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Demiclosed principle and A— convergence of fixed points for
total asymptotically nonexpansive mappings in hyperbolic spaces®

Abstract: In this paper, we prove the existence of fixed points and demiclosed
principle for total asymptotically nonexpansive mappings in hyperbolic spaces.
As a consequence, we obtain a A—convergence theorem for such mappings
in hyperbolic spaces. Our results improve and extend some results in the
literature.
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1. Introduction

In this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [1].
(X, d, W) is called a hyperbolic space if (X, d) is a metric space and W : X x X x[0,1] — X
is a function satisfying

(I) Ya,y,2 € X, YA€ [0,1], d(z, W(z,y,\) < (1 — N)d(z,2) + (2, y);
(II) Yo,y € X, YA, \s € [0, 1], d(W (2,5, M), W (2,5, A2)) = A — Nel - d(z, );

(III) Yo,y € X, YA€ [0,1], W(x,y,A) = W(y, z, (1 — \)):

(IV) Va,y, z,w € X, YA € [0,1], d(W(x, 2, \), W(y,w,\)) < (1 — Nd(z,y) + Ad(z, w).

If a metric space satisfies only ([), it coincides with the convex metric space introduced
by Takahashi [2]. The concept of hyperbolic space in [1] is more restrictive than the
hyperbolic type introduced by Goebel [3] since (I)—(II1) are equivalent to (X,d, W)
being a space of hyperbolic type in [3]. But it is slightly more general than the hyperbolic

*Supported by General Project of Educational Department in Sichuan (No. 13ZB0182) and Doctor Research
Foundation of Southwest University of Science and Technology (No.11zx7130)


user
Typewritten text
Original Research Article


space defined by Reich [4] (see [1]). This class of metric spaces in [1] covers all normed
linear spaces, R-trees in the sense of Tits, the Hilbert ball with the hyperbolic metric (see
[5]), Cartesian products of Hilbert balls, Hadamard manifolds (see [4], [6]) and CAT(0)
spaces in the sense of Gromov (see [7]). A thorough discussion of hyperbolic spaces and
a detailed treatment of examples can be found in [1] (see also [3]-[5]).

A hyperbolic space X is uniformly convex [8] if for u,z,y € X, r > 0 and ¢ € (0, 2]
there exists a 0 € (0, 1] such that

d (W(m, v, %m) < (1-&)r,

provided that d(z,u) <r, d(y,u) <r and d(z,y) > er.
A map n: (0,00) x (0,2] — (0, 1] is called modulus of uniform convexity if § = n(r,e)

for given r > 0. Moreover, 1 is monotone if it decreases with r (for a fixed ¢), that is,
n(re,€) < n(ry,€), Yro >r; > 0.

A subset C' of a hyperbolic space X is convex if W(z,y, \) € C for all z,y € C' and
A € ]0,1]. For any x € X, r > 0, the open (closed) ball with center z and radius 7 is
denoted by U(z,r) (respectively U(z,7)).

Let (X, d) be a metric space and let C' be a nonempty subset of X. Recall that a
mapping 7' : C — C is said to be a ({v,}, {un}, ()-total asymptotically nonexpansive
mapping if there exist nonnegative sequences {v,}, {u,} with v, = 0, p, — 0 and a
strictly increasing continuous function ¢ : [0,00) — [0, 00) with ((0) = 0 such that

d(T"z, T"y) < d(z,y) + vaC(d(z,y)) + pin, V0 > 1, 2,y € C. (1)

It is well known that each nonexpansive mapping is an asymptotically nonexpansive map-
ping and each asymptotically nonexpansive mapping is a ({v,}, {in}, ¢)-total asymptot-
ically nonexpansive mapping.

T :C — (' is said to be uniformly L-Lipschitzian if there exists a constant L > 0
such that

d(T"z, T"y) < Ld(x,y), Yn > 1, z,y € C.

Recently, Kohlenbach et al [9] proved the existence of fixed points and demiclosed
principle for asymptotically nonexpansive mappings in hyperbolic spaces. Later, Zhang
et al [10] obtained the existence of fixed points and demiclosed principle for mappings of
asymptotically nonexpansive type in hyperbolic spaces. Motivated by the recent work, our
purpose of this paper is to discuss the existence of fixed points and demiclosed principle
for total asymptotically nonexpansive mappings in hyperbolic spaces.

