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Hypergeometric Representation of Modified Beta Stancu Type Operators

Abstract: In the present paper, we extend the results of Gupta and Ahmad [9] by applying hypergeometric
series. We study local and global properties , Voronovskaja type asyptotic formula and error estimation for
modified Beta operators. We also derive some other characteristics of these operators.
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1. Introduction

To approximate integrable function on [0, 00), the modified Beta operators given by Gupta and Ahmad [9]
are defined as
B(f) = (=

)}jmk t/wM¢mfmm, z € [0,00) (L1

where i
_ (n+k) x
() = Kl(n — 1)1 (1 + z)ntk+l
and i
n+k—1) t
pn,k(t) = ( )

Kl(n— 1) (1+6)n+k

It was observed in [9], that by taking the modification of Beta operators defined in (1.1), we can have better
approximation. Some approximation properties for these operators and other similar type of operators were
studied in Agarwal and Singh [2], Abel et al. [1], V.Gupta [6], [7], [8], Zeng et al. [21], Maheshwari [14], [15],
Maheshwari-Sharma [16] and Gupta et al. [11], [12] etc. Ismail-Simeonov [13], studied certain Beta type op-
erators in the hypergeometric form and such notations can be studied in [5]. The behavior of these operators
is very similer to the operators recently introduced Mishra et al. [18], [19], using Pochhammer symbol (n)j is
defined as (n)r = n(n+ 1)(n 4+ 2)(n + 3)..(n + k — 1)., we define operators (1.1) as

n=1\ o= mn+ 1" A +2)" [ @n) ¢
( n )Z o (1+x)"+k/0 oA 0

k=0

) = fO0+0) " S (et Dulat)
= W a1 0] 2 B[ 5 7)1+ O
)k (b)

Using the hypergeometric series 2 Fy(a,b;c;z) = Y oo ((Ec)kk!k x* and the equality (1), = k!, we have

_ REIGCEO P
Bn(f’m)f(n—l)/o mﬂﬁ <n’n+1,1’(1+x)(1—|-t)> dt.

Now using 2 F1(a, b; ¢;x) = o F1(b, a; ¢; ) and applying Pfaff-Kummer transformation,

Bn(f,x)

oF1(a,b;c;2) = (1 —x) %2 Fi(a, ¢ — b; ¢ %),

we have
fOA1+2x) —uxt
B, -1) F 1; ———)dt. 1.2
o) =) [T IO i (1.2
which is another from of the operator (1.1) in terms of hypergeometric functions.
The Stancu type generalization of Bernstein operators was given in [20]. In the year 2010 in [3], the authors
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have studied the Stancu type generalization of the g-analogue of classical Baskakov operators.
For 0 < a < B, we propose the Stancu type generalization of modified-Beta-Stancu operators,

B < (nt+a) (1+z)7t o —at
Bpap(f,z)=(n— 1)/0 f ( Py ) a +x—|—t)”2F1 (n, —n; 1; 1+:C—|—t) dt. (1.3)

As a special case if @« = 8 = 0, the operators (1.3) reduce to modified Beta operators defined in (1.1). Let us
consider

C5[0,00) = {f € C[0,00) : f(t) = O(t7),~ > 0}

The operators By, o (f, z) are well defined for f € C,[0, c0). In the year 2009, Maheshwari and Gupta [17] studied
rate of approximation and weighted approximation of modified Beta operators. Gupta et al. [10] introduced some
direct results in simultaneous approximation for Baskakov-Durrmeyer-Stancu operators and Finta [4] obtained
a new type of Baskakov- Durrmeyer operators by taking the weight function of Beta operators. In the present
paper, we establish moments of modified Beta Stancu operators using the technique of hypergeometric series.
Next, we study Voronovkaja type asyptotic formula and an estimation of error in simultaneous approximation
for the MBS operators.

