
OPTIMAL PORTFOLIO FOR N-RISKY AND
N-RISKLESS IRREVERSIBLE INVESTMENTS

Abstract

When a firm decides to make irreversible investment expenditure, it neglects

its right without obligation to invest but wait for new desirable informa-

tion that might affect investment decision. Studies have shown irreversible

investments with the underlying value process driven by stochastic differen-

tial equations. However, this study had no consideration for a portfolio of

N-risky and N-riskless investments (N = 2, 3, , T < ∞) in relation to the

set of: Variable Production Costs (VPC), Periodic Loan Repayment (PLR)

with penalty for default, Investment Reserve (IR) and Equipment Value (EV)

equations. This study was designed to consider a portfolio of N-risky and

N-riskless investments including a set of processes describing VPC for the

portfolio, interval PLR for the same investments with penalty processes for

default in PLR.

A set of instantaneous Expected Revenue (ER) from the risky investments

were formulated using Geometric Brownian Motion (GBM) with drift term

restricted to zero and volatility strictly positive (Martingale condition). The

resulting equation was solved using Ito’s formula. The IR and EV equations

were formulated with predictive adaptive processes to examine liquidity of

business plan and Equipment Depreciation (ED) value respectively. Mainte-

nance Process (MP) was introduced into the EV equation. The equation de-

scribing portfolio option value was formulated using Bellman utility function

and solved. Risks associated with the risky investments were measured using

Arrow-Pratt measure. Linear Dynamic Optimization (LDO) was adopted to

maximise the value of the N-risky and N-riskless investments; and also used

for Capital Equipment (CE) value equation with MP to examine deprecia-
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tion values.

Application of this model to a Nigeria maritime industry showed that the

set of ER obtained were fluctuating and met the Martingale condition. The

equations obtained for the N-Risky and N-Riskless investments gave values

as V PC ∼= N29.2M/month, PLR ∼= N37.9M/month, IR=N234.4M, ED ∈
(0.3, 0.4). A set of threshold values for the N-irreversible investments were

obtained. The equations obtained from Arrow Pratt yielded 18 to 20 % as

investors’ attitude towards risk management.
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Key words: Brownian motion, Cashflow, Irreversible Investment, Option,
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1 Introduction

In any business venture, the optimal objective for setting aside money or ac-

quired property for future gains is to maximize such gains while minimizing

loses. Investor may have an incentive to postpone commitment and wait for

new information in order to avoid expensive mistakes. The value of waiting

can be more rewarding especially in highly uncertain environments.

Recent literature has shown that the option value of waiting can be consid-

erably high in uncertain environment.

In this paper, we consider the real option problem with a portfolio of N- risky

irreversible investments and N-riskless investments such that the portfolio is

self-financing. This model is applicable to any capital intensive proposition

that is irreversible in nature in a market with default risk, friction and the

investor is a price taker.

An investment is irreversible if the major equipment used for the production

of goods or rendering services can only be used for the purpose for which it

was purchased. In the aviation industry, a passenger plane is meant for con-

veying only human beings but not goods; in maritime industry, ship tanker
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is meant to transport only crude or its product; in a cement factory, cement

mill can only be used solely for cement production. In all these, the equip-

ment can be used only for the purpose for which it was purchased but not

for other purposes should the proposition turns unfavourable. More detailed

information on irreversible investment can found in [5,6] and some of the

references therein.

2 Mathematical Model

We consider a portfolio of N-risky irreversible investments and N-riskless

investments opportunities with total Variable Production Costs given by

(VPC),

K = ΣN
Ω=1(kΩj,t

) = ΣN
Ω=1Σ

y
n=1XΩt,n

(1)

for the jth year and tth month, and Xt,n is the nth variable cost for the Ω-

investment at month t. That is,

• X1t,1 is employees’ wage at a month t for the Ω = 1 corresponding to

the index n = 1.

• X2t,1 is employees’ wage at a month t for the Ω = 2 corresponding to

the index n = 1.

• X3t,1 is employees’ wage at a month t for the Ω = 3 corresponding to

the index n = 1.
...

...

• XNt,1 is employees’ wage at a month t for the Ω = N corresponding to

the index n = 1.

Thus,XΩt,1 is a vector of employees’ wages at month t for the Ω = 1, 2, 3 . . . , N

investment. Similarly, XΩt,2 is a vector of the value of light bills at month

t for Ω = 1, 2, 3, ..., N . This continues up till XΩt,y
, a vector of the value

of the yth expenditure at month t for Ω = 1, 2, 3, · · · , N investment. We

take E(XΩt,n
) < ∞ for each Ω-irreversible investment. Therefore, (1) is the

sum of the vectors of the expenditures with respect to a month t in a year j
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(1 ≤ j ≤ T ).

The Ω-instantaneous expected fluctuated revenue, pΩj,t
, for the Ω-investment

follows a geometric brownian motion given by ;

dpΩj,t
= αΩpΩj,t

dt+ σΩpΩj,t
dzΩt

(2)

pΩj,t0
= pΩ ≥ 0

where σΩ > 0 is the diffusion term which is assumed to be constant, zΩt
is a

Wiener standard process for Ω-instantaneous revenue generated by the irre-

versible investment,[3, 4,6]. Let pΩ0 = pΩ > 0 denotes the current revenue for

each Ω. For αΩ = 0 in equation (2), we obtain a fair value for the expected

fluctuated revenue in terms of today and future value for the generated rev-

enue.