2. Preliminaries

Let {x,} be a bounded sequence in a hyperbolic space X. For x € X, we define

r(z,{z,}) = limsupd(z, z,).

n—o0



The asymptotic radius r({x,}) of {z,} is given by

r({z,}) = nf{r(z,{z,}) : x € X}.

The asymptotic radius ro({x,}) of {x,} with respect to C' C X is given by

re({z,}) = inf{r(z,{z,}) : z € C}.

The asymptotic center A({x,}) of {z,} is the set

A(fwn}) = {z € X or(e, {zn}) = r({za})}-

The asymptotic center Ac({x,}) of {z,} with respect to C' C X is the set

Ac({zn}) = {r € Crr(z,{zn}) = re{wn})}-

In 1976, Lim [11] introduced the concept of A— convergence in a general metric space.
Recall that a sequence {z,} in X is said to A— converge to v € X if = is the unique
asymptotic center of {u,} for every subsequence {u,} of {z,}. In this case we call x the
A— limit of {z,}.

The following lemmas are important in our paper.

Lemma 1. [9] Let (X,d, W) be a complete uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity. Then the intersection of any decreasing sequence of

nonempty bounded closed convex subsets of X is nonempty.

Lemma 2. [12] [13] Let (X,d, W) be a complete uniformly convex hyperbolic space with
monotone modulus of uniform convexity and let C' be a nonempty closed convex subset of

X. Then every bounded sequence {x,} in X has a unique asymptotic center with respect

to C.

Lemma 3. [12] Let (X,d,W) be a uniformly convex hyperbolic space with monotone
modulus of uniform convezity n. Let x € X and {a,} be a sequence in |a,b] for some
a,b € (0,1). If {x,} and {y,} are sequences in X such that limsup,, . d(z,,z) < c,
limsup,,_,o d(yn, ) < ¢ and lim, oo AW (2p, Yn, o), x) = ¢ for some ¢ > 0. Then

nh_r}r;o d(zp,yn) = 0.
Lemma 4. [1}] Let {a,}, {b,} and {c,} be sequences of nonnegative numbers such that

any1 < (L4+by)a, +cny, Vo> 1.

If S by, < oo and Y7 ¢, < 0o, then lim, o a, exists.



3. Main results

In this section, we prove our main theorems.

Theorem 1. (Ezistence of fized points for total asymptotically nonerpansive mappings
in hyperbolic spaces) Let (X,d, W) be a complete uniformly convezx hyperbolic space with
monotone modulus of uniform convezity n. Let C' be a nonempty bounded closed convex
subset of X. Then every continuous total asymptotically nonexpansive mapping T : C' —
C has a fized point.

Proof. For any y € C| let
B, = {b € R : there exist x € C and k > 1 such that d(T"y,z) < b for i > k}.

B, is nonempty since diam(C) € B,. Define 3, := inf B,. For any 6 > 0, there exists
by € B, such that by < 8, + 0. Then there exist x € C' and k£ > 1 such that
d(T'y,z) < bg < B, +0, Vi > k. (2)

It is easy to see that 3, > 0. We consider the following two cases:

Case 1. , = 0. Let ¢ > 0 and apply (2) with § = 5. Then there exist # € C' and
k > 1 such that for all 7,57 > k

d(Ty, T'y) < d(T"y, ) + d(T7y,x) < % + % =,

which implies that {T"y} is a Cauchy sequence. Assume that T% — z as i — oo for some
z € C'. By the definition of T', we obtain
d(z,T2) < d(z,T*y) +d(T*y,T"z)
= d(z,T%y) +d(T'z, T'T"y)
< d(z, T*y) +d(z, T'y) + vi((d(z, T"y)) + p; — 0 as i — oc.
Thus Tz — z as i — 0o. By the continuity of T', we get

Tz=T(limT'%) = lim T""z = 2.

1—00 1—00

Hence, z € F(T).

