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Abstract

This paper deals with the problem of delay-dependent robust Hoo filtering for switched T-S
fuzzy systems with interval time-varying delays and parameter uncertainties. This represents a
novelty in this research domain since to the best of our knowledge there is no paper, in the
literature, dealing with the delay-dependent robust Heo filtering for switched T-S fuzzy systems
time-varying delays. Our attention is focused on the design of a full order filter that guarantees
the filtering error system to be robustly stable with a prescribed Hoo performance. By choosing
a new Lyapunov function and using the convexity property, new sufficient conditions are
derived for stability robustness of the filtering error systems and are expressed in terms of
linear matrix inequalities. Finally, three examples are provided to demonstrate the effectiveness

and the superiority of the proposed design methods.

Keywords: T-S fuzzy systems; switched systems; interval time-delay systems; Hoo filter; linear
matrix inequality (LMI).

1. Introduction:

Over the past few years, the state estimation of dynamic systems has been extensively
investigated [1, 2 and 3]. Compared with the traditional Kalman filtering, the H, filter
technique has several advantages. First, the noise sources in the H, filtering setting are
arbitrary signals with bounded energy or average power, and no exact statistics are required to
be known [4]. Second, the H,, filter has been shown to be much more robust to parameter
uncertainty in a control system. This advantage renders the H, filtering approach very

appropriate in some pratical applications. The L, — L, filtering technique is used in [5, 6].
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In recent years, T-S fuzzy model approach has been extended to H,, filter or controller design
[7, 8 and 9]. The problem of delay dependent robust H, filtering for T-S fuzzy time delay
systems with exponential stability was studied in [10]. In [11] the Hoo filtering of time-delay T-
S fuzzy systems was addressed by employing a piecewise Lyapunov-Krasovskii functional. In
the case when parameter uncertainty appears in T-S fuzzy system, the robust stability H,, filter
for a class of Takagi-Sugeno (T-S) fuzzy descriptor was addressed in [12].

Many practical models in manufacturing, communication networks, automotive engine control,
chemical processes etc can be described by switched models [13-15]. The idea of switching
controller is introduced in order to overcome the shortcomings of the single controller and
improve system performance [16-18]. Some methods have been used in the study of switched
systems such as the multiple Lyapunov function [19]. Controller switching strategy is also
motivated by increasing performance requirements in control, especially in the presence of
large uncertainties or disturbances [20]. In [21], the exponential stability and guaranteed cost of
switched linear systems with mixed varying delays are studied. A few results are encountered
in the literature for T-S fuzzy switched systems with time delays. The delay dependent
exponential stability is studied for systems with norm bounded uncertainties in [22], and in [23]
the stability robustness of T-S fuzzy systems with two additive time varying delays is
investigated by using the free weighting matrices approach. In addition, the state estimation
problem has been investigated for switched systems with different performance indexes
including Heo filtering design [24, 25], Sufficient conditions for the existence of the filter
parameters are derived by introducing slack variables to eliminate the cross coupling of system
matrices and Lyapunov matrices and formulated in terms of LMIs [24]. In [25], Heo filtering
design is developed by using switched Lyapunov functional approach for discrete time
switched systems with time delay. In [26], the problem of exponential Heo filtering for a class
of continuous-time switched linear system with interval time-varying delay are studied based
on the free-weighting matrix approach. Although we have cited many references dealing with
Hoo filtering and stability, the problem of delay-dependent robust Heo filtering for T-S fuzzy
switched systems with interval time delays has not been investigated.

For uncertain switched T-S fuzzy time delay systems, this paper discusses the design methods
of delay dependent robust Heo filter. The parameter uncertainties are assumed to be time
varying but norm-bounded. The delay is time-varying with bounded magnitude and time
derivative. Based on Lyapunov-Krasovskii approach, we propose a design method of a filter
that makes the filtering error dynamics asymptotically stable for all admissible uncertainties

and achieves a prescribed Hoo norm performance level. Sufficient conditions for the existence



of the filter are derived and formulated in terms of LMIs. Finally, three numerical examples are

given to show the effectiveness and the superiority of the proposed design methods.

2. Preliminaries and Problem Formulation:
Consider a class of switched systems with T-S fuzzy subsystems as follows
REIf n, (O is Wi, n, (1) is Wi, ... ,ng(t) is Wi
Then
(%O = (Ao + 8Aig(0)x(O) + (Adio + AAgio(0)x(t = T(D) + (Buic + ABuwio (D)) w(0)
4 y(®) = (Cis + ACio()x(D) + (Caic + ACaio(D)x(t — T(V) + (Dwic + ADwic() 03 (t)

Z(t) = (Lic + ALic(t))X(t) + (Ldio + ALdiG(t))X(t - T(t)) + (Gwic + AGwio(t))w(t)
L x() =) te[-hy,0] i=1,...,r (2.1)

Where x(t) €R™ is the state vector; o(t) € RP is the disturbance input vector that belongs to L,
[0,0); y(t) € R™ is the measured output vector, z(t) € R? is the signal vector to be estimated, ¢
eC([-hy,, 0], R") is a compatible vector-valued initial function, with norm
| bll=supge[—ny, o1 llPO) . n, (1), n,(D),... n (t) are the premise variables and W LI=1,...,s are
the fuzzy sets. r is the number of IF-THEN rules, the piecewise constant function ¢ denoting
o(t): [0, ©) = F= {1,...,N} is a switching signal to specify, at each time instant t, the index ¢ €
F of the active subsystem, i.e. ¢ = j means that the j™ subsystem is activated. In this case, the
system matrices are denoted Aj; ,Agij, Boij, Cij» Caijy Doij» Lij» Laij and G5 for constant matrices
and, AA;j(t), AAg;i(t), ABy;(t), AC;(t), ACg;(t), ADy,;(t), ALj(t), ALg;i(t), AGy;(t) for
parameter uncertainties, which are assumed to be of the form:

[AAjj(t)  AAgj(t)  ABgi ()] = DyyjFyj (1) [Evoj  E11ij  E1zij]

[AC;;(t) ACq;(t) ADii(t)] = DyyFy (t) [Ezoij  E21ij  Ezz] (2.2)
[ALij(t) ALgij(t) AGwii()] = D3y; Fyj () [Esoij  Esz1ij  Eszgl,

where Eqi5, E11ijs E12ij, E20ij» E21ij» E22ij» Ez0ij» Es1ij» E32ij» Daij» D2ij and Dg;; are known
constant matrices with appropriate dimensions, Fj; (t) are unknown time-varying matrices with
Lebesgue measurable elements bounded by:

FE(t) Fyy(D) <1 (2.3)
1(t) is a bounded time varying delay, assumed to be differentiable, t©(t) = d, and satisfies:

0< h, < t(t) < hy

d, <d<d, (2.4)
By using the center-average defuzzifier, product inference and singleton fuzzifier, the global

dynamics of T-S fuzzy system (2.1) can be inferred as



(%(0) = 2y m ) [ (A5 + 8450 x(0) + (Agy + AAg;(®)) x(t — () + (Buij + ABuij(®) ) ()]
) y(®) = Xi— 1(m®) [(Cij + AC;; (t)) x(t) + (Cgjj + ACq;;(D)x(t — T(©) + (Doyij + ADwij(t))w(t)]
z(t) = Yi=1 i(n (D) [(Lij + AL;; (t)) x(t) + (Lgij + ALgij (D)x(t — ©(©)) + (Goyij + AGei; (t))u)(t)]

\ x(t) = d(t) t € [-hy, 0] (2.5)
Where y; (n (t) = wi(n®)/Zi=; wi(n(©) . wi ((®)=IT5=1 W} (nv(t))

wi (nv(t)) is the grade of the membership function of n_(t) in W1, some basic properties of

w () are: w; (n (1)) 20, Xy m((®) =1.
In this paper, we consider the following fuzzy filter:

X() = X, () [AgR(D) + Bgiy(D)]
{i(t) = Y k() [CiR(D + Dy (D] (2.6)

R(0)=0

Where X(t)e R™ is the filter state, Z(t)e R is the estimation vector of z(t) in fuzzy system
(2.1), Agij, Bgij, Cij and Dg;; are the filter matrices with appropriate dimensions, which are to be
designed.

From (2.5) and (2.6), we can obtain the filtering error system:

J[ X(0) = (B + 0K (9) K(0) + (Ag + ARy (0)X(t = 1(1)) + (Buy + ABj(1)) w0(®)

e(®) = (G + A (®) %() + ( Ly + ATqIK(t — () + (Duyj + AD oy () ()
(1) = [®T(t) 0]7, vt € [—hy,0], (2.7)

Where X(t):=col {x(t) X(t)}, e(t):=z(t) - 2(t)
~ wr ; Ajj 071
AR wi(n®) Zieq (n(®) [Bﬁjck]. Aﬁj] ’
—wr . Agj 07,
Ry=Eio () Zhea 1) [, & o]
~ r r Bwi' 0 .
S INHCIO) - SRR CION] Mo
G=Xis mi(n(®) Tieq (M) Ly = DrjCij —Cryl;
Cqj=2i=1 ti(n(®) The1 (M (®) [Laij — PijCaii] ;
Dui=Xi=1 mi(n(®) Xk=1 m(n(®)[Gwij — DeijDoki] ;

A (©) ol_
BjACK;(D) Of

(2.8)

And AKj(D) = Zi_; mi(n(®) Zk=1 (D) [



B AAg;® 0
AAG(O=Xi=1 (D) k=1 ki ((D)) IBﬁjAcdk,- ® Ol;

By 0= (10 Zhca i 00) [ ) o]
AG;(D=Xi_; ki(n(®) Ty t(n(®)[AL;(6) — D AC(1) 0] ;
ACq;(D=Zi_1 mi(n(®) Tho1 i ((®))[ALgi (1) — DgiACqkj ()] ; (2.9)
AD (=21 ti(n(®) Tkeq i (M) [AGai () = Diij AD (D)1 ;
The robust Hoo filtering problem to be addressed in this paper is formulated as follows:
Given the switched T-S fuzzy time-delay system (2.5) and a prescribed level of noise
attenuation y > 0, determine a filter in the form of (2.6) such that the following requirements are
satisfied:
(a) The system (2.7) with w (t) = 0 is asymptotically stable,
(b) Under zero initial conditions, for any nonzero o (t) € L, [0, ) and all admissible
uncertainties, (2.7) satisfies
llellz < vllo®ll2 (2.10)
The following lemmas will be useful are introduced.
Lemma 2.2 [27]: LetQ =QT, Q, E, and F (t) satisfying FT(t)F(t) <l are appropriately
dimensioned matrices, the following inequality:
Q+ QFME+ETFT(H)QT <0

Is true, if and only if the following inequality holds for any scalar € > 0

Q+ ¢ 1Q0T+eETE< 0
Lemma 2.3 [28]: For any two matrices X and Y, we have

XTY + YTX < eXTX + e71YTY

Where X € R™*" Y eR™*" | and ¢ is any positive constant.

