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equation Dirichlet problem with a convection term!
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Abstract: In this paper, we study the boundary behavior of solution to the singular Dirichlet problem

—div(|Vu|"2Vu) = b(x)g(u) + N Vu(z)2m=D), x €Q,
u > 0, x €,
uloa = 0,

where 2 is a bounded domain with smooth boundary in RN, A€ RRm > 1,0 < ¢ < m/(m — 1),
lim,_,o+ g(s) = 400, and b € C*(Q2), which is non-negative on 2 and may be vanishing on the boundary,
mainly, we investigate the exact asymptotic behavior of solution to the above problem.
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1 Introduction

In this paper, we plan to investigate the exact asymptotic behavior of solution to the
following problem

—div(|Vu|™"2Vu) = b(x)g(u) + A\|Vu(z)[2m=D, z € Q,
u >0, x €€, (1.1)
ulpn =0,
where Q is a bounded domain with smooth boundary in RM(N > 1), A € R,m > 1,0 <
g <m/(m—1), g satisfies
(g1) g € C((0,00),(0,00)), ¢'(s) <0 for all s > 0, lim,_,o+ g(s) = +00;
and b satisfies

(b1) b € C*(Q2) for some « € (0, 1), is non-negative in €2 and positive near the boundary
s

when m = 2, the problem (1.1) becomes
—Au =b(z)g(u) + MVul?, u>0, z€Q, ulsgg =0, (1.2)
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Problem (1.2) arises in the study of non-Newtonian fluids, boundary layer phenom-
ena for viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat
condition in electrical materials(see [1-3]).

when A = 0, problem (1.2) becomes
—Au=0b(z)g(u), u>0, 2z, ulgg =0, (1.3)
problem was discussed in a number works(see[3-5]).
When u|gn = 0 becomes u|spq = +00, problem (1.1) becomes boundary blow-up elliptic
problems
—div(|Vu|™2Vu) = b(z)g(u) + A|Vu(z)[1mD, x € (),
u >0, x €, (1.4)

ulpg = +00,

When m = 2, the above problem becomes
—Au = b(z)g(u) + N\ Vu()|?" D 2€Q, u>0, z€Q, ulgg = 400, (1.5)
many authors discussed the above problems|7-18].

In this paper, we consider the quasilinear elliptic problem (1.1). We modify the method
developed by Zhang [6] and other authors’ work, which show the exact asymptotic be-
havior of solutions near the boundary to the quasilinear problem (1.1), extend and com-
plement the results of [6] to a quasilinear elliptic problem (1.1).

Our main results are as follows:
Theorem 1.1. Let A\ € R, 0 < ¢ < 1,1 <m <2 (orq>1m > 2), b satisty (by)
g satisfy (¢1) and g € NRVZ_, with v > m — 1. Suppose that there exists a positive
non-decreasing C'-function k € NRV Z,/, with o € [0, -25 — 1) and a positive constant
by such that
(b2) limgz)—o W = by,
then the solution uy € C(2) N C*(Q) to problem (1.1) satisfies
lim —uk(x)
d(z)—0 1 (K (d(x)))

where & Y = % and o1 € C[0,a] N C?(0, a] satisfies

= &o.

w1(t) 3
/ —t t €10,a] for small a >0, (1.12)
\/mGg
t b
K(t) :/o k(s)ds, te€[0,a]; Gaft) :/t g(s)ds, te(0,b], b>0. (1.13)

Moreover, @1 € NRV Zy)(14~) and there exists yo € C(0,a] with lim,_,o+ y2(s) = 0 such

a ya(s)
that ¢, (t) = /el 570 1 e (0, q).




2 Preliminaries

In this section, we present some bases of the theory which come from Senta [19], Prelim-
inaries in Resnick [20], Introductions and the appendix in Maric [21].

Definition 2.1. A positive measurable function f defined on [a, +00), for some a > 0,
is called regularly varying at infinity with index p, written as f € RV,, if for each
¢ >0 and some p € R,

(e

lim () =&, (2.1)

In particular, when p = 0, f is called slowly varying at infinity.

Definition 2.2. A positive measurable function f defined on [a, +00), for some a > 0,
is called rapidly varying at infinity if for each p > 1

lim 1(s)

s—oo  gP

= 00. (2.2)

Clearly, if f € RV, then L(s) := f(s)/s” is slowly varying at infinity.

Proposition 2.1 (Uniform convergence theorem). If f € RV, ,then (2.1) holds uni-
formly for £ € [c1, o] with 0 < ¢; < ¢3. Moreover, if p < 0, then uniform convergence
holds on intervals of the form (ay,00) with a; > 0; if p > 0, then uniform convergence
holds on intervals (a1, oo] provided f is bounded on (ay, oo] for all a; > 0.

Proposition 2.2 (Representation theorem). A function L is slowly varying at infinity
if and only if it may be written in the form

L(s) = o(s) exp(/aj y(:)df), s> a, (2.3)

for some a; > a, where the functions ¢ and y are measurable and for s — oo, y(s) — 0,
andey(s) — co,with ¢o > 0.