We denote the set of instantaneous Expected Revenue (ER) for Ω-irreversible

investment with respect to the filtered probability space, G = (ω,H, µ,F(H))

by P. i.e.

P = {{pΩj,t
} : pΩj,t

∈ G for each j ∈ (0,∞), t ∈ [0, 12] and for each Ω}

Let the set of loan, IΩ, taken for each Ω-irreversible investment with instan-

taneous constant riskless interest rate, rΩ be denoted by L.

i.e L = {IΩ : Ω = 1, ..., N}. Each IΩ has a moratorium of HΩ months with

life span of T- years. The life span of the loan in months denoted by m̂ is

given by m̂ = 12T months. We set rΩ > α in order to avoid arbitrage oppor-

tunity . The future value of the loan IΩ for each Ω-irreversible investment

denoted by FvΩ and given as,

FvΩ = IΩ(1 + bΩ)
m̂ (3)

where bΩ = rΩ
12
. But with moratorium,

FvΩ = IΩ(1 + bΩ)
m̂−HΩ = IΩ(1 + bΩ)

d (4)

where d = m̂−HΩ. The Total future value of the loans for the N-irreversible

investments denoted by F̂ vΩ is given by

F̂ vΩ =
N∑

Ω=1

FvΩ∗ (5)

4

UNDER PEER REVIEW



The amount repaid monthly with respect to the loan for the Ω irreversible

investment denoted by aΩj,t is expressed by,

aΩj,t
=

FvΩ
m̂−HΩ

, (6)

Thus, the amount repaid monthly with respect to the loan at month t in

year j for the Ω-Irreversible Investment with penalty for default in payment

denoted by AΩ is given as

AΩ = (aΩj,t
)T,s + ǫ(aΩj,t

)T,s (7)

where ǫ > 0 is a real scalar, measuring default w.r.t. time of payment . In

the case where ǫ = 0, it means payment is made within given time frame,

and

AΩ = (aΩj,t
) (8)

AΩ is the sum of two matrices (aΩj,t
)T,s and ǫ(aΩj,t

)T,s.

The total amount repaid with respect to the loans for the N-irreversible

investments is given by

A =
N∑

Ω=1

AΩ (9)

If the N-irreversible investments are considered at the current month, (i.e.t=0)

in the current year, then instantaneous net cashflow from the project is:

fΩj,t
= pΩj,t

−mΩj,t
(10)

where

mΩj,t
= kΩj,t

+ aΩj,t
+ ǫ(aΩj,t

) (11)

is the expenditure made at the jth year, t month with respect to the Ω-

irreversible investment.

The N-investments net cashflow denoted by N is expressed as

N = P−M (12)

P is a collection of the N revenue matrices, each of order T × s. Similarly,

M is a collection the N expenditure matrices of order T × s

Therefore, N is the sum of all the differences between a revenue matrix and

its corresponding expenditure matrix and the possible entries of N are:
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•
∑N

Ω=1 −µΩ if
∑N

Ω=1 pΩj,t
<

∑N

Ω=1 mΩj,t

• 0 if
∑N

Ω=1 pΩj,t
=

∑N

Ω=1 mΩj,t

• ∑N

Ω=1 µΩ if
∑N

Ω=1 pΩj,t
≥ ∑N

Ω=1 mΩj,t

where
∑N

Ω=1 mΩj,t
=

∑N

Ω=1

(
kΩj,t

+ aΩj,t
+ ǫ(aΩj,t

)

)
.

Let Ψ :=
∑N

Ω=1 µΩ, the range for ncf is [−Ψ,∞).

2.1 Valuation of N-Risky and N-Riskless Investments
Opportunities

To value the N-Risky Investments, we use the von Neumann Morgenstern

utility function

uΩ : [−Ψ,∞) −→ R

with the following properties:

i Additive

ii Monotone increasing

iii uΩ ∈ C2(−Ψ,∞)

The expected utility uΩ of the ncf obtained from the Ω-irreversible investment

is

V̂Ω = E

( T∑

j=1

(∫ ∞

t=0

(uΩj,t
(fj,t))dt

))
(13)

for the jth year and tth month. The expected utility from the Ω-irreversible

investment for first (current) year and first (current) month of investment is

VΩ = E

(
1

(1 + rΩ)T

T∑

j=1

(∫ ∞

t=0

e−rΩt(uΩj,t
(fj,t))dt

))
(14)
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The satisfaction the Investor derives with respect to the tth month in the jth

year is given by:

uΩj,t
(pj,t) = E(e−rΩt[(1− ηΩ)(pΩj,t

−mΩj,t
) + ηΩ(1− (pΩj.t

−mΩj,t
)2)] (15)

When t > 0, pΩj,t
is equal to the solution of the GBM, [2].

