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Abstract: In the present paper, we extend the results of Gupta and Ahmad [8] by applying hypergeometric
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1. Introduction

To approximate integrable function on [0, 00), the modified Beta operators given by Gupta and Ahmad [8]
are defined as
B(h) = ("

)}:am ) [ psosod ae .0 (1

where
(n+k)! z*

bn(z) = Kl(n— 1)1 (1 4 z)n Tkt

and
_(n+k-1) ¢
Pa(t) = K(n— 1)l (1+ ¢tk

It was observed in [8], that by taking the modification of Beta operators defined in (1.1), we can have better
approximation. Some approximation properties for these operators and other similar type of operators were
studied in Agarwal and Singh [2], Abel et al. [1], V. Gupta [5], [6], [7], Zeng et al. [19], Maheshwari [14],
[15], Maheshwari-Sharma [16] and Gupta et al. [10], [11] etc. Ismail-Simeonov [13] studied certain Beta type
operators in the hypergeometric form and such notations can be studied in [4]. Some important aspects of
approximation theory can be studied in the book written by Gupta - Agarwal [12].

Using Pochhammer symbol (n); defined as (n)r = n(n+ 1)(n + 2)(n + 3)..(n + k — 1), we can write operators

(1.1) as
n—1\ w= (n)(n+ 1) 21+ )1 [ (n) th
( n )Z k! : (1+ )tk /0 k!k (1+¢)ntk f(t)dt

k=0

B © JO1 ) & (m)ln + Delat)
- W“?A W o072 G5 21+ O

Bn(f,x)

Using the hypergeometric series 2 Fy(a,b;c;z) = Y oo “)’“(b)"x and the equality (1); = k!, we have

Ck

oo —
fA)Q+z)7t ( xt )
B.(f,z)=(n—1 S SR (nn+1;1; ————— | dt.
(fia) = (n )/O [(T+a)d+opr> t\™" (1 +2)(1+1)
Now using 2 F1(a, b; ¢;x) = o2 F1(b, a; ¢; ) and applying Pfaff-Kummer transformation,
oF1(a,b;c2) = (1 —x) %9 F1(a,c— b; ¢ Ll)’

we have

fOA+2x)~ —uxt
(7)) = Fi(n,—n;1; ——)dt. 1.2
Bu(r) = =) [ IO o, i1 ) (12)
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which is another from of the operator (1.1) in terms of hypergeometric functions.
The Stancu type generalization of Bernstein operators was given in [18].
For 0 < a < B, we propose the Stancu type generalization of modified-Beta operators,

xt

—2F (n, -n;1; _) dt. (1.3)

1+z+t¢

Bh.og(f,x) = (n_l)/o“’f (nt+a) ((1+:c)—1

n+p8 ) (1+z+1t)

As a special case if @« = 8 = 0, the operators (1.3) reduce to modified Beta operators defined in (1.1). Let us
consider

C4[0,00) = {f € C[0,00) : f(t) = O(t"),7 > 0O}.

The operators By,  g(f, x) are well defined for f € C,[0, 00). In the year 2009, Maheshwari and Gupta [17] studied
rate of approximation and weighted approximation of modified Beta operators. Gupta et al. [9] introduced some
direct results in simultaneous approximation for Baskakov-Durrmeyer-Stancu operators and Finta [3] obtained
a new type of Baskakov- Durrmeyer operators by taking the weight function of Beta operators. In the present
paper, we establish moments of modified Beta Stancu operators using the technique of hypergeometric series.
Next, we study Voronovkaja type asymptotic formula and an estimation of error in simultaneous approximation
for the MBS operators.