3. Fuzzy H, performance analysis:

In this section, we propose sufficient stability criteria with an Hoo norm bound performance

index for the filter error system (2.10).
Remark 3.1. The nominal system of (2.7), i.e., 44;;(t) = AAg;j()=4B,;;(t) = ACy;(t) =
ACqyj(t) = ADyyj(t) = AL;j(t) = ALg;j(t) = AG,,;;(t) = 0 is reduced to the system as follows

x(t) = 4;%(6) + A %(t — (©)) + B, jw(0)

e(t) = C;x(t) + Cy;x(¢ —7(t)) + D, w(t) (3.1)
x(t) = [@T(t) 0], vt € [—hy, 0]



Where 4;,4,4j, B,;,C;,Cq; and D,,; are defined in (2.8). In this case, we investigate the

asysmptotic stability and we can state the following theorem

Theorem 3.1 :Given scalars 0 < h, < hy,, d; < d, and y>0, the filter error system (3.1), is

asymptotically stable and has a prescribed H,, performance level vy, for all differentiable delay
. . .. .. ) P, P
T (t) €[ hy, hy] if there exist positive definite matrices Ry, Ry, @y, @1, P = [*1 PZ],Rd,Pd and
3

real matrices y,q, (p = 1,2; ¢ = 1,2, ...,6) with appropriate dimensions such that the following
LMIs (3.2) are feasible where d = d,, or d,

[T + [=I5Qaly + Anxply + A5 x5] ha¥i5Q0  8nY5Q0 Anxp Y3j]

2o = | * * —Q, 0 0 [<0 (3.2
| * * * _Ql 0
l * * * * —]J
Where
T,
(P11 P12 Qo 0 P15j P16; |
* Qa2 0 0 P25j P26]
s ¢ Re-RAR-Q- 0 0 0
* * * —R; — Q31— Paq Qx 0
* * * * —(1—-d)(Ry — Py) — 20, 0
| * * * * * —]/21_

@11 = P1Ayj + A[jPy + PoByiiCyj + Ci;BfiiP] + Ro-Qq

@12j = PAsij + AL P; + Cy;Bf;Ps; ©22j=P3Agpij + AL Ps
©15j = P1Agij + Py BrijCayj; P25 = P] Agij + P3Bpi;Cax; (3.3)
®16j = P1Buij + P2BpijDy;; P26j = P3 Byij + P3Byi Dy

L=[0 0 0 —-I I 0o; ,=[0 0 I 0 —I O]
Xpi={Xp1 Xp2 Xps Xpa Xp5 Xp6} p=12
Y,j=1[4; 0 0 0 Aaj Buwy] (3.4)
Ysj = [Lj = DpijCj —Crij O 0 Laij = DrijCarj  Guij = DrijDoki]

Proof: We introduce the following Lyapunov Krasovskii functional:

V(t, %) =V, (t, %) + Vi (t, x¢) (3.5)

Where %, denotes the function X(s) defined on [t-h,, t],



V,(t, %) = " (t)Px(t) (3.6)

Vn(t, x¢) = ft XT(S) Rox(s)d5+f " T (s) RAX(S)dSJff (?) xT(s) Rgx(s)ds+ (3.7)

ftt hr(t) xT(s) Pyx(s)ds+h, f ft+9 x"(s) Qox(s)dsdd + Ay, [, fta ft+9 xT(s) Qx(s)dsd6

Where R;, Q;, Ry, Ry, Py, Qo, and P:[ *1 PZ] are symmetric positive definite matrices with
3

appropriate dimensions and 4, = hy, — h,.
Let,
E=col{x(t) %(t) x(t—hy) x(t—hy) x(t—1()) w(t)} (3.8)

Then, the error system (2.7) can be written as,

r" r r Y.l
J £(0) = Xl 10) B (1) |, 2

le() = X 1w ((®) Zicy m (D) ¥35E
L£(t) = [@7(t) 0]
Where Y, ; are defined in (3.4) and Y == [Bf;;Ck; Asij 0 0 BrijCakj BrijDuk;].

(3.9)

Using the expressions in (3.5) and taking the time-derivative of V(t,X;) along the solution of
(3.1) we obtain
(6, 50) = 2211, (1) By MO 7 P ] (310)

Va(t,xe) = xT(O)Rox(t) — x7(t — hg)Ro x(t — hg) + xT(t — h) Ry x(t — hy)

—xT(t — hy)Ry x(t — hy) + xT(t — hy) Ry x(t — hy)- (L-d)xT(t — 7(t)) Ry x(t — T(t))

+ (L-d)x"(t — T(t)) Pg x(t — 7(t)) — x7(t — hy) Py x(t — hp) + hgx" (¢) Qox(t) —

ha Ji_p X7 ($)Qu¥(S)ds + A2AT(6) Qax(t) = An f, " 27 () Qa(s)ds (311)
Since t (t)€ [hy, hy], We define p (t) = (hy — ©(t))/An, An = hy — hy, and we use lemma 2.3.
The following inequalities are obtained,

