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A fuzzy approach for solving three—level chance catrained quadratic programming
problem

Abstract

This paper prese and
m. After
ints each

level attempts to optimize its problem separatsiyg fuzzy programming technique, in this
heff
. Finally, a numerical

example is given to clarify the main results depelbin this paper.
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1-Introduction

Multi-level optimization plays an important role @ngineering design, management and
decision making in general. Ultimately, a desigmedecision maker needs to make tradeoffs
between disparate and conflicting design objectividge field of three—level optimization
defines the art and science of making such deasibne prevailing approach to address this
decision-making task is to solve an optimizatiorobbem, which yields a candidate
solution([5], [8], [11]).

Three-level programming is a class of multi-levebgszamming in which there are three
independent decision-makers (DMs). Each DM attertpteptimize its objective function
and is affected by the actions of the others DNs [8

Fuzzy approach uses the concept of tolerance mefnpeto develop a fuzzy max-min
decision model for generating Pareto optimal (&attery) solution for three level
programming problems ([8], [11], [12]).

Decision problems of chance constrained or stochagitimization arises when certain
coefficient of an optimization model is not fixed known, but are instead, to some extent,
probabilistic quantities. In most of the real Igeoblems in mathematical programming, the
parameters are considered as random variablesbfeimeh of mathematical programming
which deals with the theory and methods for theitsmh of conditional extreme problems
under incomplete information about the random patars is called stochastic programming

([4], [14]).

In [1] Pramanik and Banerjee dealt with a fuzzylgmagramming approach to solve chance
constrained quadratic bi-level programming probl&nance constraints were converted into
equivalent deterministic constraints by the prdsati distribution functions. In this model



formulation, the quadratic membership functionsfarenulated by using the individual best
solution of the quadratic objective functions sebje the equivalent deterministic constraint.
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In [3] Saad and Emam presented a solution alguarito solve bi-level integer linear

fractional programming problem with individual clign constraints (CHBLIFP). They

assumed that there is randomness in the right-ealedof the constraints only and that the
random variables are normally distributed. The d&dea in treating (CHBLIFP) they dealt

with is to convert the probabilistic nature of tpioblem into a deterministic bi-level integer
linear fractional programming problem (BLIFP).

This paper is divided into the follow sections:ctsen 2 presents the problem formulation
and solution concept of the model of the threellesleance constraints quadratic
programming problem, section 3 introduce how toveonhthe probabilistic nature of the
constraints to equivalence deterministic constsaiséction 4 uses Fuzzy approach to solve
the multilevel chance constraints quadratic prognamg problem, in section 5 a numerical
example is provided to clarify the results. Finaltpncluding remarks and future works are
given in section 6.

2- Problem Formulation and Solution Concept

Let x,0R",(j =123) be a vector variable indicating the first decisiewvel choice, the

3
second decision level choice, and the third decilgwel choicen = Z n;.
j=1
Let F.:R" - R™ (i = 1,233) be the first level objective function, the secorevel objective

function, and the third level objective functionspectively. Let the FLDM (First Level
Decision Maker), SLDM (Second Level Decision Makemnd TLDM (Third Level Decision

Maker) haveN, , N, and N,objective function, respectively.

Therefore, the three—level chance constraints a@iadprogramming(TLCCQP) problem
may be formulated as follows:

[First Level]
max,, f,(x) = kx +% xTCx, 1)
Wherex,, X;solves

[Second Level]



max,, f,(x) = kx +% xTCx, 2)
Wherex,solves
[Third Level]

max,, f5(x) = kx +% xTCx, 3
Subject to
(%, ,%,, %3 )OG. 4)
Where
G={xOR":pr(g,(x) =Y ¢ sv)2a;, (i =12..,n),%,X,, X 20}. (5)
=L

Wheref, f, andf, are the objective functions of the first level dean maker (FLDM),
second level decision maker (SLDM), and third legetision maker (TLDM){ isn X n
real matrix, andk is (1 X n) matrix, the vector of decision variabless n-vector partitioned
between the three planners.

Definition 1.

For any (x0G ={x/(%,%,%)0G}) given by FLDM  and
(x2 uG, ={x2 |(x1,x2,x3)DG}) given by SLDM, if the decision-making variable
(%, 0G,={x, | (%.%,%)0G}) is the optimal solution of the TLDM, the(p,, x,,%,) is the
feasible solution of TLCCQP problem.

Definition 2.
If (x;,x;,x;) is a feasible solution of the TLCCQP problem; ribeo feasible solution

(%, %, % )0G exists ; sdx;, x;, x, )is the optimal solution of the TLCCQP problem.