i.e. pΩj,t
:= pΩ0 e

(αΩ−0.5σ2
Ω)∆t+σΩN(0,1)

√
∆t. The parameter ηΩ satisfy the

condition ηΩ ≤ 1 and ηΩ measures Ω-investor’s preference for risk. When

ηΩ = 0, equation (15) reduces to

uΩj,t
(pj,t) = E(e−rΩt[1− (pΩj,t

−mΩj,t
)]) (16)

When ηΩ = 1, equation (15) reduces to

uΩj,t
(pj,t) = E(e−rΩt[1− (pΩj,t

−mΩj,t
)2]) (17)

Therefore, for all the risky and riskless N-Investments, the expected utility

is V =
∑N

Ω=1 uΩj,t
(pj,t). For t ≥ 0, we observed that the N-Risky investments

would be worthwhile since

max{uΩj,t
(pj,t) : Ω = 1, 2, ..., N} > min{uΩj,t

(pj,t) : Ω = 1, 2, ..., N} (18)

will always hold due to the property of uΩ for each Ω. This is not a sufficient

condition to consider the Investments. Let the linear, twice differentiable

function with respect to pΩj,t
,cΩ(pj,t) denote the option value of postponing

the Ω-risky irreversible investment at month t ≥ 0 with respect to the jth

year. Let uΩ(0) denote the utility of waiting during a time interval [0, dt]

in which no cash flow occur, and c(pΩj,t
+ dpΩj,t

) represent future utility of

waiting. We use the Bellman equation:

cΩ(pj,t) = uΩ(0)dt︸ ︷︷ ︸
No cash flow

+ e−rΩdtE{cΩ(pΩj,t
+ dpΩj,t

)}︸ ︷︷ ︸
Discounted expected utility of waiting

(19)

where r is the constant riskless discount factor for each Ω-risky irreversible

investment to value the option embedded in the investment

Without loss of generality, uΩ(0) = 0 since the cash inflow with positive

utility equals the cash outflow with negative utility. Using Ito lemma, we
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re-write RHS of (19) as:

cΩ(pj,t)+[1
2
σ2
Ωp

2
Ωc

′′

(p)+αΩpc
′

(p)−rΩc(p)]dt+o(dt), and substituting in (19),

dividing by dt and letting dt −→ 0 gives a differential equation

1

2
σ2
Ωp

2
Ωc

′′

(p) + αΩpc
′

(p)− rΩc(p) = 0

whose solution is

cΩ(pj,t) = aΩ1p
βΩ
1 + aΩ2p

βΩ2

, where

βΩ1 =
σ2
Ω−2αΩ+

√
4α2

Ω−4αΩσ
2
Ω+σ4

Ω+8σ2
ΩrΩ

2σ2
Ω

> 1, and βΩ
2 < 0.

Thus,

cΩ(pj,t) = aΩ1p
βΩ1
j,t−1 (20)

express the option value for Ω = 1, 2, 3, ...N < ∞ since cΩ(pj,t) ≤ 0 whenever

βΩ2 < 0.

2.2 Determination of Critical Revenue for Investment
Consideration

Let pΩ denotes the revenue for each Ω-risky irreversible investment. If pΩ
satisfies the conditions ,

VΩ(p) = cΩ(p) (21)

V ′
Ω(p) = c′Ω(p) (22)

then pΩ is called a threshold revenue. i.e revenue at which an investor is

indifferent between investment and delay, and it is denoted by p∗Ω.

Theorem 2.1

Let P∗ = {(p⋆Ω)T,s} denote the collection of matrices of expected threshold

revenues and M denote the corresponding matrices of expenditures. Consider

a risk neutral or risk averse investor at the jth year, tth month contemplating

N-tuple irreversible investments. Then p⋆Ω ∈ (p⋆Ω)T,s for each Ω, satisfying

the conditions
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N∑

Ω=1

VΩ(p
∗) =

N∑

Ω=1

CΩ(p
∗) (23)

N∑

Ω=1

VΩ
′(p∗Ω) =

N∑

Ω=1

C
′

Ω(p
∗Ω) (24)

is unique for that Ω-irreversible investment provided the utility function is

unbounded.

2.3 Remark

The investor should invest if for the set of current market revenue {pΩ} and

set of critical (threshold) revenue {pΩ}, we have that pΩ > p⋆Ω for each

Ω-irreversible investments otherwise don’t invest .

2.4 Behavioural Attitude in the Investor’s Preferences

We consider the following utility function for the Ω-irreversible investment.

uΩ(x) = (1− ηΩ)x+ ηΩ(1− x2) (25)

where 0 ≤ ηΩ ≤ 1. For 0 < ηΩ ≤ 1, the Arrow-Pratt measure of absolute

risk aversion is expressed as

R℘A
(x) = −u

′′

Ω(x)

u
′

Ω(x)
=

[
1

2

(
1− ηΩ + 2ηΩx

ηΩ

)]−1

(26)

where ηΩ measures the degree of risk aversion of an investor.