Case 2. 3, > 0. For any n > 1, let
C, = U | Ty, —1—1), D, =C,[)C.
UNT (ra N
Taking 6 = 1 in (2), there exist z € C, k > 1 such that z € (., U(T"y, B, + ).
Thus {D,} is a decreasing sequence of nonempty bounded closed convex subsets of X.
By Lemma 1, we have

D:= () Dy #0.

n>1



For any x € D and 6 > 0, let N > 1 be such that < . Tt follows that z € Cy and
there exists a sequence {:UN } C Cn such that hm,HOO a:N = z. Let P > 1 be such that
d(z,z)) < & for all n > P and let K > 1 be such that 2 € Nisx U(T'y, By + ). Then
for all ¢ > K , we have

d(T'y,x) < d(T'y,xp) +d(ap,2) < By + 5+ 5 < By + 0. (3)

N
Now we are in the position to prove that any point of D is a fixed point of T. Let x € D

and assume by contradiction that Tz # x. Then {T"z} does not converge to x as i — oo
and so we can find € > 0, for any mg > 1, there exists m > mg such that

d(T™z,x) > €. (4)
Without loss of generality, we assume that ¢ € (0, 2]. ,B;H € (0,2] and there exists
g, € (0,1] such that

€ By — 0,
+1, 5
n(ﬁy 5y+1) By + 0y
Taking 6 = 33’ in (3), there exists K > 1 such that
. 0
d(T"y,z) < B, + Ey’ Vi > K. (5)

By the definition of T', there exists M, such that if ¢ > M, then we have
d(T'z, T'2) < d(z,2)+v(d(z,2)) + p
< d(x,z)+ %, Va,z e C. (6)
By (4) with mg = My, there exists M > M, such that
d(TMz, x) > ¢. (7)
Let i > 1 be such that i > M + K. It follows from (5), (6) and (7) that

d(z, T'y) < B, + 2L < B, + 0

d(T"z, T'y) = d(TM:c,TMTi’My)

< d(e.Ty) 1

< By + 0y
d(TMz,z) > c 0,).
( )— ﬁy‘i_e (By )_ﬁy‘i‘l (631_'_ y)



It follows from X is uniformly convex and 7 is monotone that

1 .
AW (2, Tz, 5), T'y) < [1—n(5y+9y,#)] (By +0,)
< [1 -1 (By"‘ 17#)] (By +6y)
—0
< % ’ (5@/ + ‘9y>
= By - Qy'

Hence, there exist £k := M + K and z := W(m,TMx,%) € (' such that for all ¢ > k,
d(z,T) < B, — 0,. It implies that 8, — 6, € B,, which contradicts with 3, = inf B,,.

Thus, x € F(T). O

It is well known that one of the fundamental and celebrated results in the theory
of nonexpansive mappings is Browder’s demiclosed principle [15] which states that X
is a uniformly convex Banach space, C' is a nonempty closed convex subset of X, and
T : C — X is a nonexpansive mapping, then I — T is demiclosed at 0, i.e., for any
sequence {z,} in C if z, — x weakly and |[(I — T)z,|| — 0, then z = Tz. In the
following, we shall prove that a total asymptotically nonexpansive mapping in a complete
uniformly convex hyperbolic space X with monotone modulus of uniform convexity is
demiclosed. Let X be a hyperbolic space and let C' be a nonempty closed convex subset
of X. Let {x,} be a bounded sequence in C. In what follows, we denote it by

{z,} = wif and only if ®(w) = iné@(x),
TE
where ®(z) := limsup,,_, ., d(z,, ).

Theorem 2. (Demiclosed principle for total asymptotically nonexpansive mappings in
hyperbolic spaces) Let (X,d, W) be a complete uniformly convex hyperbolic space with
monotone nodulus of uniform convexity n. Let C' be a nonempty closed and convexr sub-
set of X. Let T : C — C be a uniformly L-Lipschitzian and ({u,},{vn},{)— total
asymptotically nonexpansive mapping. Let {x,} be a bounded sequence in C such that
lim, o0 d(2, Tx,) =0 and {x,} — p. Then we have T'(p) = p.

Proof. Since lim,,_,, d(z,, Tx,) = 0, by induction we can prove that
lim d(z,, T™xz,) = 0 for each m > 1. (8)
n—oo

In fact, it is obvious that, the conclusion is true for m = 1. Suppose the conclusion holds
for m > 1, now we prove that it is also true for m + 1. Indeed, since T is uniformly
L-Lipschitzian, we have

d(ZEn,Tm-i-lgjn) < d(xn,Tmﬂfn)+d(Tm$n,Tm+1a:n)

< d(xn, T"xy,) + Ld(zy, Tx,) — 0 as n — 0.