C 0. 0 | x(8)
oSt @e@as <[ F 70 %[5 ) (312
A [ 3 T(s)@x(s)ds-—ahﬂ T ©)Que(s)ds —ay [N &7 ()Qak(s)ds
(hb—ra))ft s T(s)@x(s)ds (T(®)- ha) [}y 57 ()Qa(s)ds
— (1= p(®) ff‘,f“)st)w(s)ds — PO J, 5 AT ()Qax(s)ds
x(t - ha) Qx 0 x(t - ha)
< | x(t—hy) [ —0Qx ] x(t — hy)
x(t —1(t)) * _ZQA x(t — (1))



-(1—p(1) A ft T(t) xT(s)Qx(s)ds- p(t) Ay ft T(t) xT(s)Qx(s)ds (3.13)
In addition, by the Leibniz- Newton formula, the following equations are true for any real

matrices x,q, P= 1, 2; =1, 2,..., 6 with appropriate dimensions:
0=22,(1-p(®))¢ xx [x(t —7(t) —x(t—hy) = [,_, x(s)ds],
0= 22,p() 2 [%(t = he) — x(t —T(®)) = [ x<s)ds], (3.14)

Xp = COl{Xpl Xp2  Xp3 Xps  Xps Xp6}1
Tacking account of (3.10)-(3.12) and (3.13)-(3.14), we can write,

t—t(t)

V(20 — v Qo® < ) w@©) ) m0©) € My
i=1 k=1

t— r(t)

= L= p@®) [, G + TR (X1 § + Qax(s))ds —

An p(0)) ft_‘,(‘;)@TxZ +i7()Q2) Q5 (§§ +

gAxs)ds} (3.15)
Where

= (1 - p(®)Ty + p(DITyy,

n;,lk- = M}, + [~ IZQaly + Anxp + Sulb x5 | +h2YE QoY 82V EQaYs, + 2245 Q5 0, (3.16)
With x,, (p = 1,2), Hlk, I; and I, are defined in (3.3).
Notice that, since @, > 0, p (t) € [0,1], (3.15) implies the following:
V(t,x) =y (o) < 3 mm®) Zie; n0(©)) §M4;E (3.17)

Due to p (t) € [0,1], My <0 if T/

»ik < 0,p=1,2.

Applying the Schur Complement 117

i < 0'is equivalent to the following LMIs:

I, + [~ 15 Qaly + Anxply + A5 x5 RoYEQ0  AY5Qs 6hxp]

‘I’J — * _QO 0 0 = .
pik — [ . . —0, J < 0,p=1,2(3.18)
* * * —Q;
And ¥, < 0 leads for d = d; or d, , to the following:
Wi = Youel _, <071=1,2 (3.19)
Notice that
IIUJ __dp—d lejl d—dq 1;112 (320)

pik — dy—dq plk d,—d, Pik



Therefore, the LMIs (3.19) imply (3.18), and lPJik isconvex ind € [d4,d,], for p=1,2.
Consequently, if the two LMIs (3.18) are feasible, then I1;; < 0. It follows from (3.17) that
Vit,x) — 2T (Dw(t) <0
From the above analysis, it can be easily seen that the asymptotic stability of the error system

can be obtained for w(t) = 0, thatis V(t,x,) < 0.

Next, assuming that X(t) = 0, for all t € [—h,,, 0], we prove that for prescribed performance
level y>0, the Hoo performance |le|l, < yllw(t)]|, is guaranteed for all nonzero w(t) €
L,[0, ).

Since X_; w(m(1) = 1, we can write e”(t)e(t) = X, (D) iy v, 1(0) §7Y55Y55¢, and
(3.17) lead to the following,

V(t,x) < Ty k() Thoy () €74, — eT(De(t) + v  (Hw ()}, (3.21)
Where

ﬁdj = (1 - p(t))ﬁljik + P(t)ﬁgik

Iy = I+ [~I5Qal, + Ay + Anlf X5 |+R2Y Qo Vs A2V Qa Yy + AR X0 Qi xp+Yd Vs

(3.22)
If the condition (3.2) holds, then by using the Schur Complement we obtain ﬁ;ik <0 for

p=1,2 and consequently ﬁdj < 0 because of p(t) € [0,1]. In the same way as above, we can

show that ’ijik < 0,(p = 1,2) arealso convex in d € [d4,d;]. Thus, we have,
V(t,x) < —eT()e(t) + y?oT (H)w(t) (3.23)

Integrating both sides of (3.23) from 0 to o on t, and considering the zero initial condition, we

obtains
Jy e"@e® <y [; 0" (Ow(®) (3.24)
Thatis [lell; < yllwll2
Let 5] = M), — ITQalp + Anxply + Ml xh; £ = [Ra¥(jQ0 2Y5Q0 Ante YV5;
0 = diag (Q0, Q2 Q1. 1% 6] = £/ + £1G7157"; and,
S] — {(XT, yT, ZT, uT, UT, qT)T/(xT, yT’ ZT, uT, UT, qT)@l] (XT, yT’ ZT, uT' UT, qT)T < 0}
Then UJI-V=1 S; = R5*P /{0}. Construct the following sets:
$1=5,85=5-S,...,
Si=8;—VUj1Sj, ... Sy = Sy U} S;

We get UL S, = R™P/{0}, 5, NS, =@ i #j (3.25)



Now we construct the switching rule SR as,
o =jwhen &= (xT (), R7(£), x" (t — hy), xT(t — hp), x"(t — D), 0" ()" €S, j€ {1,2,,...N}.