The value of each investment in the Portfolio denoted by VΩ is expressed as :

VΩ =
T∑

j=1

(
E

∫ ∞

t=0

e−rΩt[(1− ηΩ)(PΩ −MΩ) + ηΩ(1− (PΩ −MΩ)
2)]dt

)

for Ω = 1, 2, ..., N

VΩ(P ) = (ΥΩ)

[
P℘

rΩ − αΩ

]
+ ηΩ

[
1

rΩ
−H(P )

]
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where

ΥΩ = 1− ηΩ (27)

H(P ) ≡ E

∫ ∞

t=0

e−rΩt(PΩ −MΩ)
2dt (28)

Proof of Theorem 2.1

Consider the set of threshold revenues for the N-irreversible investments

{p∗Ω : p∗Ω ∈ [0,∞) for Ω = 1, 2, ..., N} satisfying (21) and (22)

Let FΩ : [0,∞) −→ R be a twice differentiable function for each of the

Ω-irreversible investment satisfying

FΩ(p) = βΩ1VΩ(p)− pΩj,t
V

′

Ω(p) (29)

Now u
′′

Ω(.) < 0 for risk aversion, and u
′′

Ω(.) = 0 for risk neutrality. In either

case, u
′

Ω(.) > 0. Since an investor can either be risk neutral or risk averse,

then u
′′

Ω(.) ≤ 0.

From (21) and (22), we have that FΩ(p) = 0 for each Ω. Differentiating

equation (29) with respect to p, we have

F
′

Ω(p) = (β
′

Ω1
− 1)V

′

Ω(p)− pΩj,t
V

′′

Ω (p) (30)

which is positive since βΩ1 > 1, u
′

Ω > 0 and u
′′

Ω ≤ 0. Also

FΩ(p) =
βΩ1uΩ(−µΩ)

rΩ︸ ︷︷ ︸
revenue < expenditure

<
βΩ1uΩ(0)

rΩ
= 0

︸ ︷︷ ︸
revenue = expenditure

<
βΩ1uΩ(µ

Ω)

rΩ︸ ︷︷ ︸
revenue > expenditure

since u
′

Ω > 0

By continuity of the function, FΩ, p
∗
Ω > 0 and unique for some Ω.

A sufficient condition for existence of p∗Ω is unboundedness of the utility

function.

Substituting equation (14) in equation (29), we observe that:

FΩ(p)

pΩ
=

(
1

(1 + rΩ)T

T∑

j=1

(
E

∫ ∞

t=0

e−rΩt

[
βΩ1

uΩ(fΩj,t
)

pΩj,t

− u
′

Ω(fΩj,t
)

]
pΩj,t

pΩ
dt

))

(31)
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But

pΩj,t
= pΩe

((αΩ− 1
2
σ2
Ω)t−σzΩt

) (32)

and

E(pΩj,t
|ϑΩj,t

) = E(pΩe
((αΩ− 1

2
σ2
Ω)t−σΩzΩt

)|ϑΩj,t−1
) (33)

= pΩe
(αΩ− 1

2
σ2
Ω)tE(eσΩzΩt

|ϑΩj,t−1 )

= pΩe
(αΩ− 1

2
σ2
Ω)tE(eσΩ(zΩt

−zΩt−1
+zΩt−1

)|ϑΩj,t−1
)

= pΩe
(αΩ− 1

2
σ2
Ω)teσΩzΩt−1E(eσ(zΩt

−zΩt−1
)|ϑΩj,t−1

)

= pΩe
(αΩ− 1

2
σ2
Ω)t+σΩzΩt−1E(eσ(zΩt

−zΩt−1
)) (34)

where E is ”the mathematical expectation of” and ϑΩj,t−1
denote history of

information available at jth year, tth month ( i.e. sub-sigma algebra) with

respect to the investment.

But

E(eσΩ(zΩt
−zΩt−1

)) =
1

̺
√
2Π

∫ ∞

−∞
eσ(zΩt

−zΩt−1
)e

−
((zΩt

−zΩt−1
)−ς)2

2̺2 d(zΩt
− zΩt−1)

(35)

Let

Λ =
((zΩt

− zΩt−1)− ς)

̺
(36)

so that

d(zΩt
− zΩt−1) = ̺dΛ (37)

Substituting equations (36),(37) in equation (35), we obtain

E(eσΩ(zΩt
−zΩt−1

)) =
1

̺
√
2Π

∫ ∞

−∞
eσΩ(̺Λ+ς)e−

Λ2

2 ̺dΛ

=
1√
2Π

∫ ∞

−∞
eσΩ̺Λ+σΩςe−

Λ2

2 dΛ

=
eσΩς

√
2Π

∫ ∞

−∞
eσΩ̺Λ−Λ2

2 dΛ

=
eσΩς

√
2Π

∫ ∞

−∞
e−(Λ

2

2
−σΩ̺Λ)dΛ (38)

but

σΩ̺Λ− Λ2

2
=

−(Λ− σΩ̺)
2

2
+

σ2
Ω̺

2

2
(39)
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and substituting equation (39) in equation (38) resulted in