Thus (8) is proved. Now for each x € C' and m > 1, from (8) we have
O(x) := limsupd(z,, ) = limsup d(T"z,, x). 9)
n—oo n—o0
In (9), taking = = T™p, we get
O(T"p) = limsupd(T™x,,T™p)

n—oo

< limsupld(z,, p) + VpC(d(Zn, D)) + tim)-

n—oo
Letting m — oo and taking superior limit on the both sides, we have
limsup ®(7"'p) < @(p). (10)
m—o0
We assume by contradiction that T'p # p. Then {T™p} does not converge to p as m — oo,
so we can find g9 > 0, for any k& > 1, there exists m > k such that d(T™p,p) > &,. We

can assume &9 € (0,2]. Then z=8-— € (0,2] and there exists ¢ € (0,1] such that

€0 ®(p) — 0
1_"(@(p)+1’<b(p)+1> ST+ 0

By the definition of ® and (10), there exist Ny, M; > 1 such that

(11)

d(p, zn) < ®(p) + 0, Vn > Ny;

d(T™p, z,) < ®(p) + 0, Yn > Ny, m > M.
Besides, there exists m > M; such that

Since X is uniformly convex and 7 is monotone, by (11) we get

d(T™"p,p) > €0 = (@(p) +0).

1 €0
m, = < o < .
AT 5.0 < 1= (00 +6.50 )] - @)+ 0
P(p) — 0
7 (p 0
STy (80 +6)
= O(p) — 6.
Hence z := W (p, T™p, %) € C and z # p, which contradicts ®(p) = inf,cc (z). Thus
Tp=np. ]

Theorem 3. Let C' be a nonempty closed and convex subset of a complete uniformly con-
vex hyperbolic space X with monotone modulus of uniform convexity n. Let T; : C' — C,
i = 1,2, be uniformly L-Lipschitzian and ({w(f)}, {,ugf)},((i))—total asymptotically nonex-
pansive mappings. Suppose that F(Ty) (" F(Ty) # (. For arbitrarily chosen x1 € C, {x,}
1s defined as follows

Tpt1 = W(l‘na Tflyn, an)a
Yn = W(l’n, T2nxm Bn)a

where the following conditions are satisfied:

(12)



(i) S0 ) < oo and 520 4l < o0, i=1,2;
(ii) there exist constants a,b € (0,1) such that {cn,} C [a,b];
(iii) there exists a constant M* > 0 such that (V) (r) < M*r, r > 0,i=1,2.

Then the sequence {z,} defined by (12) A—converges to a common fized point of Ty and
T5.

Proof. Without loss of generality, we can assume that 7; : C' — C both are ({v,, }, {un}, ¢)-
total asymptotically nonexpansive mappings, where v, = max{w(f),i = 1,2}, p, =
max{p’,i = 1,2} and ¢ = max{C®,i = 1,2}. It is easy to see that conditions (i)
and (7i7) are still satisfied. Now we divide our proof into three steps.

Step 1. In the sequel, we shall show that
lim d(z,,p) exists for each p € F(T1) N F(T3). (13)

In fact, by conditions (1), (/) and (éii), one gets
Ad(Yn,p) = d(W(2n, Ty'wn, Bn), D)
(1 - Bn)d(xmp) + Bnd(Tngn;p)
(1 = By)d(z,p) + Buld(xn, p) + nC(d(zn, D)) + fin)
(1 + BavnM*)d(2, p) + Brpin (14)

ININ TN

and

d(W (2, T{"Yn, atn), )

1 — a)d(zn, p) + and(T7'Yn, p)

1 — a,)d(2n, p) + an[d(Yn, p) + VuC(d(Yn, ) + pn]

1 — a)d(@n, p) + (1 + vu M*)d(yn, p) + fin]- (15)

d(xn—i-hp)

ININIA

(
(
(
Combining (14) and (15), we have

d(xn—i-h p) (1 + Un) (l’n,p) +&n, V2> 1, (16>
(

where 0, = a,v, M*(1 4+ B, + Buvn M*) and &, = a,pin(1 + By + BuvnM™). Furthermore,
using the condition (i), we get

Y0 Wy < 00 and X907 puy, < 00, (17)
a combination of (16), (17) and Lemma 4 shows that (13) is proved.
Step 2. We claim that
lim d(z,, Tiz,) =0, i =1,2. (18)

n—oo



In fact, it follows from (13) that lim,, . d(z,, p) exists for each given p € F(T1) N F(T3).

