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On the bounds of the expected nearest
neighbor distance

ABSTRACT

The risk of nearest neighbor procedures may be bounded using the distance to the nearest
neighbor. For bounded support, covering numbers may be used to estimate the expected
distance. In this paper, we give some contributions for special distributions having
unbounded support S = (—o0,0) for which we derive upper and lower bounds on the
expected nearest neighbor distance of logistic and Laplace’s distributions as typical, and

evaluate the bounds of the risk for their distributions.

Keywords: Nearest neighbor classification, expected nearest neighbor distance, logistic
distribution, Laplace’s distribution.

1. INTRODUCTION

The nearest neighbor rule was first studied by Fix and Hodges [1]. Cover and Hart [2] proved
that R* < R,, < 2R*(1 — R*) under certain conditions, where R* denotes the Bayes error (the
minimum probability of error over all decision rules), and R, is the nearest neighbor risk in
the infinite-sample limit. Cover [3] has shown that R,, = R, + 0(m™%) for the nearest
neighbor classifier in the case one-dimensional bounded support, mixture density f = ¢ > 0,
and under some additional conditions, where R,,, denotes the finite sample risk, and m is the
sample size. Kulkarni and Posner [4] studied the rate of convergence for nearest neighbor
estimation in terms of the covering numbers of totally bounded sets. Evans et al. [5] derived
an asymptotic moments of near neighbor distance distributions. Irle and Rizk [6] found an
asymptotic evaluation of the conditional risk R,,(x) (the probability of error conditioned on
the event that X = x) by using partial integration and Laplace’s method. Liitidinen et al. [7]
studied a boundary corrected expansion of the moments of nearest neighbor distributions.
Rizk and Ateya [8] found lower and upper bounds for the risk of nearest neighbor of
generalized exponential distribution.

In this paper, we find upper and lower bounds on the expected nearest neighbor distance for
distributions having unbounded support S = (—, ©) for which we derive upper and lower
bounds on the expected nearest neighbor distance of logistic and Laplace’s distributions as

typical, and evaluate the bounds of the risk for their distributions.
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In pattern recognition if we have a random variable (X, ), such that X € R% is an observed
pattern from which we wish to predict the unobservable class 8. This class takes values in a
finite set M = {1,2,..., C}. If the joint distribution of (X, 8) is known, then the best classifier is
the Bayes classifier, see [9], [10]. In general the joint distribution of (X, 8) will be unknown,
and we have a training sequence D, = ((X(l),e(l)),(X(z),e(z)), ...,(X(m),e(m))) at our
disposal, where patterns and corresponding classes are observed and we assume that
((X(l),e(l)), (X(z),e(z)),...,(X(m),e(m))), the data, stem from a sequence of independent
identically distributed random pairs with the same distribution as (X,0). The nearest
neighbor rule assigns any input feature vector to the class given by the label 8’ of the
nearest reference vector.

The problem to be considered is the classification of a random variable 6 taking values in
M = {1,2} given a sample X in y, with the goal of minimizing the finite-sample risk R,, =
P(6 + 6", where y is a separable metric space equipped with metric p which we denote as

the pair (y, p).Define the nearest distance at time m as d,, = p(X, X").
2.BOUNDS FOR THE EXPECTED NEAREST NEIGHBOR DISTANCE

In this section, we find upper and lower bounds for expected nearest neighbor distance for

distributions having unbounded support S = (—o, ), compare [6].
2.1 An upper bound on the expected nearest neighbor distance

We use constants, —oo < K;(m) < 0 < K,(m) < o depending on m, to write

Ed,, = J:f:P( X —x|> &)™ de f(x)dx
Ki(m) (e
= f f P(X — x| >¢e)™de f(x)dx

+f1;m) f:P( | X —x|> &)™ de f(x)dx

Ka(m) (e
+ f P( |X —x|>e)"de f(x)dx.
Ki(m) Y0

where,
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Ki(m) (e
L,(m) = f f P(X — x| > &)™def (x) dx, (2.2)

L,(m) = ) fooP( | X — x|> &)™def (x)dx, (2.3)L;(m)
Ko(m) Yo
K,(m) poo
= f P( |X —x|> e)™def (x)dx. (2.4)
Ki(m) Y0

2.1.1 Bounding L, (m) and L,(m)
We assume for the following that |X — x| has a finite moment generating function ¢(¢t,x) =