2. Moment estimation and auxiliary results

In this section, we establish certain lemmas which will be useful for the proof of our main theorems.
Lemma 1. Forn >0 and r > —1, we have

P(n—r—1T(r+1)

B,(t",z) =(n—1) )

(1+2)"2F, (—n,—r;l; < ) (2.1)

1+xz
Moreover
n—r—2)(n+r)! sn—r=2)n+r-1"  _,
T

Bult', ) = : nl(n —2)! e nl(n —2)!

+0(n™?%) (2.2)
Proof: Taking f(t) =" and ¢ = (1 + z)u, by using Pfaff-Kummer transformation in (1.2), we have

[ O S (e (a1 )
- (RS () D Dl ) (T

k

B,(t", x)

r+k

(n—1) Z (n)(k/j!);)k (—zx)*A+2)" ™" /000 ( -

—d
1+ u)ntk "

= (n—-1) Z W(—x)k(l +z) " "B(r+k+1,n—r—1)

(n)k(—n) e L(r+k+1I(n—7r—1)
(kk!)2 “(—2)f(+a) T(n+ k) '

I
)
=

M8

Again taking '(n+ k+ 1) =T'(n + 1)(n + 1), we get

B,(t",x) = m-uZW(—x)’%Hx)
k=0

= (- D14y

Using Pfaff- Kummer transformation, we get

I(r+ 1)11:((2)_ "= 1)2F1 (—n, —r;1; If 1) :

Writing the expansion of the hypergeometric series, we get (2.2),

B,(t"2)=(n—-1)1+a)"
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Lemma 2. For 0 < a < f3, we have
Bn,a,ﬁ(tr7$) =
o n" (n+r)ln—r—2)
(n+pB)r nl(n —2)!
g {7’2( n" (n+r—1ln—r—2)! nr1 (n—l—r—l)!(n—r—l)!}

nt B 2l(n—2)! e T By Wl(n—2)]

42" 2 {r(r — 1)2a

+0(n™?).

nl (n+r—=2)n—r—1)! rr—1)a* n"2 (n+r—2)!(n—r)!}
(n+pB)" nl(n —2)! 2 (n+pB)r nl(n —2)!

Proof: By applying Binomial theorem, the relation between operators (1.2) and (1.3) can be defined as

. B B > o nt+a\"
Bn,a,ﬁ(t 71') - (n 1) kz_obn,k(x)/(; pn,k(t) ( n + 5) dt

= (n— 3 x h y ; M
= 1);—()bn’k(>/0 pn,k(t)Z(j) et

=0
i:(;)&f;;aﬁAm

Jj=0

Applying this on (2.2), we get the required result.
Lemma 3. [9] For m € N0, if

1 k "
T, = - .
) = 23 buae) (<)
k=0
then there exists the following recurrence relation;
(n+1)Thmy1(r) = 2(1+ x)[T/zm(x) + an,mfl(x)]'

Consequently,

(1) Tym(x) is a polynomial in = of degree at most m.
(2) T (x) = O(n~ (D721 “where [a] denotes the integral part of c.

Lemma 4. We define the central moments as

m n—1Y\ «— > nt + « "
Tont#) = Buas(t=2)"2) = (7)o@ [ puatt) (5 ) e, men

we have the following recurrence relation, for n > m + 1.

(n_m_Q)(n+ﬁ

) Tumia(0) = 2(1+ T (o) + 1T o)

+{(m+m:+l+l")+<nzﬁ> (niﬁ_z> (n—2m—2)] Tm ()

B <niﬁ ”) {1 B (niﬂ ‘x> (”IB)] M m1(2)-

z[3n+B(2—n)+n+a(n—2)]
(n+B)(n—2) ’

222n%(n+7) —n?B(7 —n) + nB(nB — 58 + 18 + 63?]
(n+B)*(n—2)(n—3)
e [2n2(n 4 5) + 2n’a(5 — 2n) — 2n2B(1 + a) + 2n(5a8 + 38 — 9a) — 12a4]
(n+p)*(n—2)(n—3)
2n2 + n?a(a + 2) — na(5a + 6) + 6a?
(n+8)*(n—2)(n—3)

From the recurrence relation, it easily verified that for all x € [0,00), we have

Tn,m(x) — O(n_[(m+1)/2]).

