[g(Y, Z)X — g(X, 2)Y].

Contracting this equation we get,

2.35(Y,Z) = Zg(Y, 7).

Hence Einstein manifold is a special case of Jagtamanifold.

Analogously from (1.1) and (1.3) we can have,

24850, Z2)g(X,w) =S(W,X)g(Y,Z),

Contracting this equation we get,

2.58(Y,2) = ~g(Y,2),

where r denotes the scalar curvature. Thus wetad® s



Theorem?2.4) Every Jawarneh manifold is an Einstein manifold.

Taking covariant derivative of (2.3) we get (1.9).=means our manifold is Ricci
symmetric manifold.

Using this fact and taking covariant derivativg(bfl) we get (1.8). Thus we can state,
Theorem?2.5)Every Jawarneh manifold is symmetric manifold.

On a conformally flat Riemannian manifold we ha8g [

1
2(n-1)

By virtue of Theorem (2.4) we have from (2.6),
2.7dr(Y)g(X,Z) = dr(Z)g(X,Y).

This gives,

2.8Ydr(X) = 0.

Thus we can state,

2.6) (VxS)(,Z2) — (V)X Y) = [dr(Y)g(X,Z) — dr(Z)g(X,Y)].

Theorem?2.6)InJawarneh manifold the scalar curvature is constan

Now taking covariant derivative of (1.1)and contniag the result we can have,
2.9XVS)(Y,Z) =dr(X)g(Y,2).

In consequence of (2.7), (2.9) and (2.10) we caie st

Theorem2.7) Jawarneh manifold is of Codazzi type Ricci tensor.

Also by virtue of (2.9), (2.7) and (1011) we caatst

Theorem2.7) InJawarnehmanifolds the Ricci tensor is cyclic paka

Using theorem (2.2) on (1.12) we get,

1
(n-2)

—r/(n—1(n - 2)[g(X, 2)Y — g(Y, Z)X].
In consequence of (2.4) and (2.10) we have,
21D)RX,Y,Z) = r/(n—1)(n - 2)[g(Y,2)X — g(X, 2)Y].

Thus we can state,

2.10)R(X,Y,Z) = [S(Y,2)X —S(X,2)Y + g(Y,Z)LX — g(X,Z)LY]

Theorem?2.8)Jawarneh manifold is a manifold of constant cumeatu
Spaces of constant curvature are very significadtveell known in cosmology. Every
space of constant curvature is locally maximalljsyetric, i.e. it has n(n+12
number of local isometries. Thus we can state,
Theorem?2.9)Jawarneh manifold is locally maximally symmetricnifald.
Further it is to be noted that cosmological sohsiof Einstein equations which contain
a three dimensionalSpace-like surface of a constantiture are theRobertson-

Walkermetrics, while aFour dimensional space ofstamt curvature is the de Sitter



model of the universe. DeSitter model possesseg thiimensional space of constant

curvature and thus belongsto Robertson-Walker ogetri

3-Example of Jawarneh manifold:
Let us consider fRendowed with the Riemannian metric [2],

. . 4
3.14d?* = gydx'dx) = (x*)3[(dx")? + (dx?)* + (dx®)?] + (dx*)?,
wherei, j = 1,2,3,4. Then it is known [2] that iy non vanishing Ricci tensors and

the curvature tensors are,

2 2

My=lTh=lh= Mi=hi=Hf=—7,
3(x%)3
-2
3.2) Ri441 = Rosar = R3sa3 = — 2>
9(x%)3
3.3) S11 = Spp = S33 = ——3; Sas = =5
- 11 = 922 =933 = 9(x4)§, 44 = G2

—4
And the scalar curvature r=— .
3(X4)2

To verify the definition by (1.1) we have to verifye following relations:
3.4) Riga1 = a[S44911 + S14914l,

3.5) Rysaz = a[S44922 + 524924,

3.6) R3443 = a[S44933 + S34934)-

Let azﬁz % and using (3.2), (3.3) on (3.4) we get,

1, -2 4
R.H.S.7[S44911 + S14914] = 5[3()(4)2 (x*)z + 0]
=2 = LHS.
9(x*)3

Similarly we can show (3.5) and (3.6) are true, i@he the other cases are trivially
true. Hence Ralong with the metric g defined by (3.1) is Javedrmanifold. Thus

we can state,

Theorem3.1) A Riemannian manifold (fg) endowed with the metric (3.1) is

Jawarneh manifold with non-constant scalar cuneatur

Conclusion:
The aim of studying geometry is trying to underdtarinat curvature is and what it
tells us about a space. In particular spaces aftaahcurvature provide the simplest
examples of curvature in its exact form. They caovigle us with a launching point to

understand what types of spaces we should exmeutgositive curvature, negative



curvature and zero curvature. Constant curvatusepleyed an important role in the
history of geometry sincespaces with constant ¢uregprovided the first examples of
non-Euclidian geometries, putting an end of pro\iuglid's parallel axiom from the
other geometric axioms. The study of spaces oftaohsurvature is made very
manageable because of a few simplifying propettiese spaces have. The first such
property is the fact that normal neighborhoodspiaces of the same dimension and the
same constant curvature are isometric. So any spiiteonstant curvature is locally
the same as any other space with the same curvatwesecond distinguishing
property is that any complete space of constamnature is a quotient of eithef;&"or

H" which complete Jawarneh manifold do.
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