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Abstract

In this paper, we study the possibility of finite time or asymptotic compensation of disturbances f,
for a class of linear lumped systems

z(t) = Az(t)+ Bu(t) + f(t)
{ z2(0) = 2o
augmented with the output equation
y(t) = Cz(t)

using directly feedback controls w = K f, where K is a linear operator. We give appropriate
definitions and characterization results of this notion, called K-remediability. We also examine the
relationship with the remediability as studied in previous works. lllustrative examples are presented
and various situations are considered. The relation v = K f includes the usual form @ = K y;,
where y; is the term corresponding, in the expression of the observation y, to the disturbance f. In
the linear case, y; may be deduced easily from the observation y, even if f is not known
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1 Introduction and problem statement

1.1 Introduction

Let us consider without loss of generality, a class of finite dimension linear dynamical systems
described by the following state equation

z(t) = Az(t) ; 0<t<T
(So) { ZEO)) - ) (1.1)
augmented with the following output equation

(E) y(t) = C=(t) (1.2)

with A € M,(R) = M, »(R), C € My ~(R); n,qg > 1. The observation at the final time T, is
normal and is given by
y(T) = Ce T 2o

If the system is disturbed by a term f ¢ L?(0, T;R™), the system (So) becomes
z(t) = Az@t)+f(@t); 0<t<T
z(0) = =z
The corresponding observation is given by

y(T) = Ce*Tz0 + Hr f
where o
Hr : L*0,T;R"™) — R"
fo—= Hrf= [l eAT0f(t)dt
Generally, y(T) # Ce“Tz. In order to compensate the effect of the disturbance on the system, a
control term Bu is introduced. The system becomes

(1.3)

(S){ 2%)) i iz(t)-i—Bu(t)—i—f(t) ; 0<t<T (1.4)

with B € M, ,(R), u € L*(0,T;R?); p > 1. We have

y(T) = Ce*Tz+CHru+CHrf

= Ce*zo+ CHru+ys(T)

where
Hy : L*0,T;R?) — R" (15)
u — Hru= OTeA(TfﬂBu(t)dt '
and
t
yf(t):/ Ce =V f(s)ds (1.6)
0

Let us recall that the system (.5), augmented with the output (E) (or (S)+(E), or also indifferently
(A, B,C)) is remediable on [0, T), if for any f € L?*(0, T;R™), there exists u € L*(0, T; R?) such that

T T
/ Ce* T~ Bu(s)ds + Ce*™ = f(s)ds =0
0 0

CHru+ Ro(T)f =0
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where
Ro(t)f = CH. f = ys(t)

The problem of remediability as defined above for finite (as well as for infinite) dimension linear
systems, has been studied. Characterization results have been established for various types of
systems [Afifi, L. et al. (2001, 2002a, 2002b, 2007, 2008, 2012)], applications were given and different
situations have been considered. In each case, and under convenient hypothesis, it has been shown
how to find, from the observation only, a control u; ensuring the exact compensation of a disturbance
f- Such a control depends certainly on f, but the nature of this dependance is not generally obvious.

1.2 Problem statement

In this work, we consider a natural question which consists to examine this relation. More precisely,
we study the possibility of compensation using controls

u=Kf (1.7)

depending linearly on the disturbance, that is to say, as a feedback of the disturbance (or its
corresponding observation y¢). Hence, the problem consists to study, with respect to the matrices A,
B and C, the existence of an operator

K : L*(0,T;R™) — L*(0,T;RP)

such that for any disturbance f € L*(0,T;R™), we have
T T
/ CeA(T*S>f(s)ds+/ Ce* T BK f(s)ds =0
0 0

which is equivalent to
CHr f+CHTBKf=0

or
CHr [I+ BK]f =0

Let us note that a disturbance f may be known or unknown. However in the linear case, its
corresponding observation y; given by

yr(t) = y(t) — Ce*'zo — CHyu

is generally known. Hence, the relation (1.7) is not restrictive and includes practical cases where
the controls are of the form @ = Ky; and @ = KRc(T)f. We define and we characterize this
notion called K-remediability. We also study its relationship with the classical remediability studied in
previous works. An extension to the asymptotic case is also presented. In both cases, properties are
given and various situations are considered.

The developments and results presented in this paper can be extended to linear distributed
systems [Afifi, L. et al (2012), Balakrishnan, A.V. (1981), Curtain, R.F. and Pritchard, A.J. (1978),
Curtain, R.F. and Zwart, H.J. (1995), El Jai, A. (1991), Lions, J.-L. (1988)] and also to other situations
(non linear systems, delayed systems, ....).

The operator K do not depend on the disturbance f.
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2 K-remediability
We have the following definitions.