Without loss of generality, we assume that

lim d(z,,p) =c¢> 0.

n—00

By (14) and (19), one has

liminf d(y,,, p) < limsup d(yn,p) < lim [(1 + By M*)d(x,, p) + Buiin] = c.
n—00 n—0o0

n—oo

Noting

d(T{"Yn,p) = d(T{'Yn, TT'D)
A(Yn, p) + vnC(d(Yn, D)) + fin
< (14 v, M*)d(Yn, p) + ptn, Yn > 1,

by (20) we obtain

IN

limsup d(T7'yn, p) < c.

n—oo

Besides, by (16) we get

(i1, p) = AW (@0, 7Y, an), p) < (14 0n)d(n, p) + &n,
which yields that

lim d(W (xy, T7'Yn, o), p) = .

n—oo

Now by (19), (21), (22) and Lemma 3, we have
lim d(z,, T{'y,) = 0.
n—oo
On the other hand, we have
d(zn,p) < d(@n, TV'Yn) + d(T7'Yn, p)
< d(@n, T7'Yn) + d(Yn, p) + v M d(Yp, ) + pin
= d(@n, T{'Yn) + (1 + v M*)d(Yn, p) + fin,
which implies that liminf, . d(y,,p) > c¢. Combining with (20), it yields that
lim d(y,,p) = c,
n—oo
that is,
lim d(W (xy,, Ty xp, Bn),p) = C.

n—0o0

By Lemma 3 we can also have that

lim d(z,, Tyz,) = 0.

n—00

By virtue of (24), we have

d<yn7 xn) = d(W<xn7 TQTanv ﬁn)a xn)
< Bnd(Tyxy, x,) — 0 as n — 0.

(19)

(20)

(21)

(22)

(23)

(25)



Combining (23) and (25), one obtains

d(@n, T1'yn) + (17 yn, T @)

d(@n, T1'Yn) + d(@n, Yn) + val(d(Z0, Yn)) + pn
d(zn, T{'yn) + (1 + v, M) (20, Yn)

+u, — 0 as n — oo. (26)

d(x,, TV'x,) <

IA A

This jointly with (23) yields that

d(wn+17 xn) = d(W<xn7 Tlnyna Oén)a xn)
< and(TV"Yn, xn) — 0 as n — 0. (27)

Now by (24), (26) and (27), for each i = 1,2, we get

d(l’n, T‘an) < d(‘r”’ xn'ﬁ‘l) + d(xn-&-l? 7’;71+1$n+1) + d(ﬂn+1xn+1a ﬂn+1xn)
+d(T7 " an, Tian)
S (1 + L)d(xna xn-‘rl) + d(l‘n+1, T;n—'—lajn_i_l)

+Ld(T'xp, x,) — 0 as n — 0.

Therefore, (18) is proved.

Step 3. Now we are in a position to prove the A—convergence of {z,}. Since {z,}
is bounded, by Lemma 2, it has a unique asymptotic center Ac({z,}) = {z*}. Let
{u,} be any subsequence of {z,} with Ac({u,}) = {u}. Since lim, o d(z,, T1x,) =
limy, o0 d(xy, Tox,) = 0, it follow from Theorem 2 that v € F(77) N F(T3). By the
uniqueness of asymptotic centers, we get that #* = w. It implies that z* is the unique
asymptotic center of {u,} for each subsequence {u,} of {z,}, that is, {x,} A—converges
to * € F(T1) N F(T5). The proof is completed. O

Example 1. Let R be the real line with the usual norm |- | and let C' = [—1,1].
Define two mappings 71,75 : C' — C' by

o= {32E, 201

z )
2sin g, z € [-1,0),

1
0
and
_Jz, xe€]0,1],
Bz) = {—x, x € [—1,0).

It is proved in [16, Example 3.1] that both 7} and T3 are asymptotically nonexpansive
mappings with k, = 1, VYn > 1. Therefore, they are total asymptotically nonexpansive
mappings with v, = p, = 0, Yn > 1, {(t) = t, ¥t > 0. Moreover, they are uniformly
L-Lipschitzian mappings with L = 1. F(T1) = {0} and F(T3) = {r € C : 0 <z < 1}.
Let

n

n
__" = Vi > 1.
2n—|—1’5 3n+1 "=

O

10
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