E(eσΩ(zΩt
−zΩt−1

)) =
eσΩς

√
2Π

∫ ∞

−∞
e

−(Λ−σΩ̺)2

2
+

σ2
Ω̺2

2 dΛ

=
eσΩς+

σ2
Ω̺2

2

√
2Π

∫ ∞

−∞
e

−(Λ−σΩ̺)2

2 dΛ (40)

Let

˜̺= Λ− σΩ̺ (41)

so that

d˜̺= dΛ (42)

Substituting equations (41) and (42) in equation (40) resulted in

E(eσΩ(zΩt
−zΩt−1

)) =
eσΩς+

σ2
Ω̺2

2

√
2Π

∫ ∞

−∞
e

˜̺
2

2 d˜̺ (43)

= eσΩς+
σ2
Ω̺2

2 ∼ N(0, 1) (44)

= e
σ2
Ω
2

t (45)

Therefore, from equation (34), we have

E(pΩj,t
|ϑΩj,t

) = pΩe
αΩt (46)

Substituting equation (35) in equation (31), we have

FΩ(p)

pΩ
=

(
1

(1 + rΩ)T

T∑

j=1

(∫ ∞

t=0

e−rΩt

[
βΩ1

uΩ(fΩj,t
)

pΩeαΩt
− u

′

Ω(fΩj,t
)

]
pΩe

αΩt

pΩ
dt

))

(47)

FΩ(p)

pΩ
=

(
1

(1 + rΩ)T

T∑

j=1

(∫ ∞

t=0

[
βΩ1

uΩ(fΩj,t
)

pΩe(αΩ+rΩ)t
− u

′

Ω(fΩj,t
)

e(rΩ−αΩ)t

]
dt

))
(48)
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As each pΩ −→ ∞ the ratio in equation (37) converges to:

FΩ(p)

pΩ
=

(
1

(1 + rΩ)T

T∑

j=1

(∫ ∞

t=0

[
− u

′

Ω(fΩj,t
)

e(rΩ−αΩ)t

]
dt

))
(49)

=

(
1

(1 + rΩ)T

T∑

j=1

((
1

rΩ − αΩ

)[
− u

′

Ω(fΩj,t
)

e(rΩ−αΩ)t

]t=∞

t=0

))

=

(
1

(1 + rΩ)T

T∑

j=1

(
1

rΩ − αΩ

lim
pΩ−→∞

u
′

Ω(fΩj,t
)

))
(50)

which with the condition FΩ(0) < 0 ensures there exist a p∗Ω ∈ (0,∞) such

that FΩ(p
∗
Ω) > 0. Hence, the setP∗∗ = {p∗Ω : p∗Ω ∈ (0,∞) for Ω = 1, 2, ..., N}

is unique. i.e. the expected threshold revenue for each p∗Ω ∈ P∗∗ is unique

for the corresponding Ω- irreversible investment.

2.5 Equipment Value

We consider a brand new equipment with life-span J. Let:

• Wj denotes the Equipment value at the jth year, j ≥ 1 and W0 equip-

ment value at the date of manufacture.

We have W0 > Wj, j = 1, 2, .., T .

• e denote the depreciation rate of the equipment

• Dj,n denote the nth component of the equipment that is faulty in the

jth year

• Ej,n the unit cost and Θj,n the number of component(s) replaced at the

jth year.

The cost for a faulty component, Dj,n at the jth year is

= Ej,nΘj,n n = 1, 2, ..., z < ∞

The total maintenance cost at the jth year is

B =

{ ∑z

n=1[Ej,nΘj,n] + Γj, when there are service charges, Γj, for the jth year.
Γj, when there is no component replaced in the jth year
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Let Φj denote the percentage ratio of maintenance cost to worth of equipment

in the jth year, .i.e

Φj =
B

Wj−1

× 100 (51)

Then,

Φ̃T = max({Φj : 1 ≤ j ≤ T}) (52)

The value of the equipment at the end of the first year, i.e j = 1 is

W1 = W0 − eW0 = W0(1− e) (53)

. The value of the equipment at the end of the second year, i.e. j = 2 is

W2 = W1 − eW1 = W1(1− e) = W0(1− e)2 + Φ̃jW1 (54)

For j = 3 , we have

W3 = W2 − e = W0

(
1− e

)3
+ 2Φ̃jWj−2 (55)

In general, the value of the equipment at the jth year is

Wj = W0(1− e)j + (j − 1)Φ̃jWj−1 (56)

3 Reserve Equation

Let h℘j,t
denote the amount held by the investor at month t ≥ 0 of the jth

year (j ∈ [0, T ] for the N different riskless accounts. Let hΩj,t denote the

amount held by the investor at any time t ≥ 0 in the N different riskless

accounts. Let hΩ0 denote the amount in the Investment Reserve (IR) with

instantaneous interest rate of rΩf
% per annum at the beginning of month (i.e.

t = 0) with respect to Ω-riskless investment. Let qΩn,t
denote the transaction

charge with with respect to Ω-riskless investment for the tth month. Then,

the transaction charges for the tth month is
∑z

n=1 qΩn,t
. Let SΩ = (sΩj,t

)

where sΩj,t
=

∑z

n=1 qΩn,t
. Let ℓΩ be withdrawal made from the reserve for

time t > 0. Thus,

hΩj,t
= h0(t− 1) + xΩhΩ0(t− 1) + vΩj,t

− ℓΩj,t
− sΩj,t

− BΩ

12
(57)
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where xΩ =
rΩf

12
. For t = 1, 2..., m̂, ..., we have

hΩT,t
= hΩ0(1+xΩ)