So, when ¢ € S_j the j* subsystem is activated. This completes the proof. [

Remark 3.2: Theorem 3.1 presents a sufficient condition of asymptotic stability of the error
system with time delay and guarantees an Hoo norm bound performance level y. If we consider
the non switched system of (3.1), our result reduces to that obtained in [31]. Clearly, the results
of [31] cannot be used for switched fuzzy systems . This shows that our results may be viewed
a generalization of the results of [31].

Next, we will investigate the system subject to the uncertainties. In this case we are interested

with the robust stability and a criterion is stated in the following corollary.

Corollary 3.1 : Given a scalars 0 < h, < h;, d; < d, and y>0, the filtering error system

(2.7) is robustly stable with a prescribed H,, performance level y , for all differentiable delay
. . . .. . P, P

1(t) €[ hy, hy], if there exist positive definite matrices Ry, Ry, Qo Q4 P = [*1 PZ], Ry, Py,
3

real matrices X,,, (p = 1,2;q = 1,2,...,6) with appropriate dimensions, and positive scalars
&1, &, €5 such that the following LMlIs are feasible where d = d, d,

s/ H, U, H, &U, Hs &Us]

pik
x —gl 0 0 0 0 0
. * * —&1 0 0 0 0
D=l o« o« -5l 0 0 0 [<0 (3.26)
* * * * —&1 0 0
* * * * * —&3l 0
* * * * * * —&3l ]

Where Z;ikare define in (3.2), (3.3), (3.4) and

H, = [DI;P, DI;P 0 0 0 0 hoDl;Qo 6,DI;Q:s 0 0]

H, = [D},;B;P] DIBfyPs 0 0 0 0 0 0 0 —DJ;Df]

H;=[0 0 0 0 0 0 0 0 0 DI (3.27)
U =[Ewij 0 0 0 Ekiij Exz;j 0 0 0 0]7,

Proof: Replacing A;j, Agij, Byijs » Ckjs Cakj» Dowkj» Lij» Laij and G;; by A;j +44;;(t),

Agij + 444 (0), Byij + AByij(0), Cyj + AC;(t), Caxj + ACarj(t), Dyij + ADyy; (),

Lij + AL;j(t), Lgij + ALg;j(t) and G + AG,;;(t) in (3.2) respectively, using lemma 2.2,
lemma 2.3 and by Schur Complement we obtain the LMI defined in (3.26).



This completes the proof. [

4. Fuzzy Hoo filter design:

In the sequel, the following theorem provides sufficient conditions for the existence of a filter
in the form (2.6) assuring an Hoo performance for system (3.1) and shows how to determine the

parameter matrices of the filter.

Theorem 4.1 : Given scalars 0 < h, < hy,, d; < d, and y>0, the filter error system (3.1), ,
is asymptotically stable and has a prescribed H,, performance level vy, for all differentiable
delay 7 (t) €[ hy, hp] if there exist positive definite matrices P;, U, Ry, Ry, Qo Qa, P, Ry,
and real matrices Nyij, Npij, N3jj, Naij, (i=1,..,rj=1,..,N), and
X5 =col{xby Xp2 Xpz Xpa Xps Xped (P =12i=1,..,7), with appropriate

dimensions such that the following LMIs are feasible where d = d4, d,

i. U-P, <0 (4.1)
ii. H,’,'(m, n) =
ey . . T T . T
[Mn + [=15Qalp + 20y Ty + A5 RpT] ha(V}) Q0 An(Y1}) Q1 nityt (V}) ]
* x —0; 0 o [<©
I * * * _Ql 0 I
l * * * * -1 J
(4.2)
Where
M
[P11j  P12j Qo 0 P15 P16; ]
* ‘/3221' 0 0 @25j @26j
_| * * Rg—Ro+Ry—0Qo—0Qx 0 ) 0
* * * _Rﬂ — Qﬂ —_ Pd Q/‘l O
* * * * —(1-d)(Ry—Py) — 20, 0
| % * * * * —y2I]

P11j = P1Amj + AL jPy + NopjCrj + Cr N3 i + Ro-Q

P12j = Ninj + Al ;U + CyiN, s @22;=Ninj + Niy;
P15j = P1Agm + NopjCamjs P25j = UAgmj + NopjCrj (4.3)
@16j = Plemj + NanDwmj; ¢Z6j = Umej + NanDwmj

Y= [Am; 0 0 0 Awmj Bumj]



Y% = [Lymj = NanjCmj —Nanj O 0 Lamj = NanjCamj  Gwmj = NanjDwm]
Moreover, the filter matrices can be constructed by
Agij = NyjjU™Y, Brij = Npyj, Crij = N3jjU ™, Dy = Ny (i=1.2,...155=1,2,...,N) (4.4)

Proof: Since U>0, there exist a nonsingular real nxn matrix P, and a real nxn matrix P; > 0
such that U=P,P; 1PI. Define,

Ji=diag {I, P;TP;,1,1,1,1,1,1,1,1%} (4.5)
Multiplying I'I; (i, k),p = 1,2 defined in (4.2) by JT on the left and by J on the right, taking,
Xp2 = P3Py R, A = P2_1N1ijU_1P2: Bij = PglNZij: Cij = N3ijU_1P2' D;j = Ny, (4.6)

and replacing (Afu' Byij, Crij, Dgij) in Zplk ,

2 _]Tnf (i, k)] , p=1,2 (4.7)

So I'Iz{ (i,k) <O0if Zlf)ik < 0. On the other hand, it is clear from (4.1) that

defined in (3.2) by (4;;, B;;, Ci;, D;;), we obtain,

l]' l]’ l]’