2. Moment estimation and auxiliary results

In this section, we establish certain lemmas which will be useful for the proof of our main theorems.
Lemma 1. Forn € N and r > —1, we have

Pn—r—1)I(r+1)
I'(n)

B,(t",z) =(n—1) (14+2)"2Fy (n, —r;1; 1_1;96) . (2.1)

Moreover
(n—r—2)(n+r)! ey on=—r=2n+r-10"
nl(n —2)! v nl(n — 2)! *

By(t",x) = +0(n™?) (2.2)
Proof: Taking f(t) =t" and t = (1 + x)u, by using Pfaff-Kummer transformation in (1.2), we have

B, (t", x)

. < (1+z)u” N (n)p(—n)p (—2(1 4 z)u)k "
-1 | o0l 2 WP (a0

> (n)p(—n oo yrtk
= (n-1) ()r(=n)x )’“(—x)’“(1+x)r—”/0 ( .

—d
1+ uynth

= =) 3 P o 1 0 B e L= )

= o3 O gy gy H DT 221

Again taking '(n+ k+ 1) =T'(n+ 1)(n+ 1), we get

Fr+ 1) +)l'(n—r—-1)

Bult'a) = (=13 P o1 oy
k=0

A Y SR B Gl DL (Ul il i (=n)k(r + 1)

L(n) =
= (n=-1)Q+x)"" L+ 1)11:((;1) r-1 o (—n,r+1;1; —x)

Using Pfaff- Kummer transformation, we get
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B,(t",z) = (n—1)1 +x)TW2F1 ( r14m; 1 _1)
_ r!(n(n—j; 2)! ,i (—T)z(clgt): Dk gyt
- (T!)jfffn_rzy = i ( @/j)!]zi);!y L
B = @ ;!(nQE!(;)Li D, a2 n!z!(_n;)r!r “Dlrt o)

Lemma 2. For 0 < a < f3, we have

Bpap(t",z) =
» n" (n+r)ln—r—-2)

T BT nlln—2)

1| o n" (n+r—1Yn—-—r—-2)! 't (4 —1D(n—r—1)!
i {r (n+B)" nl(n — 2)! +ra(n+6) nl(n — 2)! }

I 12 nt (n4+r—-2)n—r—1D! rr—1a®> n"2 (n+r—2)n-—r)!
+z {7‘(7“ 1) (n+ B nl(n —2)! 2 (n+ B)" nl(n —2)! }

+0(n™?).

Proof: By using Binomial theorem, the relation between operators (1.2) and (1.3) can be defined as

r = nt + «
Bn,a,ﬁ(t ,ZL’) = (nf ]-)an,k( pnk ( )
k=0

<n—1>§bn,k<x>/o Pt Z( )%dt
£(1) s

Jj=0

Applying this on (2.2), we get the required result.
Lemma 3. [8] For m € N |J{0}, if

1 k "
== bus(x) ( ) —m) .
n i~ n
then there exists the following recurrence relation

(n+ 1)Tn,m+1(x) =z(l+ w)[Tv/z,m(x) + an,mfl(x)]-

Consequently,

(1) T,,m(x) are polynomials in = of degree at most m.
(2) T (x) = O(n= (D721 “where [a] denotes the integral part of c.

Lemma 4. We define the central moments as

o) = Bl (6= )70) = (2] 2 bae) [ st (355 ) o meNO)

n+p

We have the following recurrence relation, for n > m + 1.

(n=m=2) (") Toia0) = 51+ DT (o) + 1T o)
+ [(m+nx+1+x)+ (”;:6) (nj‘_ﬁ—x> (n—2m—2)] Tpm(2)

()b ) (i
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We can obtain first three moments as T, o(x) =1, T 1(z) = z[3n+ﬁ((§;g))(+nn—+2§é(n72)]’

T, ox) = 222n2(n +7) — n?B(7 —n) + nB(nB — 58 + 18 + 632
’ (n+p8)?*(n—2)(n-3)
L7 [2n2(n+5) + 2n’a(5 — 2n) — 2n2B(1 + a) + 2n(5a8 + 38 — 9a) — 12a4]
(n+8)*(n—2)(n—3)
2n? + na(a + 2) — na(5a + 6) + 6a2
(n+8)*(n—2)(n—3)
From the recurrence relation, it is easily verified that for all x € [0, 00), we have

Ty (z) = O(nf[(m+1)/2]).