T+
T−1∑

g=0

vΩT−g
(1+xΩ)

g−ℓΩ

T−1∑

g=0

(1+xΩ)
g−sΩ

T−1∑

g=0

(1+xΩ)
g−BΩ

12

(58)

provided; ℓΩj,t
= ℓΩk,w

and sΩj,t
= sΩk,w

for j 6= k, t 6= w

hΩT,t
= h0(1+xΩ)

T +
T−1∑

g=0

vΩT−g
(1+xΩ)

g−(ℓΩ+sΩ)
(1 + xΩ)

T − 1

xΩ

−BΩ

12
(59)

such that

N∑

Ω=1

hΩT,t
=

N∑

Ω=1

h0(1 + xΩ)
T +

N∑

Ω=1

( T−1∑

g=0

vΩT−g
(1 + xΩ)

g−

(ℓΩ + sΩ)
(1 + xΩ)

T − 1

xΩ

− BΩ

12

)
(60)

Let

∆(T ) =
N∑

Ω=1

hΩT,t
(61)

The cash in the IR (investor’s account) at T-years of investment is ∆(T )

Theorem 3.1

If ∆(T ) > 0, then the portfolio investment is worthwhile, in money provided

T is within the period for the loan repayment and other conditions remain

constant.

Proof

Let

H
hΩj,t

j := Υ

(
hΩj,t

(w), w ∈ [0, t]

)
for each j = 1, 2, ..., T < ∞
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denote the history of the reserve process within the expiration of the loan

repayment, T < ∞
Assume

hΩj,t
≥ 0 for each Ω

is adapted process with respect to the filtered space
(
k, χ(k),̥(χ)

)
.

̥(χ) is the filtration of the process. Then, by equations (40) and (41),

∆(T ) > 0

Hence, the portfolio is worthwhile, in money provided T is within the period

for the loan repayment and other conditions remain constant

4 The Nigerian Maritime Industry Problem

In this section, we consider an investor that intends to venture into mar-

itime business. After a thorough market survey, he realizes that a twelve

year old single hull product tanker with a capacity of 7500mt dwt (metric

tonne deadweight) cost $ 4.00M, company registration and other expenses

is #20.11 million ($0.1105 million). Also, the investor discovered that a ten

year old single hull crude tanker with capacity of 15,000mt dwt cost $5.5 M

and other expenses cost $1.3 M all expenditure in US dollar.

The banks ( bank A, bank B) he approached for loans of $4.30 M and $5.50 M

allow six years and ten years periods for repayment at instantaneous riskless

interest rate of 10 % per annum and 12 % per annum respectively. He bidded

for two six years contract for time charter of current revenue of $ 140,000.00

and $280,000.00 for transporting product and crude oil respectively. Both

tankers have twenty-five years life-span from their manufacturing date.

The banks he contacted for loans allow four months moratorium on the loan

of $4.30M and six months moratorium on the loan of $5.50 M.

The investor has the following decisions to take:

1. Should he consider the investments?
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2. If yes,when is it appropriate if the contracts are awarded for six years?

The Bank COT are as follows:

For bank A, we have;

• #1 000.00 on request for withdrawal booklet.

• 10% VAT on issuance of withdrawal booklet.

• #1 100.00 for monthly statement of Account.

• 1% of every withdrawal as withdrawal fees.

• Management fees is 0.25% of the loan

• Facility fees is 0.25% of the loan

• Processing fees is 0.75% of the loan

and

For bank B, we have;

• #1 000.00 on request for withdrawal booklet.

• 8% VAT on issuance of withdrawal booklet.

• #1 000.00 for monthly statement of Account.

• 1% of every withdrawal as withdrawal fees.

• Management fees is 0.25% of the loan

• Facility fees is 0.25% of the loan

• Processing fees is 0.75% of the loan
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4.1 Problem Statement

We desire to determine for each irreversible investment considered, the monthly:

(i) Revenue

(ii) Expenses

(iii) Reserve

(iv) Investment value

(v) Threshold revenue

(vi) The penalty for default in repayment if any and

(vii) Yearly depreciation value of the equipment purchased

4.2 Problem Formulation

We define the decision variable as follows:

For Ω = 1, 2,

Let:

• pΩj,t
:= investment revenue at month i, t > 0 for jth year

• kΩj,t
:= Investment expenditure at month, t, t > 0 jth year

• p∗Ωj,t
:= threshold revenue jth year and t month

• aΩj,t
:= investment loan repayment at month t, t > 0 for jth year

• ǫ(aΩj,t
) := loan default investment payment at month t, t > 0 for jth

year

The Portfolio optimization problems to be solved are:

max

( 2∑

Ω=1

vΩj,t

)
=

2∑

Ω=1

(
e−rΩ [(1− ηΩ)(pΩj,t

−mΩj,t
)+
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ηΩ(1− (pΩj,t
−mΩj,t

