AN OPTIMIZATION PROBLEM WITH CONTROLS IN THE COEFFICIENTS OF
PARABOLIC EQUATIONS

Abstract:

In this paper, an parabolic optimal boundary control problem is studied. The existence and uniqueness
theorem for the solving optimal control parabolic problem is proved. Also, a theorem for the sufficient
differentiability conditions for the functional and its gradient formulae has been proved.
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1.Introduction and statement of the optimal control problem

The optimal control of systems described by partial differential equations has received increasing
attention in recent years. Many of the problems of control in air-frames design, shipbuilding, magneto
hydrodynamics and other engineering field are problems of control of systems with distributed
parameter systems [1-4].In this paper, an parabolic optimal boundary control problem is studied. The
existence and uniqueness theorem for the solving optimal control parabolic problem is proved. Also, a
theorem “for the sufficient differentiability conditions for the functional and its gradient formulae has
been proved.

Let D be a bounded domain of the N-dimensional Euclidean space in E,,, let ,T are given positive

numbers,0<¢t <7, Q=D X (0,T], D=[0,l]. The notation of the functional spaces and in the
paper is similar to [5].

Let the controlled process be considered in €2 by the initial boundary value problem for the
parabolic equation
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Here where @(x)e L,(D), g, (t)e L,(0,T), m=12 are given functions, the function
f(x,t,u,v,) is measured on (x,r)e Q at V(x,t)e Qis continuous and has continuous
af(x’tvuyvl) af(x7t’u’v1)

derivatives in u,v, and ,
ou v,

are bounded. Besides, the function



A(x,t,v,) is measured on (x,r)e Q at V(x,r)e Q is continuous and has a continuous
oA (x,t,u,v,)

Vo

derivative v, and is bounded.

Llet V={v:v=v(x,1) Z(VO(X,t) ,vl(x,t)):vl. € LZ(Q),Z =0,1}be a space of

controls. We consider the following problem: minimize the functional

1,0 =B, [[Tu©.0=y,@ P di+p, [ Lul.y=y,@F di+a |p-w,

L

on the set V under the conditions (1)-(3), where ¥, ()e L,(0,7),m=01 are given functions,
a>0and B, 20m=01,8,+p, #0 are given numbers, are also given:
o=(w,,w)e L,(Q).

Under the solution of problem (1)-(3) for given admissible controlve V , we mean a function
u=u(x,t;v)e V,""(Q) satisfying the integral identity
du an

u%—z i(xtv)—a——f(xtuv)ﬂ(xt) dx dt
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0 0 0

forall 7 =7 (x,t) e W,"' (Q) that is equal to zero for t =T .
2. The correctness of the problem statement

At first we consider the correctness of the boundary value problem (1)-(3) for givenve V . Let the
following result is basic.

PROPOSITION A:Under the foregoing assumptions and the results of [6], the boundary value problem
(1)-(3) has a unique solution for u = u(x,t;v) e V;’O(Q) and the estimation

du(x,t;v)

<C, ,VveV (6)
0x

is valid.

Here and everywhere below positive constants are independent of the estimated quantities and
admissible controls are denoted by C  ,m=1,2,....

m

Optimal control problems of the coefficients of differential equations do not always have solution [7]. In
this section, we will prove the existence and uniqueness of the solution of problem (1)-(4).



Theorem 1:There is an everywhere dense subset K — L, (£2) such that problem (1)-(4) has a unique
solutionfor we K anda>0.

Proof:The proof of this theorem is divided to three pars: first part we prove estimationfor
Su=Su(x,t;v)e V,’(Q), second part the continuity of the functional J,(v)and finally the
existence and uniqueness solution of the optimal control (1)-(4) is proved.

Let Sve L,(Q)be an increment of the control atve V such thatv+0 ve V .Let u =u(x,z;v)
and du = u(x,t;v+0v) + u(x,t;v). ltisclearthat the function Jdu(x,z;v) satisfies the identity

I —§ua—77 +ﬂ(x,t,v0+5vo)@a—n+5f (x,t,u,v) n(x,t) | dx dt=0 7
2 ot dx 0x

We shall prove the first part that du(x,¢) satisfies the following inequality
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Letry, =h™' j77 (x,7)d7,0<h<T where 77 is an arbitrary element of v,%(Q,)

t—h
vanishing for #>#,(z,<T—h)and Q, =D x(0,7,] . We replace 7 (x,t) in (7) by n_h(x,t)
and using the result in [6,p. 116-118], we obtain
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N | =

Vi1,e[0.T], A= A(x,t,v,+3v,).

Hence at the made assumption |/1(x,t,v0) | <V, , v, >0 is positive number and applying Caushy
Benyakoviskii inequality, we obtain
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Take £, =&, =¥, and apply the Cauchy inequality with & ( lab| < §|a|2 +L|b|2 j and

summands on the right hand side of (9); multiplying both sides by two we obtain
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Now we set

ou
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Then the inequality (11) yields the two inequalities
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From the known estimate [6,p. 116-118] it follows that the following three inequalities

L, (D)

1
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. . 0 .
If we combine the estimates for o u and a—u , then we obtain
X
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then the validity of estimation (8) follows.
We prove the second part, under the above assumptions the right side of estimate (8) converges to zero
as ||6v|, . — 0 therefore ||Su | —0as ||, . — 0 .Hence from the trace theorem

v (Q) L(Q)
(8] we get

L, (Q)
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—0 as ||ov]  —0 (16)
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Now we consider the functional of the form

o) =B, [ Lu©.0=y,@)Pdi+f [ [ ull.y=y,(0)F dr (17)



Let Ov=(Jv,,0v,)be anincrement of control on an element ve V suchthat v +dve V .