Definition 2.1.
i) A disturbance f € L?(0,T;R") is said to be K-remediable if

CHr(I +BK)f =0

f € ker[CH7(I + BK))

i) If F is a subspace of £ = L?(0,T;R™), we say that the system (S) 4 (E) is K-remediable on
F, if any disturbance f € F' is K-remediable, this is equivalent to

F C ker[CHr(I 4+ BK))

iii) If ' = &, we say that the system (S) + (F) is K- remediable on &, or simply K-remediable.
In this case, we have o
ker[CHr(I + BK)| =&

or
CHr(I+BK)=0o0n¢&

The notion of K-remediability on the whole space £ as defined above in part iii), may seems
strong. But as it will be seen in the next section, it is not stronger than the remediability in the open
loop case, which itself is weaker than the notion of controllability.

Moreover, the restriction of the problem to a subspace (or a subset) F' of £ is more flexible
and allows to examine the problem of remediability for particular disturbances (constant, piecewise
constant, periodic, sinusoidal, of the form f(t) = Dwv(t), ...). One can also consider the case of
disturbances f € L?(0,T;G), where G is a subspace (or a subset) of R", and consequently the case
where the disturbance involves only some variables (components) among n.

We have the following properties.

Proposition 2.1.
1) If the system (S) + (E) is K -remediable on F1, then it is on every F> C F}.
2) Particularly, if (S) + (E) is K -remediable, then it is K -remediable on any subspace F of £.
3) In each case, the converse is not generally true.

Proof.
- The properties 1) and 2) derive from the definition.
- The property 3) is illustrated in example 3.1 O

Let us note that for controls of type u = KR (T)f, definitions, properties and results are
analogous by replacing the operator K by K R (T). In this case, if f € ker(I + BKRc(T), then

CHz[I + BKRc(T)|f =0

The converse is not necessarily true. This is illustrated in the following example.

One can assume without loss of generality, that 7' is a closed subspace (or just a subset) of £.
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Example 2.1. We consider the case where

SERSE

f= <f1> with fo #0;C = (1,0); B (é) and K = 1.

f
I + BKRe(T)] (f 1) ) <0>
fa 0

It is easy to show that
CHr[I + BKRo(T)] Sy _ (9
f2 0

In the next section, we examine the problem of existence of an operator K ensuring the K-
remediability of (S) + (F), that is to say, on the whole space £, and hence its relation with the
“open-loop” remediability.

However

3 Remediability and K-remediability

Under the remediability assumption, and using Hilbert Uniqueness Method, we show that such an
operator K exists. The converse will be then examined. Let us first give the following characterization
of the remediability which depends on the matrices A, B and C [Afifi, L. et al (2008)].

Proposition 3.1. (S) + (E) is remediable on [0, T] if and only if
rank(CB CAB .. CA" 'B) = rank(C) (3.1)

Proof. Since Im(CHr) C Im(Rc(T)), then (S)+(FE) is remediable on [0, T if and only if Im(Rc(T)) C
Im(CHr), or equivalently

ker((Hr)*C'™) C ker((He(T)))

Hence, using Caylay-Hamilton theorem and the fact that (Hr)* = BeA" (M=) we have

Btrct'r
BtrAtrot'r'
0 € ker((Hr)*C") «— . 6 =0
Btr(Atr)nflct'r
On an other hand, we have ker((Rc(T))*) = ker(C'"), consequently the remediability of () +
(E) is equivalent to

Btrctr
Bt'rAt'rctr
ker ) = ker(C')

Btr(Atr)n—lctr
we then have the result.

Concerning the existence of K, we have the following result.
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Proposition 3.2. If the system (S), augmented with the output (E), is remediable on [0, T), then it is
K -remediable on [0, T], with

K = —(Hr)*C" (A1) ' Re(T)
where Ar is the isomorphism defined from R? to R? by
T tr
Ar 6= / Ce* T BB Tt 9ds = CHr(Hr)* C'6
0
and in general, M'" is the transposal matrix of M.

Proof. For 6§ € R™, we define on R? the semi-norm

1
T - 2 2
160]|50 = (/ HBtreAt (T—S)Ctre‘ ds)
0 Rn,

We assume that ||.||z, is @ norm, or equivalently ker((Hr)*C*") = {0}, using the fact that
BireA (T=)Ct = (Hp)*C'. (A, B, C) is then remediable on [0, 7.