)2)]

)
(62)

subject to:

pΩj,t
= pΩ0e

(α−0.5σ2)∆+σN(0,1) > p∗Ωj,t
> 0;

p10 = #49.14 million (270, 000.00); for α1 = 0; σ1 = 10% ; η1 = 20%;

mΩj,t
= kΩj,t

+ aΩj,t
+ ǫ(aΩj,t

)

p20 = #49.14 million (370, 000.00); for α2 = 0; σ2 = 10% ; η2 = 20%;

mΩj,t
= kΩj,t

+ aΩj,t
+ ǫ(aΩj,t

); pj,t > p∗ > mj,t;

{IΩ : IΩ=1 = #728.00 million (4.20million), IΩ=2 = #928.00 million (5.20million)}
for r1 = 12%; aΩ=1j,t =

IΩ=1(1+
r1
12

)

d
; d1 = 60− 4 and

r2 = 10%; aΩ=2j,t =
IΩ=2(1+

r2
12

)

d
; d2 = 60− 4

max(
N∑

Ω=1

hΩT,t
) =

N∑

Ω=1

h0(1 + xΩ)
T +

N∑

Ω=1

( T−1∑

g=0

vΩT−g
(1 + xΩ)

g−

(ℓΩ + sΩ)
(1 + xΩ)

T − 1

xΩ

+
BΩ

12

)
(63)

subject to:

h0 = I− equipment value at purchase; xΩ =
rΩf

12
; rΩ=10f%;

vΩi−g
> 0; ℓΩ=1,2 = {#1.82million,#2.82million};

sΩj,t
=

∑ν

n=1 mΩn,t
.

Yearly equipment value after purchase:

max(Wj) = W0(1−
1

J
)j + (j − 1)Φ̃jWj−1 (64)

subject to:

• J = 25 years from build.

• W0 ≡ 1 (Value at manufactured date)

• Φ̃ is replacement per cent per year

• j ≥ 1

We used Microsoft-Excel package to solve the optimization problems 62-64:
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5 Analysis of Result

The investment is worthwhile based on the loans, the interest rates, exchange

rate of about #156.00 to a dollar, calculated threshold revenue of #41.20 for

product tanker and #42.49 for crude oil tanker, predicted monthly revenue

subject to volatility of 10% for product and crude oil tanker respectively (fig-

ures 1,2 in the appendix) , the Bank COT, and 20% level of risk aversion on

monthly generated revenue. However, the liquidity of his proposition depends

on the status of his investment reserve, all things being equal. Expected vol-

ume of the reserve is displace on figure 5 and figure 6 in the appendix.

Furthermore, having serviced the loan obtained, the equipment purchased

for product tanker would have spent 47.96% of its life-span but when main-

tained periodically, it would spent 28.46%. That of crude oil tanker would

have spent 50.04% of its life span but with periodic maintenance, it would

have spent 19.39%. This is illustrated by figures 3,4 in the Appendix

Thus, there is the need to use the tankers for few years with the requisite

mandatory special surveys and drydock respectively subject to :

• Classification society and flag administration requirements.

• Comparative cost of total overhauling to cost of purchasing a new one.

• Comparative benefit for selling it off as a scrap.

• Cost of maintenance and docking.

befor selling off the tankers as scrap.

The investor benefits from maintaining the capital equipments periodically

(figures 3,4 in the appendix) and repaying the loan as at when due but not

after the due date. From figures 6,8 in the appendix, the expected cashflow

for the portfolio is strictly positive though the product tanker proposition is

more solvent to crude oil proposition.

The investment proposition is affected by foreign exchange. For the Maritime

investment, the proposition is worthwhile for exchange rate ∈ (N150, N175]

to a US dollar for product oil tanker proposition and worthwhile for exchange
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rate ∈ (N150, N180) for crude oil tanker proposition. At exchange rate of

N175 to a dollar, the product oil tanker proposition is not worthwhile since

the threshold revenue do not exist. (Figure 9)

Hence, the investment propositions is worthwhile and investor could invest

now, since justification is done to every intended purchase and price to be

paid by sincere objective reasoning that guarantee optimising the investment

subject to uncertainties.

21

UNDER PEER REVIEW



References

[1] Baldwin and Meyer, A.C: Liqiudity Preference Under Uncertainty. The

Journal of Financial Economics, 7 (1979), 347 - 374.

[2] Baurele, N and Muller : Stochastic orders and risk measures; consistency

and bounds. Insurance Mathemetics Economics (2006), 38,132 - 148

[3] Cowper A.D. : Investigations on the Theory of Brownian Move-

ment.Collected Papers, 2 (1926, reprinted 1956), 170-82, 206-22.

[4] David Applebaum: Levy Processes and Stochastic Calculus. The Edin-

burgh Building, Cambridge CB2 8RU, UK, Cambridge University Press,

Second Edition, (2009)

[5] Dixit A.k and Pindyck R.S: Investment Under Uncertainty. Princeton,

New Jersey, Princeton University Press, (1994)

[6] Dixit A.k and Pindyck R.S: The Options approach to capital invest-

ment. Harvard Business Review, (1995), 105 - 115.

