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The results of this manuscript are elementary but may be useful for compu-
tation purpose. The following are suggestions for improvement.

In the abstract, it was mentioned that ‘In this paper, we also prove an in-
teresting ...’, meaning that the divisibility results are basically byproducts
of the main result which, as the the title suggests, is about finding remain-
der on dividing numbers. Since the authors of the manuscript are mainly
interested in the case of dividing numbers by a prime number, the reviewer
thinks that a theorem of the following type (see the Theorem below) should
be the main result of the manuscript whereas the divisibility results may
serve as corollaries of the main result. Moreover, it is ambiguous to write
N = amam−1 · · · a0 which may mean the product of the numbers am, · · · , a0.
A quick way to fix this is to add ‘(in the decimal system)’ as parenthetic
explanation.

Fact 1. Let p be a prime number. Then there is a ring homomorphism
ϕ : Z → Z/pZ, where ϕ(a) = ā is the congruent class modulo p. If f(x) =
amxm + am−1x

m−1 + · · ·+ a0 with x, am, · · · , a0 ∈ Z, then

f(x) = am · x̄m + am−1 · x̄m−1 + · · ·+ a0.

Fact 2. Let a ∈ Z and p be a prime number. Fermat’s Little Theorem says
that if gcd(a, p) = 1, then

ap−1 ≡ 1 (mod p).

Fact 3. Let p be a prime number and gcd(a, p) = 1. Then the order d of
ā in the multiplicative group (Z/pZ)× = {1̄, · · · , p− 1} satisfies d | p− 1 by
Fact 2 and Lagrange’s Theorem.

Definition. Let p be a prime not equal to 2 or 5. Let d be the order of
α := 10 in (Z/pZ)×. Then by Fact 3, one has αi+d = α. This shows that

the powers 10
i
exhibit periodic pattern of period d. If one writes 10

i
:= µi,

then µi+d = µi (for convenience, we always represents µ0 by 1).
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Example 1.

• For p = 3, one has d = 1:

namely 10
i
, i ≥ 0 has the pattern (µ0) = (1).

• For p = 7, d = 6, and (µ0, · · · , µ5) = (1, 3, 2,−1,−3,−2) (which is
(1,−4, 2,−1, 4,−2) as in the article).

• For p = 11, d = 2, and (µ0, µ1) = (1,−1).

• For p = 13, d = 6, and (µ0, · · · , µ5) = (1,−3,−4,−1, 3, 4) (which is
(1,−3, 9,−1, 3,−9) as in the article).

Example 2. Since 10 = 2 · 5, the divisibility by p = 2 or p = 5 is very
obvious. It is easy to see that the remainder for dividing N by 2 or by 5 is
given by the last digit (i.e. a0) of N .

Theorem. Let p ̸= 2, 5 be a prime number and N = amam−1 · · · a0 be a
positive integer in the decimal system, i.e.

N = am · 10m + am−1 · 10m−1 + · · ·+ a0,

where 0 ≤ a0, · · · , am ≤ 9 are integers. Then the remainder for dividing N
by p is the same as that of dividing

m∑
i=0

µi · ai = a0 + µ1a1 + · · ·+ µmam,

where µi has periodic pattern which is defined and explained above.

Proof. Writing

N = 100 · a0 + 101 · a1 + · · ·+ 10m−1 · am−1 + 10m · am

and taking congruence modulo p, it follows from Fact 1 that

N ≡ 10
0 · a0 + 10

1 · a1 + · · ·+ 10
m−1 · am−1 + 10

m · am

≡ a0 + µ1a1 + · · ·+ µm−1am−1 + µmam (mod p).
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Corollary. Let p and N be given as in the above theorem. Then p divides
N if and only if p divides

a0 + µ1a1 + · · ·+ µm−1am−1 + µmam.

Proof. Immediately.
�

Example 3. Consider N = 29397499 = 37 · 97 · 8191 and p = 37. By
direct computation, 10 is of order d = 3 in (Z/pZ)×, thus (µ0, µ1, µ2) =
(1, 10,−11). Then the number

1 · 9 + 10 · 9 + (−11) · 4 + 1 · 7 + 10 · 9 + (−11) · 3 + 1 · 9 + 10 · 2 = 148

must be divisible by 37. This is true, since 148 = 4 · 37.
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