We call that
2N s y(7)
L(s) =coexp( | “——=d7), s> ay, (2.4)
ap T

is normalized slowly varying at infinity and
f(s) = cos’L(s), s> ay, (2.5)

is normalized regularly varying at infinity with index p (and written as f € NRV,).

Similarly, ¢ is called normalized regularly varying at zero with index p ,written as
g€ NRVZ,ift — g(1/t) belongs to NRV,. A function f € RV, belongs to N RV, if and
only if

/
f € C*ay,00), for some a; >0, and lim sf'(s) _

s> f(s)

Proposition 2.3. If functions L, L; are slowly varying at infinity, then

(2.6)



(i) L7 for every 0 € R, c1 L + oLy (¢; > 0,¢9 > Owithey + ¢ > 0), Lo Ly
(if L1(t) — +o0 as t — +00), are also slowly varying at infinity;

(ii) for every 6§ > 0 and t — +o0,t? L(t) — 400 and t?L(t) — 0;

(iii) for p € R and t — 400, M—>Oandw—>p

Proposition 2.4. (Asymptotic behavior). If a function H is slowly varying at zero,
then for a > 0 and ¢t — 07T,

(i) [fsPH(s)ds = (B + 1)1 HPH(t), for B > —1;
(ii) [ sPH(s)ds = (=B — 1)"HFPH(t), for B < —1.
Corollary 2.1. If g satisfies (¢1) and g € NRV Z_., with v > 1,then:

(i) g(t) = 17l % 0 <t < a, y € C(0,a], limor y(s) = 0;

- . ‘ /o
(i) Timy o+ g(t) = +00 = lim, o+ Ga(t); limy o+ S5 = 0 = limy gs 22
(iii) limg_,o+ fj((f)) = Loilimy o tg(<§> S

Corollary 2.2. k in Theorem 1.1 has the following properties:

a yj(s)

(i) k(t) = t772e)e 7% 0 <t <a, g € C(0,4], limHm yi(s) =0;

(ii) limy_,o+ I,j((t)) 0; limy o+ t:;g) =0/2; hmt_>0+ =2/(2+0);

(iil) limy_,o+ k/gcg)([t{)() = limy_,o+ tk(t limy o+ 357 t) = 0/(2 +0);

3 Proofs of the main results

First we give some preliminary considerations.
Lemma 3.1. Under the assumption in Theorem 1.1:
(i) w1 € NRV Zy)(14+);

(i) (9o p1 0 K)1~ - K- k12 € RV Z with § = =talilloe

Proof. (i) We see by (2.6), the following Lemma 3.2(i) and Proposition 2.2(i) that
90/1 S NRVZ y=1)/(1+7) and lim,_,g+ tcpl(t) 2/(1 + ’y) Thus ¢, € RVZQ/(1+»Y).

(ii) follows by (i) and Proposition 2.3.
Lemma 3.2. Let g,k and ¢; be as in Theorem 1.1, then:

N q- ! (t m—1—

(1) limy_,q+ tgsoal’{((t)) — VLW;

.. . / (g—=1)(m—1)+1

(i) iy g 20 =0, g € (0,m/(m — 1)];

ceey qe ka(m=1) (\o! (K (t)))(a—1)(m—1)+1

(iii) limy_yo+ ¢ (ljféf)wg/();()(t)) =0, ¢ € (0,m/(m—1)].



Proof. We see by (1.12) and a direct calculation that

Pi(t) = {mGa(er(t),  —(L1())" 1 (t) = g(er(t), 0<t<a.

(i) It follows by Corollary 2.1 and 1'Hospital’s rule that

: P (mGapr (W) "7 _ s (mGa (1 (1))~ /g(u)
limy o+ T = lmyor 5000y = Mo 0 Tt
= —lim, ¢ [ — (m — 1) — LG
=(m—1)+mlim, o+ u;](lg) lim,,_,+ f;((g))
_ m—1—vy
y+1
/ 2 / 2 / m—2 . m u
(i) limy o+ 7(?,1,(2)) = limy o+ (wl(tl)g((j;((f)))) = lim, o+ 7_?;?5)) =0
Since limy 0+ ¢} (t) = 400, we have
. / (g—1)(m—1)+1 . / 2 ., - e
limy o+ (21(0) A = limy o+ (illll(g)) hrnt—>0Jr (90/1 (t))(q Dim-—L)+1

=0, for 0 <g<m/(m—1).
(iii) We see by Lemma 3.1(ii) and Proposition 2.1(ii) that

lim (g(p1 (K () KU E2(t) = lim PH(t) = 0,

t—0t t—0t

where H is slowly varying at zero.
For 1 <m <2, 0<q <1, it follows that

(g—1)(m—-1)+1

ka(m=1)(¢) (eo’l(K ®))
k™ (t)ey (K(¢))

o FALI0)
= limy; o+ <K(15)1<P'1'(K(t))>

imeo- (46)" (IR )0 )

=0.
Form>2,1<q¢<m/(m—1),

lim;_,o+

m—1

g+ [(9(ea (K ()7 K (k1)

(m—2)