We can obtain first three moments as T, o(x) =1, T, 1(z) =

Tn’Q(.T) =
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Proof: T, o(z) = 1 (by the definition of the operators (1.3)). For the proof of other moments we follow the

recurrence relation. Now we prove the recurrence relation as follows.
Using the identities

z(1+2)b, 1 (2) = [k — (n + 1)2]bn i (2)
and

t(1+ t)pfn,k(t) = (k- nt)pn,k'(t)v
we have

o0+ 2T =

k=0
Thus
2(1+ )T}, () +mTy m-1(2)]
_ (” - 1) go(k — n)bo(@) /Ooopn L) (”tig m)mdt
_ <"; 1) gxbn,k(m) /Ooopn L () (’Z:g - >mdt
_ <” - 1) gbn,k(x) /Om[(k “ ) + 1t — 2)]pa(t) <7ZI;‘ - x)m dt — Ty ()
= () St [T s it (5 )
+ (” . 1) ki_obmk(x) /OOO n(t — ) p(t) (”nt:g _ x)m dt — 2T (x)
Now taking
= () s ()]
we have
(14 2)[T% (%) + M s ()] ( > ( > ank / P (0) (’::g - x>m+1 dt

)G “w)<”1>2bw e (555
A (e2) S i (223

) () [ s (2
(n+ﬂ z)(

()t ) () vt

—nxTy m(z) — Ty m ().

3+

(5
("
“(ais

Integrating by parts and by simple computation, we get

(n—m-2" BT @) = (42T () + T ()

+[(m+nm+1+ )+n:ﬂ<

() [ (=) (22 st

1) i[k (0 + Dby i () /000 ) (:‘fig - g;) "t — ma(1 4 5) T ().

)bt ) [ (20 )

:17> dt
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Lemma 5. [11] There ezist the polynomials ¢; j-(x) on [0,00), independent of n and k such that

- k
(@1 ) Tbuel@) = D (04 1k = (1 Do) g ()b (o)

3. Direct Estimates

In this section, we propose some direct results including asymptotic formula and an error estimation in
simultaneous approximation.

Theorem 1. Let f € C,[0,00) be bounded on every finite sub-interval [0,00) admitting the derivative of order
(r+2) at a fivred x € [0,00). Let f(t) = O(t7) as t = oo for some v > 0, then we have

Jim n <B( s(f.x) = f(r)(x)) =r(r+2-B)fD @) +[(1+r+a)+z@2r+3-0)f (@) +2(1+2)f 2 (x)

Proof: By Taylor’s expansion of f, we have

r42
f

=2

where (t,x) — 0 as t — x and £(t,7) = o((t — 2)°) as t — oo for some § > 0, therefore we can write,

t —2) +e(t,x)(t —x) 3

+ anL,ﬁ(E(ﬂ z)(t—z)""2, 2) = B+ E»

1!

(@) |
n(BY), ()~ f (@) = n [Zf @) p0) (¢~ x)x) — £ (a)
=0

From Lemma 2, we have

B = ff . Z( ) = B )~ @) = L (B, (0. - )
+mn{<r+1x BB, (17 2) + B (7 )}
+f((;f)2<;>n{<”2>2<7“+1> B 02) 0+ 2B () + B (0
= e e <T+11(>){( )
w0
+(H1)O/”L"(n+T)!(n—r—2)!70!}”]”““)(:@ (r+2)(r+1) Hn'(ntr)in—r-2)

(0 + B+ nl(n —2)
n"Hn+r+D(n—r-—3)

(nt B) P inl(n — 2!

n"(n+r)l(n—r—3)!

( (+ 5)3+(1 o 2;! rl)+
(r+2)2n"2(n+r+ )(n—r —4)!

(n+ B)r+2nl(n —2)! (n+ B)r+2nl(n —2)!
(r+2)(r+1)2n"a(n +r)(n —r —3)! L r+2)(r+ Da2n"(n+7)!(n +r —2)!