Proof: T, o(xz) = 1 (by the definition of the operators (1.3)). For the proof of other moments we follow the
recurrence relation. Now we prove the recurrence relation as follows.
Using the identities

a(1 4 2)b), . (x) = [k = (n + 1)z]bpx(x)
t(1+t)p), (1) = (k — nt)pn (),

We have
o1 )T 0) = (M) Sl s @) [ ) (55 ) a1 )T 0
Thus

r(1+ x)[T’r/L,m(m) + an,mfl(‘r)]

_ (”;1>: (k — na)byp(x) /Ooopn,k(t) (i‘fig —x)mdt

n—1)\ — e nt + « "
< - )Zmbnyk(x)/o pn’k(t)(n—i—ﬂ x> dt
nt + «
n+p

i b so(2) /Om[(k — nt) + n(t — z)]pn.r(t) ( - x>m dt = aTnm(@)

S buste) [ a1+ 000 (M8 ) a

n+p

+ (” - 1) ibn,k(x) /OOO n(t — 2)pn i (0) (Zt:g - x)m dt — 2Ty ().

=) G

)5 ;bnk(w) [ ()
() ) () gbn,m)/omp;,k(t) (e -a)

" (njf)? [(n; 1) gbn’k@) /Ooop;,k(t) (7::;‘ —oc)m+2 dt
(75-7) <nn1)]§bn,k<x>/omp;,k<t> (22 o) o

(i) () S [ (22
(522} o252 (52

n

Now writing

We have

(L4 DT o (2) + MTy s (2)] = (



Lucky
Highlight

Lucky
Highlight

Lucky
Highlight

Lucky
Highlight

Lucky
Highlight


Prerna Maheshwari and Rupa Sharma 5

Integrating by parts and by simple computation, we get

nth

(n—m—-2)"LT, @) = (14 )T, () + M ()]

25

() (57) ()i

Lemma 5. [10] There exist the polynomials g; ; r(x) on [0,00), independent of n and k such that

—|—[(m—|—nx—|—1+a:)—|—

(z(1 + x))T%bn,k(@ = Z (n+1)"(k = (n + 1)) 5,45 (2)bn 1 ()-

3. Direct Estimates

In this section, we propose some direct results including asymptotic formula and an error estimation in
simultaneous approximation.

Theorem 1. Let f € C,[0,00) be bounded on every finite sub-interval [0,00) admitting the derivative of order
(r+2) at a fivzed x € [0,00). Let f(t) = O(t7) as t — oo for some vy > 0, then we have

hm n(B( (f x)— f(r)(x)) :r(r+2—ﬁ)f(7')(x)+[(1 —|—r+a)—l—x(2r+3—ﬁ)]f(r+1)(m)—|—x(1 +x)f(r+2)(a?),

Proof: By Taylor’s expansion of f, we have

r42
f

=2

where (t,x) — 0 as t — x and &(t,x) = 0((t — 2)°) as t — oo for some § > 0, therefore we can write,

t —2) +e(t,x)(t —x) 3

n[BY) o(f.2) — fO)(x) [Zf B ((t—2)2) — FO@) | +nB) (et 2)(t— )2, 2) = By + By

From Lemma 2, we have

r+2 3 7 . r
B, = nY. 1t )_(f”) 3 < ‘ ) (—2) B 49, 2) — nf () = &'(x)n (Bf:()w(tT,x) - r!)

pr !
+mn{(r+1)( DB 5t 2) + B, 5t @)}
e ((;f;()x!)n { (r+ 2)2(7" D 2B (17 1)+ (4 2)(—) B (7 ) + BY) (1742, m)}
I e e R e L L et

n"n+r+1)!(n—r—3)! (r+ 120"t (n+r)(n—r— 3)!7“'

R e R ) P ]
+H(r+ 1)a7”z;(i ; ;)lgz '?nr_—;))' L nf((;:") 2(;) (r + 2)2(r +1) o nr((: : /;4)):5::(; " ;ﬁ)! y
e M U e
et 1>QTE;(T5;)+!%@T_§);! " ”r“(flnjﬁf) - 22:&2 s 00420
e
(r+2)(+ 1P a4 ) n—r=3)! | (r+2)(+ D (n+r)(n+r— 2)!T!} .