[7] Glyn A. Holton : Defining Risk. Journal of Financial Analysts, 60

(2004), Nunmber 6

[8] Investment Management Association : Different types of investment and

their risks, (2008)

[9] ISO/DIS 31000 : Risk management - Principles and guide-

lines on implementation. International Standards Organization .

http://www.iso.org/iso/iso, (2009)

[10] McDonal R.L. and Siegel D.R : The Value of Waiting to Invest. Quar-

terly Journal of Economics 101(4) (1986), 707 - 723

[11] Neumann, John von and Morgenstern, Oskar : Theory of Games and

Economic Behavior.Princeton, NJ. Princeton University Press, (1947)

22

UNDER PEER REVIEW



[12] Nwozo, C. R. and Salami, B. A.: On Irreversible Investments markets

in the Maritime Industry. Journal of Mathematical Sciences, 21 (2010),

No.4 457-465

[13] Oscar Gutierrez : Real Options and the Jorgensonian user cost of capital.

Investigation Economics 29 (2005), (3), 625 - 630.

[14] Reinhold Hufner and Bernd Schmid : A Factor-Based Stochastic Implied

Volatility Model. risklab, Germany GmbH, Nymphenburger Str. 112-116,

80636 Mnchen, (March 2005), wp 05-01

[15] Rob William : Essays on optimal Hedging and Investment Strategies,

and Derivative Pricing, Tilburg. University, (2004)

[16] Robert L. McDonald and Daniel R. Siegel : Investment and the Valu-

ation of Firms When There is an Option to Shut Down. International

Economic Review, 26 (June, 1985), (82), 331 - 349.

[17] Sarkar, S. : On the Investment uncertainty relationship in a real option

model. Journal of Economic Dynamics and Control. 24 (2000), 219 -

225.

[18] Vicky Henderson : Is Corporate Control Effective When Managers Face

Investment Timing Decisions in Incomplete Markets. Journal of Eco-

nomic Dynamics and Control, 34, (June 2010) , (6), 1062-1076. Oxford

University, (November, 2008)

23

UNDER PEER REVIEW



Appendix

NGN 38.00

NGN 39.00

NGN 40.00

NGN 41.00

NGN 42.00

NGN 43.00

NGN 44.00

NGN 45.00

NGN 46.00

NGN 47.00

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Ja
n

u
a

ry

M
a

y

S
e

p
te

m
b

e
r

Year 1 Year 2 Year 3 Year 4 Year 5 Year 6 Year 7 Year 8 Year 9 Year 10 Year 11 Year 12 Year 13 Year 14 Year 15 Year 16

R
E

V
E

N
U

E
 
V

A
L

U
E

 
I
N

 
M

I
L

L
I
O

N
 
N

A
I
R

A
 

PERIOD IN MONTH PER YEAR 

REVENUE PATH  FOR CRUDE OIL TANKER  

Figure 1: V olatility = 0.10, current investment value = N21.84M

Figure 1 display expected revenue for crude oil proposition with expected

initial revenue of N43.83 million at exchange rate of N156 to a dollar.
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Revenue Path for Product Tanker  

Figure 2: V olatility = 0.10, current investment value = N21.84M

Figure 2 display expected revenue for product oil proposition with ex-

pected initial revenue of N21.84 million at exchange rate of N156 to a dollar.
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Figure 3: Depreciation rate = 0.04, Maintenance = 0.35

Figures 3 and 4 display the equipments (product tanker and crude tanker)

depreciation rates of 0.4 each and maintenance rates of 0.35, 0.01 respectively.

The gaps between the curves respectively are the expected benefits from

maintaining the the equipments.
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Figure 4: Depreciation rate = 0.04,Maintenance = 0.01
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Figure 5: Moratorium = 4months, Bank interest rate = 0.055, Risk
avoidance = 0.20, Reserve rate = 0.08 at N156 per $1

Figures 5,6 display the graph of expected reserve as a function of loan

moratorium, loan interest rate, level of risk avoidance, reserve rate, exchange

rate of N156 to a dollar respectively.
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Figure 6: Moratorium = 6months, Bank interest rate = 0.11, Risk
avoidance = 0.18, Reserve rate = 0.04 at N156 per $1
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The figures 7,8 show the cashflow of the investment propositions.
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Figure 7: EXPECTED CASHFLOW FOR PRODUCT TANKER

The investment propositions are solvent and worthwhile.
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Figure 8: EXPECTED CASHFLOW FOR CRUDE OIL TANKER
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Figure 9:

From figure 9, as the exchange rate of naira to a dollar increases, the

expected reserve and threshold revenue rises for both product oil and crude

oil proposition but between exchange rate of N170 to N175 to a dollar the

expected reserve for product oil proposition drops. This is due to expected

high threshold revenue. Although, the expected investment reserve for prod-

uct oil proposition is at the peak compare to exchange rate∈ (155, 181) to a

dollar, the investment is not worthwhile since there the expected threshold

revenue do not exist at exchange rate of N180 to a dollar.
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