1

P,-U=P, — P,P;*PI > 0. Applying Schur Complement yields [i §2]>O. Therefore, we can
3

conclude from theorem 3.1 that the filter described by,
{»‘f(t) = %11, (n(®) @D + By (D)

Z(t) = T w(n(®) €% () + Dyy (D)
Where (4

(4.8)

ij»Bij» Cij, Dy;) are defined in (4.6), guarantees the asymptotically stable with the

prescribed Hoo noise attenuation level y of the filtering error system (3.1).
Next, let x(t) = P,x(t) then from (4.8) we obtain the filter system (2.6) with the matrices
given by (4.4).
~7 —~i i AT

Now, let Zi] = Hi]k - IgQAIp + Ah)(zlolp + Ahlg)(zl) ) l] [h Yll]QO Ahy'lL]Ql Ah)(p Y31]]
Q = diag {Qo, Q2 Q. 1}, 0} = £+ £5,0718},, and

Sj — {(x ,yT ZT uT 1.7 qT)T/(XT,yT,ZT,uT, UT, qT)Qle (XT,yT, ZT, uT, UT, C[T)T < 0}
Then UX,; S; = R*™*?/{0}. Constructing the sets S, j=1,...,N, and the switching rule in the

same way as in the previous section completes the proof. [ ]

Remark 4.2. In theorem 4.1, the problem of constructing the matrices of the filter system of the
form (2.6) that guarantees the asymptotic stability with Heo norm bound attenuation of the error
system was investigated. The Hoo filtering problem was investigated in[30] and [26] for

switched systems and in [29] for fuzzy systems. To the best of our knowledge, the Heo filtering



problem has not been investigated for TS fuzzy switched systems. So, our approch gives an
insight into stability and Heo filtering analysis and synthesis. For lack of existence of results in
the subject studied in this paper, we will compare, through numerical examples, our approach
with that of references [26, 30] considering only switched systems, and with [29] considering

T-S fuzzy systems.

Next, similar to corollary 3.1, the main result for uncertain T-S fuzzy switched systems is
presented in the following corollary

Corollary 4.1: Given scalars 0 < h, < h;,, d; < d, and y>0, the filtering error system (2.7), is
robustly stable with a prescribed H,, performance level vy, for all time varying delays t (t) €
[ ha hp] if there exist positive definite matrices P;, U, Ry, Ry, Qo Qi Ps R4 real matrices
Niij, Nyij, N3jij, Nagj, (i=1,..,r;j=1,..,N), and
Ao =col{xty Rh2 Xhs Xpa Xps Xbel  (p=12i=1,..,7), with appropriate
dimensions, and positive scalars &;, &5, €5 such that the following LMIs are feasible where
d=d,;d,

i U-P<0 (4.9)

1) (i,k) H, &U H, &U, H; &Us]
x —ed 0 0 0 0 0
. * * —&1 0 0 0 0

I sz)fk = * * * —821 0 0 0 <0 (410)

* * * * —&,1 0 0
* * * * * —&3l 0

* * * * * * —&3l ]

Where H,f (i,k),H; and U; are defined in (4.2) and (3.27) respectively. Moreover, the filter
matrices can be constructed by (4.4).

5. Examples:

In this section, three examples are given to show the effectiveness of the proposed method and

to compare with the literature results.

Example 5.1 ([29], [30]): Consider the following time-delay fuzzy system

Rule 1: If n () is W,



Then
X() = Ay x(t) + Adllx(t - T(t)) + By11w(t)
y(t) = Cpx(t) + Cdllx(t - T(t)) + Dy11w(t)
z(t) = Ly1x(t) + Ldllx(t - T(t)) + Gy w(t)

x(t) = (t) t € [~hy, 0]

And

Rule 2:1f n,(t) is W,

Then

(X(t) = Az x(t) + Agz1x(t — 7(£)) + Byow(t)
Y(t) = Cp1x(t) + Caz1x(t — 7(£)) + Dy w ()

| z(t) = Ly x(t) + Ld21x(t - T(t)) + Gy w(t)
x(t) = d(t) t € [~hy, 0]

win = [T Dok =57 b aen = o Sl

Agz1 = [:(1)2 _(1).2]; Byi1 = [_3_2]; Byz1 = [gi] Ci1=[1 0];C;1 =[05 —0.6];
Cq11 =[-0.8 0.6]; C42; =[-0.2 1];Dy11 =0.3; D,y = —0.6;L;; =[1 —0.5];

Ly =[-02 0.3];Lg11 =[0.1 0];Lgzs = [0 0.2]; Gyy1 = 0; Gypg = 0;

Our purpose is to determine the minimum Hoo prescribed attenuation level y for which the error
system is asymptotically stable. Taking h, = 0.3, we compute y for different values of h,.
The results are summarized in Table 1. In table 2 we present the results for various values
of h, when h, = 0.2. It is clear that the results obtained with our method are better than those
obtained by applying the existing methods [29], [30].