Under this condition, R? is a Hilbert space with the inner product
r tr AT (T—s)ptr tr AYT(T—s) ~tr
<9’T>JR‘1:/ <BT€ e, B 75)CTT>ds;V07T€Rq
0

and the operator Ar : R? — R?is an isomorphism such that :
(Ar0,T)ra = (0,7)ra ; V0,7 € R"and ||Ar8]||gq = ||0||pq ; VO € R?
Moreover, if f € L(0,T;R™), then there exists a unique 0 in R? such that
A7 = —Rc(T) f
and the control ug, defined by
ug,(s) = BtTeAtT(Tfs)C*Gf(s) =H'C"0;;0<s<T

satisfies
Rc(T)f + CHTugf =0

and is optimal with Hungw(o’T;Rp) = [|0¢|gq-
Since 0y = —(Ar) ' Rc(T) f, we have

wo, = (Hr)*C*" (A1) 'Reo(T)f
Consequently, the operator
K= — (Hr)"C"(Ar)"'Re(T)

ensures the compensation of any disturbance f € L?(0,T;R"), i.e., the K-remediability of
(S) + (E). O

Concerning the converse, we have the following result.

Proposition 3.3. If the system (S), augmented with the output (E), is K -remediable on [0,T], then
it is remediable on [0, T.
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Proof. If (S) + (E) is K-remediable on [0, 77, then
ker[CHr(I + BK)]| =&
and hence, for any f € L?(0,T;R™), we have

CFTf + CFTBKf =0
or equivalently CHr f + CHr K f = 0. Therefore

CFTf +CHru=0
where u = K f € L?(0,T;RP). (S) + (E) is then remediable on [0, T). O

Let us note the following.

Remark 3.1. The system (.5), augmented with the output equation (E) may be K-remediable on a
subspace F', without being remediable. This situation is illustrated in the following example.

Example 3.1. We consider the case where A, B and C are such that

rank(CB CAB ... CA" 'B) # rank(C)

1 0 1 1 0
forexamp/ez‘hatwh(—:'ren_Q,p_1,A_<O 1),3_(1>,0_(0 1

The system (S) + (F) is not remediable according to proposition 3.1. Consequently, using
proposition 3.3, it is not K -remediable for every operator

K : L*(0,T;R™) — L*(0,T;R")
However, for a given operator K, it is K -remediable on the subspace
F = ker[CHr(I 4+ BK))
Let us note also that in the case of disturbances of the form
£(t) = Do(t)

with D € M, (R) and v € L?(0,T;R"), the definitions and the results are similar by replacing
the operator Hy by HrD and CHr(I + BK) by CHr(I + BK)D.

We give hereafter, an extension to the case of an infinite time horizon.

4 Asymptotic case
In this section, we give an asymptotic analysis of the problem. We consider the system:

z(t) = Az(t)+Bu(t)+ f(t); t>0
(Sw){ 2(0) = 20

augmented with the output equation :

(Beo) y(t) = Cz(t) ; >0

with A € M,(R), B € My, ,(R), C € My ,(R); f € L*(0, +00; R™), u € L*(0, +00; RP). We have
y € L?(0, +o0; RY).
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Remark 4.1. As seen in the previous section, the finite time compensation problem is equivalent to:

Forany f € L?(0,T;R™), does exists a control « € L*(0, T; R?) such that

T T
Ce* T~ Bu(s)ds + / AT f(s)ds = 0
0 0

or equivalently

T T
/ Ce* Bu(t)ds + / eMg(t)dt =0 (4.1)
0 0
where g(t) = f(T —t) and v(t) = u(T — t). Consequently, the remediability of (S) + (E) can be
also formulated as follows:

For any g € L?(0, T;R"), does exists a control v € L?(0,T; RP) satisfying (4.1) ?

Concerning the problem of asymptotic compensation [Afifi, L. et al (2007, 2012)], let us recall
that the system (S ), augmented with (F.), is remediable asymptotically if for any disturbance
f € L*(0, +00; R™), there exists a control u € L?(0, 4+o00; R?) such that

CHoof + CHoou =0
where
+oo
Hoou = / e Bu(t)dt
0

and

Hoof = /+OO e f(t)dt
0

Note that the operators H ., and H,, are not generally well defined. They are, if and only if, the
system is exponentially stable [Afifi, L. et al (2008, 2012), Balakrishnan, A.V. (1981), Curtain, R.F.
and Pritchard, A.J. (1978), Curtain, R.F. and Zwart, H.J. (1995)], i.e.

sup Re(X\;) <0

i=1l,n

where A1, A2, ..., A, are the eigenvalues of A. This condition is not necessary for the study of the
asymptotic compensation because the considered problem depends also on the choice of the output
operator C [Afifi, L. et al (2007, 2008, 2012). In fact, we are concerned with the operators H& and
R defined by

+oo
HZu = / Ce™ Bu(t)dt
0

and

RYf = /O o Ce f(t)dt

which may be well defined even if H., and H., are not. Thus the system (S«) + (Fw), iS
asymptotically remediable if for any f € L?(0, +o00; R™), there exists u € L*(0, +oo; RP) such that

REf+HEu=0
This is equivalent, as in the case of a finite time horizon, to
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rank(CB CAB ... CA" 'B) = rank(C)

The proof is similar to that of proposition 4.1. Here also, we study with respect to the matrices A,
B and C, the existence of an operator

K : L*(0, +00; R™) — L*(0, +00; R?)

such that forany f € L?(0, +00; R™), the control u = K f ensures asymptotically, the compensation
of the disturbance f. We give hereafter the corresponding definitions.