E(e!*1),x € R,0 < t < 1. By Markov's inequality for any 0 < ¢ < 1, we obtain:

f P( |X—x|>&)™ de = f P (et > ets)m de
0 0
= fw p(t,x)me ™ de = iw(t x)™
= Jo ’ mt
Fort=— 7>1,wehave ["P(|X —x| > &)™de < T (i x)m It follows
T’ T T 0 =19 m’ ’

L,(m) < T_[I:(m) Q@ (%,x)m f)dx, (2.5)

oo 1 m
L,(m) < Tf ) (—,x) f)dx. (2.6)
K2 (m) ™
2.1.2Bounding Lz (m)
From (2.4) we have
K,(m) oo
Ly(m) = f P(|X — x| > &)™de f(x)dx
Ki(m) Jo
Ka(m) oo
_ f e~mECE) £(x) de dx, (2.7)
Ki(m) Y0

where G(x, &) = —log P(|X — x| > €).Assume that the following inequality holds:
There exists ¢ > 0 such that for all x in the support of X and for all ¢ > 0
G(x, &) = cef (x).(2.8)

From this inequality, we obtain

Kz(m) oo Kz(m) oo
f e M £ (x)dedx < f f e ™m0 f(x)dedx
Ki(m) 7o Ki(m) Yo
J'Kz(m) 1 1 ( )
= —dx =—(K,(m) — K;(m)).(2.9)
Ky(my €M cm

We can show that asufficient condition for G (x, €) = cef (x) is given by, see[6]:
P(IX — x| < &) = cef (x).
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Note that this secondcondition will always be violated for unbounded Support letting ¢ tend
to oo,

2.1 Deriving a lower bound

Ed,, = J:P(dm > g)de = J:: f:P(dm > ¢elX =x)def(x)dx
= fw fwP( X — x[> &)™ def (x)dx
= PX —&)™d d
f_wfo X <x—&)™de f(x)dx

- fw fxp(x < 2)™ dzf (x)dx

=" f;f(x) dxP(X < z)™dz.
In the following sections we derive the upper and lower bounds for the expected nearest
neighbor distance Ed,, for logistic and Laplace’s distributions.
3.BOUNDS ON THE EXPECTED NEAREST NEIGHBOR DISTANCE FOR
LOGISTIC DISTRIBUTION

—(x-a)
Let X have a probability density function f(x) = % ,—0 < x < o, where a the
b<1+e b >

location parameter and b > 0 the scale parameter. We use the method in the previous
section to find the upper bound for the logistic distribution. Now, without loss of the
generality, we assume that a = 0.

3.1 An upper bound for the logistic distribution

Using the method in (2.1), we take -K;(m) = K,(m) > 0, forx € R,t > 0.
3.1.1 Bounding L, (m) and L,(m)

Firstly, we evaluate ¢(t, x),.e, we find the moment generating function of |X —x|. For
x ER,0<t <1,wehave
(p(x, t) — E(etlx—xl) < E(etx+tX)

ev
— eth(etX) = ptx fety — dy
“w  b(1+e?)

=e™*T(1 —bt)I(1+ bt) = bt <1,

sinmht’
wherel' gamma function.

s

1 . 1 X [ =
Hence, for t = —, we obtain ¢ (x—) < ezbm (2—"51) Therefore
2bm 2bm

lnm
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Ki(m) oo
Li(m) + L,(m) = f f P(X — x| > e)™de f(x)dx
—0 0

+f1(:O(m) fOOOP(lX —x| > &)Mde f(x)dx

m

s
<4b| em [( 2m_ )l fO0)dx
Ky(m) sin—

K m » e;—;
= 4b | 22 f —— 5 dx
om/1 et (14 %)

—x L m
85  Substituting e2s =y, A = 4b [(giml)] , We obtain
2m
—K(m)
e 2b dy
86  Substituting y = tan 8, then
—K2(m)
tan~le  2b
Li(m) + L,(m) < 2Af cos?0 do
0
—Kz(m)

1

tan"te 2b
= AJ- (1 + cos26) db
0

1 “Kom) 1 1 —-Kp(m)
=A[tan_ e 2b +§sm2 (tan_ e 2b )]

87 For K,(m) = 2blogm, it follows

Ly(m) + L,(m) < 4b [( _%n )lm [tan_1 % + lsin (2 tan™! %)] ,(3.1)

sin— 2
2m

88  we note that (sii_ml) - 1 for large m.
2m
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3.1.2Bounding L;(m)