Tablel: Minimum values of Hoo performance y for given delay h;, with h, = 0.3

h, =1 h,=0.8 h,=0.6 h,=0.5
v [29] 0.37 0.35 0.34 0.34
v [30] 0.3481 0.3405 0.3322 0.3264
v (theorem 4.1)  0.2116 0.2007 0.1853 0.1750

Table2: Minimum values of Hoo performance vy for given delay h;, with h, = 0.2

hb =1 hb=0.8 hb=0.6 hb=0'5
Y [30] 0.3307 0.3244 0.3158 0.3148
v (theorem 4.1)  0.2124 0.2014 0.1857 0.1751

For h, = 0.3, h,, = 1, the filter parameters as given as follows:



2 =[—7.9117 —3.7469]_A _ [—2.2407 —0.3109]_3 _ —0.4551]
fit 5.5546  0.9479 I"*'/21 0.0384  —1.93371' /1t 0.3802

-0.1321

Brar = | 05308 |iGr = [-7.7611  —2.3596]; Crz1 = [0.0481  —1.9574];

Example 5.2 [26]: In this example two cases are presented to demonstrate the effectiveness of
the proposed approach. Namely system with constant delay and system with time varying
delay.

Case 1: consider a time varying delay switched nominal system (3.1), where h, = 0.2,

d, = 0,d, = 0.4, y=2 with the following two subsystems

Subsystem 1 is described by
-2 0 -1 0 0
Ay = [ 0 _0.9] Aa11 = [ 0 _1];Bw11 = [1] ;Ciu=1[1 0[;Cay=1[0 1]

Dyi11=1;Li; =[1 2Lgi1=1[1 0];Gy11 =0.1;

And subsystem 2 is described by
-2 0 -1 0 -0.5
Ay = [ 0 _0_7] Az = [_1 _1]FBw12 = [ 2 ]FC12 =[0 1 Cuz =101 2];

Dyi, =1; Li; =1[2 1];Lg12 =[0 1];Gy12 =0.2;

Applying the results of [26], the maximum time delay h,, is found to be h;, = 0.6. Applying
theorem 4.1 of this paper we obtain h;, = 09030. It is easy to verify that the results in this
paper are less conservative than the ones obtained in [26]. The filter parameters are given by,
0.5513 —=7.4723]. _[—4.2492

— 3 —
A1 =107 % [0.2242 _30191f BT 11140
Cri1 = 103 x[0.1523 —2.0473];  Ds1q = —0.2272

_ 10t o [0:0948 —1.2768]. 5 _ [—3.3350
Az = 107 % [0.0408 —0.54891’ iz [—0.9112
Cr12 = 103 x [0.2306 —3.0986];  Dfy, = 0.6106

Case 2: consider a time delay switched nominal system (3.1), where h, = 0.3,d; = 0,d, =
0, y=8, with the following two subsystems

Subsystem 1 is described by
-02 0 -1 0 0

Dy11=1;Li;=[1 0];Lg11=[1 0];Gy11 =0.1;

And subsystem 2 is described by



01 0 1 0 —05
Agp = [ 0 _1]FAd12 = [ 0 _1]iBw12 = [ 1 ];C12 =[0 1];C412=1[1 0];
Dy, =1, Li; = [1 1]}Ld12 = [0 1];GW12 = 0.1;

Computing the upper bound h;, of time delay, we obtain by applying our results and those of
[26], h, =1.4270 and h;, =1 respectively. It is easy to verify that the results in this paper are

less conservative than the ones obtained in [26]. The filter parameters are given by,

Ao = F)—Z&2600 1.5006]. B = r—a2092
fin —1.2327 0.0318) 1 1.1343
Cr11 = [—1.8983 0.4018]; Dy, = 0.0290

Ao = r—LO478 (18190]_ B =|:10905
127123136 —3.5177) 127 1_0.8014

Crip = [-0.3187 —0.5311]; Dfy, = —0.6148
Example 5.3: In this section, we provide a numerical example to illustrate the developed Heo
filter design approach. The uncertain T-S fuzzy switched time-delay system is described by

two rules:
For the subsystem 1

Plant Rule 1:1f ny (t) is W;

y() = (C11 + AC11()x(t) + (Cyyy + ACq11(D)x(t — T(1)) + (Dy11 + ADy11 (1)) ()
LZ(t) = (L1 + AL11(®))x(@®) + (Lyy; + ALg11(0)x(t — 7(8)) + (Gur1 + AGy11 (D)@ (E)
X(6) = p(t) te[-hy,0] i=1,..1

IX(O = (A1 + A4, (®))x(®) + (Ag11 + 44311 (D) x(t — T(@®)) + (Bwi1 + 4B 11 (D)) w(t)

Plant Rule 2: If n (t) is W,

() = (Az1 + A421())x(t) + (Adz1 + AAa21 () x(t — T()) + (Buz1 + ABy21 (D)) w(t)
y(t) = (C21 + AC21(®))x(t) + (Cjpy + AC121 () x(t — T(1)) + (Dyy21 + ADy21 (1)) (1)

2(t) = (La1 + ALy () x(t) + (L yyy + ALgp1 (D)) x(t — T(1)) + (Gua1 + AG 21 (1)) (D)
X(@®) = ¢(t) te[=hy,0] i=1,...,7

And for the subsystem 2

Plant Rule 1:1f ny () is W;

(x(t) = (A2 + 4412(0))x(t) + (Ag1z + A1) x(t — () + (Bwiz + 4Byy12(0) )w(t)
y(t) = (C12 + AC;, (t))x(t) + (Cq12 + ACd12(t))x(t - T(t)) + (Dy1z2 + ADy,12 () w ()

lZ(t) = (L1z + Ale(t))x(t) + (La1z + ALg1 (t))x(t - T(t)) + (G2 + 4Gy12(t)) w(t)
x(t)=¢(t) te[-h,,0] i=1,...,r