(n+ B)2nl(n — 2)! " 2(n + B)+2nl(n — 2)!

The coefficients of £ (z), f*+D(x), f"+2)(z) in the above expression are respectively r(r+2— ), (1+r+a)+
x(2r +3 — f8) and z(1 4+ z). Taking the limits as n — oo and by using induction hypothesis on r. To complete

the proof of the theorem, it will be enough to show that Es — 0 as n — oco. To estimate F5 using Lemma 5, we
have

|QZ]TCD| = ; o

Ey<(n—-1 n+1)—LEE N T (2))k— (n+ 1 x’/ Dk (E)|e(t, z

Bil £ (0-1) 3 (04 ' R S bus(ollh— 0 et [ pnal0le(o)
4,7 >0

(r+2)! 2 (n+ B)rnl(n — 2)!
(r+ 12" (n+r)l(n—r—3)!
(n+ B) *inl(n —2)!

N+ r+2)n—r—4 (r+2)! ,
(n+ B) +2nl(n — 2)] 2
n"Hn+r+1D(n—r—3)!

r!

—(r+2)x( (r+ Dz +

+(r+ 1)

(r+ Dz + (r+2)a

(r+ 1)l

It +0(n™?).

For a given ¢ > 0, there exist 6 > 0 such that |e(¢t,z)| < & whenever |t — x| < ¢. For |t — x| > J, since
e(t,x) — 0 as t — =z, further if X is any integer A > max(v,r + 2) then we find a constant K > 0 such that
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r+2
le(t, z)] ’;Ltj:g —x <K "tiﬁ —m’ . Thus
r+2
i ; nt + «
By < (n—1)A; Y (n+1) +1ank Nk — (n+ D) { Pk (t) —z| dt
2itj<r k=0 [t—x|<d +/B
i,j>0
nt + o A
+/ Kpn’k(t) — dt} = E3 + E4.
t—xz|>6 +0

Now applying Schwarz inequality for the integration and summation, we have

Bs] < (n—1edy Y (n+ )" @)k — (n+ D]l

2i+j<r k=0
4,520

° H o nt + o 2rea |
([ st ( | o (55 <) dt)

(n—1)ed; > (n+1)"! (an,k(x)uk—(nﬂ)x]w)

2i+j<r k=0
4,520

e’} oo nt + o 2r+4 %
X (kz_o bn,k(x)/(; pn,k(t) ( n+5 - Z‘) dt) :

Using Lemma 3 and Lemma 4, we get

Nl=

IN

Bal < (n—DeAr Y (n+ 1)F.0mI/2).0(n~C+2/2) < c0(1).

For arbitrary chosen e, we follow that E3 = o(1). Now using Schwarz inequality for the integration and summa-
tion, Lemma 3 and Lemma 4, we get

A
nt + «
|Eyl < (n—1)As (n 4 1)1 bk (x n+1)33\J/ P,k (1) — dt
2; Z p—al>5 n+p
i,5>0
<

1/2
(=142 Y (n+1)"* (Zb k(@) (k= (n+ Da)? )

2i4j<r
i,j>0j

> o nt + « 2 1z
by, . - d
x <; k(x)/o p 7k(t)(n+ﬁ x> t>

(n—1) Z (n41)FL.OMmI?).0(n=?%) = O(n"+2=N/2) = o(1).
i

Hence we get E5 — 0 as n — oo. Combining the estimates of F; and E5, we get the required results. This
completes the proof of theorem.

Theorem 2. Let f € C,[0,00) for some v > 0 and r < m < r+ 2. If f) exist and is continuous on
(a—n,b+1n) C (0,00), n >0, then for n sufficiently large

<At H @
cla,b] 1 Z f

where Ay As are constants which do not depend on f and n and w(f,d) is the modulus of continuity of f on
(a—=mn,b+n) and |||, being the sup-norm on [a,b].

| B sthw) = £ @)

+A2n_1/2 (f(m)7n—1/2)_i_0<n—2>7

a7

Proof: Using Taylor’s expansion of f, we have

f< AR SRl
Z ©) (z)

t—x
m!