From (2.4) we have

Ka(m) oo
Ly(m) = f P(|X — x| > &)™de f(x)dx
Ki(m) Y0
Ko(m) oo
= f e M8 £(x) de dx, (3.2)
Ki(m) Y0

Where G(x,&) = —logP(|X — x| >e) =2 P([X —x|<¢e) =F(x+¢&)—F(x —¢€).(3.3)
Then we need good asymptotic estimates for F(x + &) — F(x — €),as (¢ - 0), By using the

Taylor expansion for the functions F(x + ¢€) and F(x — €) we obtain

’ 2 " 3 "nr 4 (4) 5
f(x)8+f (e i (e i (x)e i (e

Fix+¢&)=F(x)+ T T 3 a0 = +-,(34)
fe  f'e* fr)ed et fWx)ed
F(x —e)=F(x)— T +  TRERAET + R +-+.(3.5)
Substituting (3.4) and (3.5) in (3.3) yields
2 2f"(0)e®  2f®(x)e®
Fix+e)—F(x—¢) = fﬁc)s + f ;T)g + f 5('x)£ +- =2 f(x),
sincef™(x) > 0 forn = 0, 2,4, ..., then we obtain G(x, ) > 2¢ f(x). Hence
Ka(m) oo
L;(m) < f e 2mEf () £ (x)dedx
Ki(m) Y0

Ka(m) 1 1
_ Ll(m) 5 dx = 5 (Ko(m) — K, (m).

logm

1 2b
= ﬁ(Zb logm + 2blogm) < .(3.6)

Substituting (3.1) and (3.6)in (2.1), we obtain the upper bound of Ed,, for the logistic
distribution

T m
— 1 1 1 2blogm
Ed,, < 4b <—2m )l [tan‘1 —+ =sin (2 tan™! —)] + & ,(3.7)
sin m 2 m m

Vi3
2m

3.2Alower bound for the logistic distribution

Appling the method in section 2.2, we look at d,, in the case of logistic distribution with

X

eb
o\ 2

density , —00 < x < 0. Then

b<1+eT>
Ed,, = fo P(d,, >¢)de = f_mfo P(d,, > €|X = x)de f(x)dx

:J-w fwP( X —x|>&)™de f(x)dx
—0 /0
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(o) (o] b
=f f P( |X—x|>&)"de e—_xzdx(3.8)
—e0 0 b(1+ev)
Zf f PX <x—-¢&)mde —————dx
i b(1+e7)
o rx e%x
ZJ- J- P(X<Z)de—_xzdx
ol b(1+e7)

© oo eb
= f f —_xdeP(X < Z)de
) (1)

—Z

[oe]
—e b
—x m+1 Z
— 00

1+eb

—b 3.9
=—.(39)

Now, we can find an upper bound on the finite sample risk R,,in terms of the expected
nearest neighbor distance for logistic distribution by using the following result:
If, for some w; > 0 and0 < y < 1 we have |m(x) — m(x")| < w,p(x,x")Y, for all x,x" € y, then
for some suitable w > Oindependent of m,

Rm < R + @ [(Edy)Y + (EdZ)], (3.10)
where w = max{w,, w?}.
This result is due to Irle and Rizk [6], for which they found an upper bound on the finite

sample risk R,,in terms of the expected nearest neighbor distance.Putting y = %in (3.10), we

obtain R,, < R, + w|/Ed,, + Ed,]. Hence, from (3.7) we have

1
|[ [ 1 1 1\] 2blogm)’
R, <R, +wj| 4b || ==~ [tan T—+—sin (2 tan~! —)] +

l S]n— 2 m m

~ A" 11 1\] 2b1

— ogm

+( 4b || 22— [tan‘1 —+ —sin (2 tan™? —)] + g

sin— /| m 2 m m

4.BOUNDS ON THE EXPECTED NEAREST NEIGHBOR DISTANCE FOR
LAPLACE’S DISTRIBUTION

We look at d, in the case of the Laplace’s distribution with probability density function

.(3.11)

_lx
f(x)=£e B, where g > 0,—c0 < x < oo,

4.1 An upper bound for the Laplace’s distribution
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Using the method in 2.1, we take -K;(m) = K,(m) > 0, forx € R,t > 0.
4.1.1 Bounding L, (m) and L,(m)

Now, we evaluate ¢(t,x), i.e, we find the moment generating function of |X — x|.

x €ER,0<t <1,wehave

@(t,x) = EetX—xl < EetiXl+tix]