(n+ B)"+2nl(n — 2)! 2(n+ B)r+2nl(n — 2)!
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The coefficients of £ (z), fO*+D(x), f"+2)(z) in the above expression are respectively r(r+2— ), (1+r+a)+
xz(2r + 3 — B8) and z(1 4+ z). Taking the limits as n — oo and by using induction hypothesis on r. To complete

the proof of the theorem, it will be enough to show that Fs — 0 as n — oco. To estimate F5 using Lemma 5, we
have

Bl<o-n) 3 (w1l an, ~ e+ Vel [ sttt a)

2itj<r
1,520

r42

¢
ntta dt.

n+p8

For a given ¢ > 0, there exist ¢ > 0 such that |e(¢t,z)| < ¢ whenever [t — x| < ¢. For |t — x| > J, since
e(t,x) — 0 as t — x, further if X is any integer A > max(y,r + 2), then we find a constant K > 0 such that

r+2
le(t, )| |2te —as‘ < K |ntte —x’ . Thus
i ; nt + o e
|Es) < (n—1)A Z (n+ 1)1 an @)k —(n+ Dz’{ Epn.k(t) —x dt
2i4j<r k=0 [t—x|<d +/B
i,7>0
nt+ « A
+/ Kpn,k(t) — dt} = E3 + E4.
t—a|>6 +5

Now applying Schwarz inequality for the integration and summation, we have

Bs| < (n—1edr Y (n+ 1" bur(@)|[k - (n+ D]l

2i4j<r k=0

1, >0
o) 2r+4 %
nt + «
k(T — dt
(/0 p’k()<n+ﬁ x) )

[N

X </Ooo pmk(t)dt)

(n—DeAr Y (n+1)™" (Z b i (@)| [k = (n + 1)x]l2j>

2i+j<r k=0
4,j20

oo o) nt + o 2r+4 %
by, o - dt | .
X (;0 7k(ac)/0 p 7k(t)(n+ﬁ :c> t>

Using Lemma 3 and Lemma 4, we get

|Bs] < (n—1)ed; Y (n+1)TLOM0?).0(n"T272) < 20(1).

2i4j<r
3,520

2

IA

For arbitrary chosen ¢, we follow that E3 = o(1). Now using Schwarz inequality for the integration and summa-
tion, Lemma 3 and Lemma 4, we get

e A
; ; t+
Bl < (= 3 0+ ) S bus@le— (el [ p(t)| B | de
2i45<r k=0 [t—z|>6 n+
i,5>0

IN

o 1/2
(n=1A2 Y (n+1)" (Z b () (k — (n + 1)x>2j>

2i4j<r k=0
,§>05

« (g b () / T pn(® (:‘ﬂ:;‘ - z> - dt)

(n—1) Z (n41)FL.OMI?).0(n=?) = O(n"+2=N/2) = o(1).

2i+j<r
1,520

1/2

Hence we get F5 — 0 as n — oo. Combining the estimates of E; and FE,, we get the required results. This
completes the proof of theorem.

Theorem 2. Let f € C,[0,00) for some v > 0 and r < m < r+ 2. If f) exist and is continuous on
(a—mn,b+mn) C[0,00), n >0, then for n sufficiently large

|BE s (h.2) = 1O (@)

S Alnf
cla,b]

e (10 1) 4 O,
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where Ay As are constants which do not depend on f and n and w(f,d) is the modulus of continuity of f on
(a=mn,b+n) and ||.|| (4 being the sup-norm on [a,b].