For the increment of J,(v) we have

857,0) =28, [ L u(0.0)=y,(1)] Su(0.1)dr
£28 [ Lut. -y, 18u.0)dr 19)
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Applying Caushy Benyakoviskii and the estimations (16), we get the continuity of the functional (17).

Now we prove the last part, the set V is closed and bounded in L,(2). Since J,(v) is

continuous on V', sois J,(v)=J,(v) +a | v—a| . Then from the Weierstrass theorem [9]

L(Q)

it follows that the problem (1)-(4) has at least one solution.

The functional J,(v)and J,(v), a>0are continuous on V . Moreover, since L,(Q) isa

uniformly convex space, at the theorem [10] yields the existence of a dense subset K of L,(Q)
such that for any we K and a>0 problem (1)-(4) has a unique solution. Consequentially, for

almostall we L,(£2) and w> 0 problem (1)-(4) has a unique solution. Theorem is proved.
3. Sufficient differentiability condition of the functional (4)
Let the following conditions be fulfilled:

CONDITION A1: The functions A(x,z,v,) , f(x,t,u,v,) satisfy the Lipchitz condition for ve V' .
CONDITION A2: The first derivatives of the functions A(x,z,v,) , f(x.t,u,v,) with respectto v,,v,

are continuous functions in their domain of definition.

oAUx,1,v,) af(x,t,u,vl)and a f(x,t,u,v,)

CONDITION A3: The operators
vy ou v

are bounded in L, (€2).

For finding the adjoint system for the problem (1)-(3), we define the Lagrangian function [11] as
follows

Lo tv,10,0) =3, [ [u0.0=yo0F dr+ B, [ 1utt.0) -y, ) di

T ”V_W”iz(g) (19)
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j— f(x,t,u,vl)} dx dt
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Then the problem (1)-(3) we introduce the adjoint state @ (x,f) = @ (x,t;v)e V,"*(Q) as a
solution of the problem
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As a solution of the problem (20)-(22) for the given v e V , we take the function ¥=W (x,#;v)
from W,"'(Q) satisfying the integral identity

00 B‘P_ af(x,t,u,vl)
dx dx du

| [@aa—‘f + A(x,1,v,) O(x,1) W (x,1)] dxdt
Q

T T (23)
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0

forall W (x,t) =¥ (x,t;v)e W,"°(Q) thatis equal to zerofor £ =0 .

PROPOSITION B :On the basis of adopted assumptions and the results of [12] follows that for every

0¥ (x,1)
x

v € V the solution of the adjoint problem (21)-(22) is existed, unique and < C, almost at

all(x,r) e Q ,VveV.
The sufficient differentiability conditions of function (4) and its gradient formulae will be obtained by

defining the Hamiltonian function IT (x,u,®,v) as[13]:

0ud®

1
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Theorem 2: Let the above assumptions A1-A2 be satisfied. Then the functional J,(v) is continuously

differentiable by Frechetin V', and its gradient satisfies the equality

aJ,v) :_aH(x,u,G,v) _ (_BH(x,u,G),v) _BH(x,u,G),v)

) 25
ov ov d v, 0 v, ) %)

where
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Proof:Let 6 v =(dv,,dv,) € V be an arbitrary increment of the control v suchthat v+dve V
. Using the formula of Lagrange's finite increments one cab obtain that the function
ou=u(x,t;v+ov)—u(x,t;v) is a solution from the class V;*O(Q) of the following

boundary value problem:
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where { 6, =(x,t,u+6, ou,v,+,), {6, =(x,tuv +6,d,,6,, 6,[0,1]and

oA =A(x,t;v, +v,)— A(x,t;v,) are some numbers.

Using the conditions A1-A2 and estimating the right hand side of (8) we establish that

”514”‘/21'0(9) < C9 ” Ov ||L2(Q) (29)

andusing the trace theorem and from (29) we obtain
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Now, using again the Lagrange formula for the increment of the functional (4) we obtain the formula

oJ,(v)y=J,(v+0ov)—J, (v)
=28, [ L u(0.1)= y,(1)] Su(0.0)dr
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where R, () = B, LT[ §u(0,) 1 di+ LT[ ST di+ | (6] dxdr.
Q

Putting 7 =@ (x,2;v) in(7)and ¥ = du(x,t;v) in (23) and subtracting one results from the other,
we obtain

28, [ 1u(0.0)=y,(1)] u(0,1)dr

+28, IT[u(l,t)—yl(t)] Su(l,1)dt -
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Taking and from (35) and (31), we obtain

oJ,v) =J‘<a/1 00 —af @(x,t)+205(v—a)),§v> + R, (V) (36)

2\dv, dx dv, .
and from the formulae of R, (6v)= R, (év) + R,(év)+ O (||5v||L3(Q)) we obtain
|R,(&)|<C, | oV (37)

L,(Q)

Hence, in the right hand side of the expression for the Hamilton-Pontryagin function, we obtain

5Ja(v>=j< A1 (x,1,u,0,v) 5v> +o (o

) dv L (Q) ) (38)

Ly (Q)

and this proves the Frechet differentiability of the functional (4) and also gives its gradient formulae.
This completes the proof of the theorem.



4.Conclusion

In this paper, an parabolic optimal boundary control problem is studied. The existence and uniqueness
theorem for the solving optimal control parabolic problem is proved. Also, a theorem for the sufficient
differentiability conditions for the functional and its gradient formulae has been proved.
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