Definition 4.1.
i) A disturbance f € L?(0, +o0; R™) is said to be K-remediable asymptotically if

f € ker[RZ + HF K|

i) If F' is a subspace (or a subset) of £., = L*(0, +oo; R™), we say that the system (S..) + (Ewo)
is K-remediable asymptotically on F, if any disturbance f € F is K-remediable asymptotically, or
equivalently

F C kerRZ + HZ K]

i) If F = £, we say that (S« ) + (F) is asymptotically K-remediable on £, or simply K-
remediable asymptotically. Then we have

ker[RG + HZ K] = €
This is equivalentto R + HX K = 0on .

In the last case where FF = &, the following result shows the relation between the global
asymptotic remediability and the existence of an operator K ensuring the K-remediability.

Proposition 4.1.
1) If (Seo) + (E), is asymptotically remediable, then it is K -remediable asymptotically with

K =~ (HZ) (Aw) 'RE
where A is the bijection defined from R? to R by
tee A AtT
Aol = / Ce* BB e 'CY0dt = HZ(HZ)*0
0

2) Conversely, if there exists an operator K : L?(0, +00; R™) — L?*(0, +-00; R?) such that (S« ) +
(F) is asymptotically K -remediable, then (S ) + (F ) is asymptotically remediable.

Proof. :
1) For 8 € R™, we consider the semi-norm

oo tr ATt ~t 2 1
olles = ([ |Bet o] st
0 R™

Iz is @ norm if and only if, (Sw) + (E ) is asymptotically remediable. We suppose that ||. ||,
is a norm, then R? is a Hilbert space with the inner product

+oo ” -
(0, T)pa :/ <BtreAt tCtTe,BweAt tCtrT> ds:V0, T € R
0

and the operator A is an isomorphism from R? to R? such that :

(Mool T)ra = (0, T)ra 5 V0,7 € R"and [[Accbllpg = [l ; V6 € R
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Hence, for f € L?(0,4-00;R™), there exists a unique 6; in R? such that

Aobf = —RE f
and the control ug, given by ug, = (HZ)" 0 verifies R f + HZug, = 0. Note also that it is optimal
with ||ue HL2(0 ey = 10¢]|ze- On the other hand, we have 6; = —(As) 'RZ f, then

uo, = (RE)" AL RE f
Hence, if K is the linear operator defined by
K= — (HZ)" (Aw) ' RZ
the system (S ) augmented with (E), is K-remediable asymptotically.
2) Now, if (Sw) + (Ex ) is K-remediable asymptotically, we have
ker[RZ + Ho KRZ) = €oo
then, for any f € L?(0, 4+-00; R™), we have
RE¥f+HFXKREf=0

which may be written R f + HZu = 0, with u = K f € L?(0, +-00; RP). Consequently (Sso) + (Exo)
is asymptotically remediable. O

In the asymptotic case, we obtain analogous properties to those given in the previous sections
concerning a finite time horizon. These results remain similar using controls of type u = KR f.

Note also that for a given operator K : L?(0, +-00; R™) — L?(0, co; RP), the system (Ss.) + (Eoo)
is K-remediable asymptotically on F' = ker[RF + HZ K]. Thus asymptotically, (S« ) + (Fs) may be
K-remediable on a subspace F c L*(0, +c0; R™), without being K -remediable on the whole space
L*(0, +00; R™).

In the case of disturbances of the form f(t) = Du(t), with D € M,, .(R) and v € L?(0, +oo; R"), the
definitions and the results are analogous.

5 Conclusion

In this paper, we first studied the possibility of finite time compensation of any disturbance f, or
a class of disturbances, using directly feedback controls v« = K f, where K is a linear operator.
Appropriate definitions, characterization results and illustrative examples are given. The relationship
with the remediability and the existence of such operators K is also examined and an extension to
the asymptotic case is considered. The considered approach which depend on the matrices A, B
and C, includes the case where the disturbances f may be unknown.

In fact, for distributed parameter (infinite dimension) systems in finite time or asymptotic cases,
there are two notions: weak and exact remediability [Afifi, L. et al (2001, 2002a, 2002b, 2007, 2012)].
These notions are equivalent in the case where the observation is given by a finite number of sensors
and for lumped systems.

10
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