Proof: Using Taylor’s expansion of f, we have

D ST Ll SE il

(t — )™ x(t) + h(t, z)(1 = x()),

=0

where £ lies between ¢ and x and x(t) is the characteristic function on the interval (a —n,b+ 7).
Now

m) () |

BO, 5(f3) — FO(x) = {Zf | )BQ,L,B«t—x)l)—ﬂ”(w)}
=0 ’

(Lm0 =t

m!

+B")

n,a,3

(1= a/"x(0).)

+BT) (At 2)(1— x(1),2) =: Jy + Js + J5.

n,o,83

By using Lemma 2, we have

_ S SY@ () i @y W (= =)
o= ZZ:% i §<J>( ) dxr[ (n+p) nl(n — 2)!
n/ (n4j—1(n—j-2)!
(n+pB)7 nl(n —2)!
ni™t (n+j—1)(n— ]—1))
(n+B) nl(n — 2)!
=200 120 n!™t (n+j—2)(n—j—1)
T U0 - Ven gy nl(n - 2)!
i(j—1a? n72 (n+j-— n—
TRICR (HW( *il(fﬂ;ﬂ Dy 4 0] - 10 @),

! (5

+ja

Therefore, || J1[[, 5 < A1~ LS ¢ ||C‘a bl n~?), uniformly on [a, b].
Next, we estimate .J as

n—1\ | = e = fr @) | [nt+a "
1l < ( )Zlbn,k<x>|/o pott { | tre o wofa
k=0
nt+a m

w(fm) n—1 /°° n+B —x’ nt+ "
< 1 —
< il Z ’b )| | D k(1) + 5 nt B dt

w(fm n—1 / nt + o "o nt+a m
< br n, — ) — dt.
- m! Z Vi) Pk n+tB M n+B "

Using Schwarz inequality for integration and summation, we get
t
( )ank n+1);cv/ Prai(t) | mtao dt
0

1/2

+ 5
S(” 1)§bn,k(x)|k(n+l)x|1<o Pk (t > < p"k()@t:gm)mdt)

(n+1)7 ( ki —x2j> (( >§ Oopn,k(t)cfig—x)zmdt)

=0(n/?).0(n"™/?) = O(n(J m)/2y (3.1)

1/2
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uniformly on [a, b].
Therefore by Lemma 5 and (3.1), we get

n—1Y) «— e nt + o "
bn .k (t — dt
() S pstel [ st 55 ]
n—1 |gi.j.r ()] /Oo nt + o "
< (n+ 1)k — n 4 1)l 2nsr )1 by k(x ke (T —z| dt
(= )ZZ Vil = (o et TS (e) | pna®)|
i,7>0
|9i.5.r ()] n—1 e -/°° nt+ «a "
< 5T 11 _ 1 j .
<\ oy | () X e 0t (Stmstolt— v vat [“pusto 35 o]
,3>0 HEEY =0
1,70
=M Z (n 4 1)'0(nU=m/2) = O(n{r—m)/2), (3.2)
2i+j<r
0,520

uniformly on [a, b], where

|¢i5,r (2)]
M= sup sup —=>———.
swrizr elas) (L 2)"

1,02

Choosing § = n~'/? and applying (3.2), we obtain.

LU(f("l),n_l/Q)

- (n+ 1)i[0(n(j—m)/2) +n—1/20(n(r—m—1)/2] + O(n_m)

2i45<r
1,70

< Mon~ (r—m)/2 (f(m 71/2)'
For ¢ € [0,00)\(a —n,b+ 1), we can choose § such that |t — x| > ¢ for all z € [a,b]. Thus by Lemma 5, we get

sl <M S (1) b (@)l — (0 + >x|ﬂ'/oo°pn,k<t>|h<t,x>|.

2i4j<r
4,520

12llefapy <

For |t — x| > 4, we can find a constant K such that |h(t, z)| < K\’;f%g —x|?, where 3 is an integer > max(7y, m).
Hence applying the Schwarz inequality for both integration and summation, Lemma 3 and Lemma 4, it is easy
to show that J3 = O(n™*) for any s > 0, uniformly on [a,b]. Combining the estimates of Jy, Ja, J3, we get the
required result.
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