(t = 2)"x(t) + h(t, 2)(1 = x(2)),
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where ¢ lies between ¢ and = and x(t) is the characteristic function on the interval (a — 7n,b+ 7).
Now

™) (g _
B, ()~ fO) = {ZWBﬁlfLﬁ((t—x)Z)—f(”(x)}
(£ s

(t - x)mx(t),:v>
+B7(:()Lﬁ(h(t,x)(1 —x(®),z) = J1 + J2 + Js.
By using Lemma 2, we have

" O (x i e d” nJ n+ )l (n—-75-2)!
DY z"()z<j>(_x) ot (n+ﬂ)j( i!)(fz—z])! !

i=0 =0

n! (n+j—1)(n—j—2)
(n+pB)7 nl(n — 2)!
W (n+j—1)n - i—1h
(n+ B)7 nl(n — 2)!

G2 Tl (n4j—-2)!(n—j—1)!
o Q{J(J—l)Qa(n+ﬁ)j —
i(j—1a® 772 (n+j—2)(n—j)
J( 21) (n+ﬁ)]( +;7L!(n22'(2)! J)'}JFO(n*Q)]if(r)(z)_

+Ij_1(j2

+ja

+

Therefore, [|J1 |, < A=ty || f® Hc\a.b| + O(n™2), uniformly on [a, b].
Next, we estimate Jy as /

N & o0 (m) () — f(m) m
el < (M) S @l [t {| RO MES  far
k=0 ’
w(f™,6) * Ztiﬁ —a|" nt + a m
< — ( )Z!b )\/0 pn,k(t)<1+ 5 ’ e ’ dt
(m) _ i o m m—+1
< W(fm; 2 (nn 1) Z |b:1,k(33)|/ Pk (1) ( 7::; —m‘ +6t T::g —a:‘ ) dt.
’ k=0 0

Using Schwarz inequality for integration and summation, we get

( )ank n+1)x\J/O Pui(t) | e
<(n 1)I§bn,k(x)|k—(““)mv< Pkt ) ( pnk()(’::g_m)mdt>

t
nt+ « dt

— X

1/2

oo o) 2m 1/2
<(n+1y (izbn,m) e ) (( )bt [ st (555 ) dt)

k=0 k=
= 0(n?/?).0(n~™/2) = O(nI=™)/2), (3.1)

uniformly on [a, b].
Therefore by Lemma 5 and (3.1), we get

(- l)z“)n,k(x) / Pk (1) ’;‘fjg—x dt

i,5>0
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< sup |9i,,r(2)] (n_l) Z (n+1)i ibn,k(xﬂk_(”+1)-T|j/oopn7k(t) nt+ao ‘mdt
2t " (l+x)" n e — 0 n+p
0,550
=M Z (n 4 1)'0(nU=m/2) = O(n{r—m)/2), (3.2)
2itj<r
i,550

uniformly on [a, b], where

|qijr($)|
M= sup sup ——=———.
21+J<T z€|a,b| x” (1 +x)T

Choosing § = n~'/? and applying (3.2), we obtam.
w(fm), n=1/2)

[ J2llefae) < =

Z (n+1)7L[O(n(jfm)/2)+n71/20(n(r7m71)/2]+O(n7m)
2i45<r
i,5>0

< Mon~ (r—m)/2 (f(m) —1/2)'
For ¢ € [0,00)\(a — 1, b+ n), we can choose § such that |t — x| > ¢ for all z € [a,b]. Thus by Lemma 5, we get

oo
[l <MY (et ibu(a)lk = (e al? [ ps(@)lalez)

2i+j<r 0

i,5>0
For |t — x| > 4, we can find a constant K such that |h(¢,z)| < K\% — x|, where 8 is an integer > (v, m).
Hence applying the Schwarz inequality for both integration and summation, Lemma 3 and Lemma 4, it is easy
to show that J3 = O(n™*) for any s > 0, uniformly on [a,b]. Combining the estimates of Jy, Ja, J3, we get the
required result.
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