3- Converting probabilistic nature of the constrairts to equivalence deterministic
constraints

The basic idea in this section is to convert thebpbilistic nature of the constraints to
equivalence deterministic constraints. Using:

G ={ xOR"| Zn:cij x; SE(b)+K, JVar(b),i=12...n,x, =0} (6)
=1

Assume thaG is the constraints after converting from probatiti nature to equivalence
deterministic constraints, the random paramee(s= 1,2,...,n) E(b )is the meanVar(b )

is the variance and, is the standard normal table value of the constrai

So the TLCCQP problemcan be written as:
[First Level]

max,, f,(x) = kx +% xTCx, (7
Wherex,, X;solves

[Second Level]
max,, f,(x) = kx +% xTCx, (8)
Wherex,solves

[Third Level]



max,, f,(x) = kx +% xTCx, 9)
Subject to

(%, %,, %, )0G. (10)

Where

G={xOR":g(¥)=>¢;x;<d, (=12,...,n), X,%,, X; = 0} (11)
=1

Where d =E(b) + K, \Var(b).

4- Fuzzy Approach of the three—level chance consirds quadratic programming
problem

To solve the three—level chance constraints quadraigrgmming proble
constrai

4.1 FLDM problem
First, the FLDM solves (7) subject ®, by applying the simplex method. The individual
best solutior(Fl*) and individual worst solutio(Fl‘) of (7) subject tdG are:

F =MaxF,(9 , F"(X) = MinF,(x) (12)

Goals and tolerances can then be reasonably set fordnai solution and the differences of
the best and worst solutions, respectively. This dataloan be formulated as the following
membership function of fuzzy set theory [8]:

1 if F(x)>F,
u [F(x)]= Fl(x)—_':l if F <F(x)<F, (13)
F -F
0 if F2F/(x)

4.2 SLDM problem

In the same way, the SLDM independently solves (8)estiip G , by applying the simplex
method. The individual best soluti(ﬂﬁ;) and individual worst solutio(Fl‘) of (8) subject
to G are:

F, =MaxF, () , F; () =MinF,(x) @
This information can then be formulated as the followingntmership function:



u ()= it F, <F(x)<F;, (15

4.3 TLDM problem

In the same way, the TLDM independently solves (9) suh@G , by applying the simplex
method. The individual best solutidf; ) and individual worst solutioffF; ) of (9) subject

to G are:

Fy =MaxF,(x) , Fy ()= MinF;(x) (16
This information can then be formulated as the followingnimership function:
1 if F,(x)>F;,
MEZNE F-F Fr<F(x)<F, (17)
F, - F;
0 if  F; >F,(x)

Now the solution of the FLDM, SLDM and TLDM are disatols However, three solutions
are usually different because of nature between flerads objective functions. The FLDM

and SLDM know that using the optimal decision;f’sas a control factor for the TLDM are not

practical. It is more reasonable to have some tolerdinae gives the TLDM an extent
feasible region to search for his/her optimal solutiongd aeduce searching time or
interactions.

In this way, the range of decision variablg x, should be aroung , x5 with maximum

tolerancet,,t, and the following membership function specify, x; as:

Xl_()t(lF _tl) XlF _t1$X1SX1F,
1

m, (%)= 81
M X1F < X1 < X1F +tl'

S
XZ—XZ—tZ S S
" X, —t, <X, < X5,
2
X, )= 19
2
t,(%)=1/ o (19)
X th) 7% S<x, < x5+t
. X, <X, <X +t,.
2

Finally, in order to generate the satisfactory solutiich is also the optimal solution with
overall satisfaction for all decision - makers, the Tclohlejf problem can be solved as the
following:



Maxd,
Subject to

[(XlF +t1)_X1J > 51,

1

[Xl—(i[(f _tl)J > 51,

[(XZF +t2)_X2J > 51,

L

(X1, %5, %35 ) UG,
t,t, > 0,

s0(o,4]

(20)

Where dis the overall satisfaction,and | is the column vector witlelementsequal to 1s. By
solving problem (20). If the FLDM is satisfied with the wgadn then optimal solution is
reached. Otherwise, he/she should provide a new mshipefunction for the control
variable and objectives to the SLDM and TLDM, until arirmgl solution is reached. It is

easy to see that there is an inverse correlation bettyggsndo .

5- Numerical example

To demonstrate the solution for (TLLSLP) problem, letassider the following example:

[Upper Level]

Max F,(x)=Max 5% +3x2 +x2
X X1

Wherex, solves

[Second Level]

MaxF,(x, )=Max  x +5x+x2.

Wherex;solves

[Third Level]

MaxF,(x,)=Max x> +x, +4%’,

Subject to

(4 %, %,)0G.
Where G=



{6 %, %) Pr (% + %, + %, <) 2 07,
pr(x +2x, + X, <b,) > 08,

pr(x +Xx, +2x, <b;) =2 093
X, %, % 2 0. }.
Suppose that b(i=1,2,3) is normally distributed random parametevith the following

means and variances, E(b1)=10, E(b2)=14, E(b2)=12VAR(b1)=16, VAR(b2)=25,
VAR(b3)=4 .

From the standers normal tablg,=0.758, k.=0.7881, k=0.8238 .

1. In the first the probability nature will be conwedtto equivalent deterministic

constrain .
2. Secondly, reformulate the problem in to determiaiirm as following:

[Upper Level]
Max Fy(x)=Max 5 +3x +x,
X X

Wherex, solves
[Second Level]
MaxF,(x, )=Max  x +5x2+x2,

Wherex, solves

[Third Level]
MaxFy(x)=Max x> +x,+4x’,
subject to
(%%, %)0 G,
X X, + X, <1303
X +2X, + X, £17.940,
X + X, +2X;, £13.647,

X, %5, X3 2 0.