—(g—1)(m—1)
: ¢ (K(t))
limy o+ = L(t)
k(t)

—(m=1)(g=D)[¢ (K(t))

]*(qfl)(m%)*l

= lim;_,o+ K20 - (K@)
k2(t)
—(g—1)(m—-1)—1
— 1 —m-1)(a-Dlgs ()]
= l1my_ o+ 1k OE®)
k2(t)



such that
m—2 —(m—2)

lim;_,o+ (;&%) ([9011 (K(t))](ql)(m1)>

(g=1)(m—=1)\ m—2
. 7 (K (1))
= (hmt_,0+ 1 LU

= 0.
The proof is finished.
Proof of Theorem 1.1. Let 50—(7+m—1) = 7p/bo, where

o(y+m—1)
2+0)(y—m+1)

2y = (m—1)(c = 1)]
2+0)(y—m+1)
Fix € € (0,79/4) and let

b 1/(y+m—1) b 1/(y+m—1)
615 = ( " ) ) 528 = (0)

To — 2¢€ To + 2¢

> 0.

To = > 0, 1—7=

It follows that

(250>1/(7+m—1)

2bg\ 1/ (v+m=1)
37’0 ) .

=q<@<@<&<@=(

70

Since 92 € C?, there exists a constant § € (0,dy/2) which only depends on  such
that

(i) d(z) € C*(Qs) and |[Vd| =1 0on Qs = {z € Q: d(x < )}.

(b1), (b2), corollary 2.2 and Lemma 3.2, we see that corresponding to ¢, there is
,0) sufficiently small that:

(ii) For i=1,2,

(m — DK (d(x)) K (d(x)) ¢i(s)

K@) G
Pa@) s T ) s )
AL am 1) d2) (K (d()))) D=+
T W) AWy | <5 Y e et

(iii) For x € Qs_,

& k™ (d(2))g (@1 (K (d(x)))) E k™ (d(2)) g (1 (K (d(x))))
9(§ae01 (K (d()))) 9(&1ep1 (K (d(x))))

Let e = &ieo1 (K (d(2))),  we = Lepr (K (d(2))), = €€,

(10 +¢) <b(z) <

(7-0 - 8)7



We see that for x € Q_,

<hﬂV%W2Vw)+M@ME()+AW()Wm”

= (m = D (A A )R ) + 6 (@) k) Ad)
Hm = g (<Kdu»)m1W“wu»Hw@»+wwm&meu@»»

g ()" D ()

= &2 g1 (K () (o) { grbelsGepuiiden
d

)
& 1km< d())g(io1 (K (d()))
_( m=DK (@) K(d() &4 (K (d() _
( Bda) K@@y (70 mH))
) — AV gatm 1) (d(a)) (so&(K(d(w»))(qlﬂm”“}

_ K@) K@) A g ! g
K(d(x)) K(d(@)¢] (K@) P (@) (K (@)

< 0;

I

T

i.e., u. is a supersolution of problem (1.1) in €.

and

mMVIquHM@MA)+MuUWm” }

= (m — e (@) @R + e () ) Ad)
+m = 1)gg (wnm>flw2w>wwmwwm¢@wmwmm

+&ﬁ”(<ma»0 D)

_ (2)g (Ezswl(K( <x>)>)
- 25 ( ( (d .17)))) ( (l’)) m lkm( (2)g(e1 )))) — 70
_ [ (=K [@d@) K (@) o (K a2
( R (d() K@ ey — (0 —m+1 )
_ K@) W) A gy AL ”‘m ”Wﬂ D (d(x)) (¢} (K (d(x)))@-Dn-D+1
Kd(2)) K(d(@))@; (K@) — N k7 (d(@)) P (K (d@))

> 0;

i.e., u. is a subsolution of of problem (1.1) in Q..

Let uy € C(2)NC?T*(2) be the solution to problem (1.1). We assert u.(z) < uy(z) <
ﬂs(x), Vo € Q..

In fact, denote Q5. = Qs5, U Qs , where Q5. = {& € Q5. : u.(r) < ux(z)} and
Qs ={x € Qs ru(x) > ur(z)}.

We need to show €25 = (). Assume the contrary, we see that there exists xo € Qs_
(note that u.(z) = uy(z),Vx € 09Qs_) such that

0 < u.(zo) — ur(zg) = :2%;( (us(7) — ux())



and
Vu(z9) = Vur(wo), Alu, —uy)(wo) <0

On the other hand, we see by (b;) and (g;) that :
—A(ue —ua)(@0) = b(20)(9(ue(20)) — g(ua(x0))) <0,

which is a contradiction. Hence Qs_ = 0, i.e.,u.(z) < uy(z), Vo € Qs.. In the same way,
we can see that u.(x) > uy(z), Vo € Qs,.

It follows that

. ux(x) .
. < lim inf —————— < lim su
& d(z)—0  @1(K(d(z))) ~ d)—0 P

Thus let € — 0, we see that

lim ux(2)

d(x)-0 1 (K (d(x)))

The last part of the proof follows from Lemma 3.1(i).

= &o-
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