Hence fort = — <

1
m

N

BZ m o x 1
Ly(m) + L,(m) < 4 <1+ > f ez— e Bdx
Kz(m)

2B

vl

*® 1 _W
= etlgetiXl = tlx| f_mﬁe Betdy

0
1
=et|x| |;[_ Z_e

etlxl

U

-=» © 1 -
B eYdy+ | —e £ eVdy

o 2B
dy + fme_y(%_t)dy]

t|x| ﬁ t|x|
- 1+ ﬁt) 1- ﬁt)] (1-p%t?)’
= A (1 + —4mfiﬁz)m. Then

4m? — B2

_Z L R )
_E(1+4m2—ﬁ2> sz(m)e B 2/ dx

N s
B Famz = B?

2-5)

2-5)

52 m e—Kz(m)(%)
=4(1
( * 4m? — ,82>

ForK,(m) = logm?2-#, it follows

4 gz \"1_ /1
L,(m) + Lz(m)_z_ﬁ(1+ /32> E‘O<E)'(4'1)

EZ
4m2-pB2
4.1.2Bounding L;(m)

since(l +

From (2.4) we have

Ly(m) =

)m - 1(m - o).

Ka(m)

Ky(m)

-,

Kz (m)

Kq(m)

4m2 —_

f P(X — x| > &)™de f(x)dx

f ’ e ™M) £(x) de dx (4.2)
0

For
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Ka(m) (o 1 _=x
= 2f f e MEE) o7 B de dx,
0 0 2B

where G(x,&) = —logP(|X — x| > ¢), and f(x) even function. Similarly, as in the previous

section we can obtain asymptotic estimates for F(x + ¢) — F(x — ¢),as (¢ = 0), by using the

Taylor expansion for the functions F(x + ¢€) and F(x — €) we obtain

2f(x)e  2f"(x)e3  2f®(x)ed
1! + 3! + 5!

sincef™(x) > 0 forn = 0, 2,4, ..., then we obtain G(x, ) > 2¢ f(x). Hence

F(x+¢e)—F(x—¢)=

K,(m) oo
Ly(m) < f f e 2mEf O £ (x)dedx
0 0

sz m 1 K,(m)
= _— dx =
0 2m 2m
26
_ logm2-#

=———.(43)

2

+ = 2e f(x),

B
From (4.1), (4.3) and usingK,(m) = (logm)2-# we obtain the upper bound of Ed, for

Laplace distribution in the form:

2 m %
Ed, < — (14 —F LSRN
™= 2-pm 4m? — B2 cm

Thus

4
<
Ry, <R,+ 1 (2—ﬁ)m(1+4m2—ﬁ2

+4

2B 2B
C; logm2-B (C; logm2-8
SRp+ A ’—3+g—+—3+ g (4.5)
m cm m cm

_ 4 g2 \"
where, C3 = ) (1+4m2—B2) Note that C; dependent on m and(1+

m — oo,

4.2Alower bound for the Laplace’s distribution

Ed,, = f P(d,, >¢)de
0

= fw fooP(dm >¢elX =x)de f(x)dx
—o0 Y0

BZ

4m2-p2

)m—> 1,as
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=f f P( |X —x|>¢e)™de f(x)dx
—0J0
=f fP( | X —x|>e)"de —e Bdx(4.6)
—o0 Y0 ZB
=f f P( |X—x|>&)"de —e Bdx
0o Jo B
Zf f PX<x—&)"de —e Bdx
o Jo B
e 1 _x
=f f P(X <z)™dz—e Bdx
0 0 13
©rx _z\m 1 _=x
= 1—e ﬁ) dz—e Bdx
A ;
Cre1r _x _z\m
=f f —e de(l—e B) dz
0 z B

_Z _z\m
=f e ﬁ(l—e B) dz
0

5. CONCLUSION

We found upper and lower bounds on the expected nearest neighbor distance for
distributions having unbounded supports S = (—o, =), and induced lower and upper bounds
for logistic and Laplace distributions, as typical.Then we found the risk of nearest neighbor of
their distributions. Note that, from (3.7),(3.9) and (4.4),(4.7)the lower and upper bounds of

the expected nearest neighbor distance are different in constants and the term logm and

28
log m2-# respectively. That is, for the distributions have exponentially decaying tails there is

an additional logarithmic term over the rates for compact support. This example illustrates
that the expected nearest neighbor distance depends on the tails of the distribution.
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