First,the FLDM solves his/her problem as follows:
Find individual best and worst solutions by solvittge FLDM problem using simplex

methoda#, =849, andF, (x) =0 .

Second, the SLDM solves his/her problem as follows:

Find individual best and worst solutions by solvittge SLDM problem using simplex
methoda&, =40230, andF, (x)=0 .

Third, the TLDM solves his/her problem as follows:

7



Find individual best and worst solutions by solvittge TLDM problem using simplex

methodF, =18604,and™s ¥ =0

Finally
1. Assume the FLDM control decisiox® is around (0) with tolerancel .
2.Assume the SLDM control decisiogF is around (8.97) with the tolerance 2 .

Maxél

Subject to
(Xl’ X2 1 X3 )E| 5'

5x° +3x; +X; 84952 0,
X, +5x2 + xZ —402.300 > 0,
X2 + X, +4x2 186040 2 0,
x +0<1403

x —021203

x, +20 <10970Q

x, - 25 = 697,

sofoa]

Whose compromise ssolutiod'bg,xz,x3 ): (302 826,3)andd = 0.67 (gverall satisfaction

for all decision maker's).and the objective funct@lue are F1=927.829, F2=90.247
F3=213.78.

5- Summary and Concluding Remarks

constraint

However, there are many other aspects, which shpuékplored and studied in the area of stochastic
multi-level optimization such as:

1- athree—level integer programming problem with séstic parameters in objective
function.

2- athree—level chance constraints quadratic mixesgy@r programming problem with
stochastic parameters in objective function.

References
[1] S. Pramanik and D. Banerjee, Chance constraipeadratic bi-level programming

problem, International Journal of Modern Enginegiitesearch, 2 (2012) 2417-2424.
8



[2] S. Pramanik, D. Banerjee and B. Giri, Chancest@ined linear plus linear fractional bi-
level programming problem, International JournalCafmputer Applications, 56 (2012) 34-
39.

[3] Omar M. Saad, and Osama E. Emam, Taylor semjgsroach for solving chance-
constrained bi-level integer linear fractional pegming problem, International Journal of
Mathematical Archive, 2(5), (2011) 1-6.

[4] Omar M. Saad, Tawfik R. Mohamed, Mervat K. Adéde and Eman F. Abdellah, taylor
series approach for solving chance-constraiednijétative integer linear fractional
programming problem, International Journal of Matlaéical Archive, 3(1), (2012) 18-23.
[5]G. Anuradha and S. R. Arora, Multi-level multb{@ctive integer linear programming
problem, advanced modeling and optimization, 1qZRP8) 297-322.

[6]M. Saraj and N. Safaeil, Fuzzy linear fractiob&level multi-objective “programming
problems, International Journal of Applied MatheicatResearch, 4 (2012) 643-658.

[7] M. A. Abo-Sinna, A bilevel non-linear multi-obgtive decision making under fuzziness,
Journal of Operational Research Society of Ind8a(2901) 484-495.

[8] M. S. Osman, M. A. Abo-Sinna, A. H. Amer, O. Emam, A multi- level non-linear
multiobjective decision-making under fuzziness, Rggb Mathematics and Computation,153
(2004) 239-252.

[9] M.S. Osman, W.F. Abd El-Wahed, Mervat M.K. Hié8ei and Hanaa B. Abd El Waha, A
Solution Methodology of Bi-Level Linear ProgrammirBased on Genetic Algorithm,
Journal of Mathematics and Statistics, 5 (4) (2B52-359.

[10] T. Sultan, O. Emam and A. Abohany, A decosipon algorithm for solving a three—
level large scale linear programming probleApplied Mathematics and Information
Science, 5 (Sep. 2014), 2217-2223 .

[11] T.I. Sultan, O.E. Emam, A.A. Abohany, A Fuz&pproach for Solving a Three—Level
Large Scale Linear Programming Problem , Int. 3eRAppl. Sci. Technol., 19(2) (2013) 22-
34

[12] M. Sakawa and T. Matsui, Fuzzy random non-ewafive two-level linear programming
through Fractile models with possibility and nedgs€ngineering Optimization, 44 (2012)
1-23.

[13] B. B. Pal, B. N. Moitra, A fuzzy goal progranmg procedure for solving quadratic bi-
level programming problems, International Jourrfahtelligent systems 18 (2003) 529-540.
[14] O. M. Saad, O. E. Emam, On the solutiorstochastic multiobjective integer linear
programming problems with a parametric study, Jaluwf the Advances in Computer
Science, El-shorouk Institute, Cairo, Egypt, 3 €J@009) 71- 82.

[15] O. E. Emam,A Parametric Study on Multi-Objeetnteger Quadratic Programming
Problems Under Uncertaintsen. Math. Notes,6 (1) (2011) 49-60.