Plant Rule 2: If n,(t) is W,

x(t) = (Azz + AAzz(t))x(t) + (AdZZ + AAdzz(t))x(t - T(t)) + (szz + 4By2; (t))a)(t)

y(t) = (sz + Asz(t))x(t) + (Cazz + ACq2; (t))x(t - T(t)) + (Dw2z + ADyy22 (1)) w(t)

z(t) = (Lzz + ALzz(t))x(t) + (Lazz + ALgz, (t))x(t - T(t)) + (Guzz + 4Gy (D) w(t)
x(t)=¢(t) te[-h,,0] i=1,...,r

-10

Where A;; = [107 :;] ;A = [_0.15 _01];Bw11 = [_02] ;Cii=[-1 0]

Ca11 = [0 1];Dy11 = 0.3; L1y =[-0.2 0.3]; L1z = [1 0]; Gy = —0.5;
=19 07, _r1 01. _[01. _ |

A21 - [ 0 _9] ,Ad21 - [005 _1], BW21 = [_2], C21 - [—021 0],

Caz1 = [0 1]; Dyp1 = 0.3; Ly =[-0.2 0.3]; Lgz1s = [0 1]; Gypq = —0.02;

_ [—_110 0

_1]; Byiz = [__025] ;Ci =[0 1]

-12 0
App = [_0 5 _9] s A1z
Cd12 = [1 2], DW12 = 03, L12 = [—02 03], LdlZ = [1 O], GWIZ = _015,

12

Ayp = [_0 _09] s Adazz = [—Oi);)Zl

01. _[-0.57. _ .
_1] ; Bwaz = [_0.2] Gz =0 1];
Caz2 =[1 2];Dyop = —0.6;Ly, =[—0.2 0.3]; Lgz =[0 —1]; Gyry = 0.6;

The membership functions p; and u, are given by

-1 forz; < -1 0 forz; < -1

11 11
M1 (ﬂl(t)) =3y3;1T3%4 forl|z| <1 And u,(n,(t) = Sts% for|z| <1
1 forz; > 1 1 forz; > 1

The parameter uncertainties AA;;(t), AAg4;;(t), AB,,;;(t), AC;;(t), ACy;;(t), AD,,;;(t),
AL;j(t), ALg;;(t) and AG,,;;(t), i=1,2, j=1,2 are assumed to satisfy (2.2) and (2.3) with

0
D11y = [—0.5];51011 =[0 0.3]; Ey111 =[0.2 0]; E1211 = 0.1; Dyyq = 0.8;
E3011 = [0 0.3]; Ez111 = [0.2 0]; Ez211 = 0.1; D314 = 0.002; E5q1 = [0.1 0];
0
E3111 =[0.1 0] Es211 = 0.1, D451 = [0.3]; E1021 =[0.5 0l E1121 =[0 —0.2];
Ei221 = 0.2; Dypy = 0.6; Ezpp1 = [0.5 0];Ez121 = [0 —0.2]; Epppq = 0.2
0
D33q = 0.001; E3g21 = [0.2  0]; E3121 =[0.2  0]; E3321 = —0.5; D115 = -0 5];

Ei012 = [0 0-3]iE1112 = [0-2 0]; Ei1312 = 0.1; D34, = 0.8;



Ep12 = [0 0-3]iE2112 =[0.2 0]; Ey312 = 0.1; D315, = 0.004; E5p42 = [0.1 0];
_ _ _[0 _ _
E3112 =[0.1 0]; E3p12 = —0.2; D15, = [0 3]; Ei022 =[0.5 0];E1122 = [0 —0.2];

E1222 = O'Z;DZZZ = 06, E2122 = [05 0];E2122 = [O _02], E2222 = 02»
D35, = 0.002; E3pp2 = [0.2  0]; E3122 = [0.2  0]; E3p55 = —0.2;
Given h, = 0,d, = 0,d, = 0.2 and the upper bound h;, = 4.2

The Hoo performance level is specified to be 0.9 8. Applying corollary 4.1, the filter parameters

are obtained in the following.

A = [—217.0968 ~124.6463].  , _ [0.0147
fit —14.7098 —125.13921’ 11 710.0052

Cr11 = [-3.7125 5.7636]; Dfy; =-0.0025

A _[~2831316 —67.5379]. p _[0.0038
2171 1.6472  —135.62811" 217 10.0086

Crzy = [1.0019 —10.2763]; Dy, =0.0140

A _[~138393 585614 ] ... [ 0041
f127=1_0.7136 —136.57571’ 127 [—-0.0073
Cr12 = [7.6017 —25.5315]; Df1; =-4.5541x 1073

o [—153.6803 ~20.050 1., _[—0.0102
22 —41752 —154.7375) /227 1-0.0178
Cray = [3.5613 —24.1776]; Dfp; =-0.0392

6. Conclusion:
In this paper, we have established delay dependent conditions for asymptotic stability with Hoo
norm bound attenuation level for T-S fuzzy switched systems with interval time-varying
delays. The obtained conditions are extended to cover the robust stability in the case when the
system is subject to time varying bounded perturbations. The results are expressed in terms of
LMIs whose feasibility permits us to construct the matrices of a filter and guarantees the
asymptotic or robust stability of a filtering error system. The Hoo filtering problem for the class
of uncertain T-S fuzzy switched systems with interval time-varying delays has not been
considered before. So our results are news and represent a starting point for the analysis and
synthesis in this research domain.. The obtained results are less conservative than the existing
ones. Numerical examples show the effectiveness and the less conservativeness of the proposed

method.
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