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Moments of truncated skew-t distribution applied to
optimal paths

Abstract

This paper introduces the moments of random variables with truncated skewt distribution. Firstly
is described slightly the generation of the skewt distribution, for later use truncation techniques, in
order to present the truncated skewt distribution and finally derive an expression of the moments of
random variables with truncated skewt distribution. The definition of the truncated skewt may lead
to many applications, particularly life times, waiting times, theory paths and saturation. Finally

the truncated skewt distribution is used to determine the likelihood of saturation of the paths

establishing optimal paths through the use of graph theory.
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1 Introduction

In the literature, truncated moments have been derived for several truncated distributions, particularly
for the doubly truncated distributions, for instance in [1] is considered the truncated moments of a
doubly truncated binomial distribution. Truncated moments of a doubly truncated normal were derived
in [2]. Sugiura and Gomi [3] studied the skewness and kurtosis of a doubly truncated normal and a
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right truncated Weibull distribution. Recently, in [4] was derived several expressions for truncated
moments useful for numerical computation. These include truncated moments of normal, lognormal,
Pearson type lll, log Pearson type lll, and extreme value (Weibull and Gumbel) distributions.

In the last decade the interest has focused on finding more flexible ways to represent the data,
avoiding unrealistic assumptions [5]. A flexible class of location-scale models are defined by the skew-
elliptical family of distributions; see [6], [7], [8], [9], [10], [11]. This class allows modeling skewness
in the distribution of the data, however the models must be based on reals characteristics of the
data, for instance proposing skew models. In [12] provides an overview of the literature concerned
with the family of skew-normal distributions and other continuous random variables families linked to
class skew-normal. The goodness-of-fit tests for the skew-normal distribution were proposed in [13],
[14], where a characterization of the skew-normal as well as relevant results on quadratic and linear
forms are given; properties of the skew-normal, skew-uniform, skew-t, skew-Cauchy, skew-Laplace,
and the skew-logistic distributions were explored in [15]. Later, in [16], and [17], were studied some
asymmetric and symmetric multivariate distributions. On a specific problem of climatic data, in[18]
was shown the need to study the truncation of the skew-normal, and also the need to study the
simultaneity of the asymmetry and truncation, indicating the existence of natural physical limits, that
is, the philosophy of modeling started to change.

In this paper is proposed to use the moments of the truncated skew-t distribution which are applied
to the common problem of optimal paths. Most calculations are based in [19] and the generalizations
in [20], specifying the conditions of convergences of the series. Finally based on [6], [8], [16], [21], is
presented the probability density function and cumulative distribution function of skew-t distribution,
and the moments and the truncated density are characterized. The main objective of this paper is
twofold: to study the convergence of the hypergeometric series in order to guarantee the existence
of the moments of a truncated skew-t distribution; and to applied the moments of such distribution to
the path problem to find the shortest path between two locations using the graph theory.

The outline of this paper is as follows. In Section 2, formally describe the skew-t distribution. Section
3, introduces the truncated skew-t distribution and the conditions to define the moments of the
distribution. Section 4, presents the study of convergence of the hypergeometric series to ensure
the existence of the moments of the distribution. An application to optimal path is considered in
Section 5. Finally in Section 6 some concluding remarks are discussed.

2 The skew-t distribution

Lemma 2.1. If f, is a one-dimensional probability density function symmetric about 0, and G is a
one—dimensional distribution function such that G" exists and is a density symmetric about 0, then for
—00 < z < 00, f(z) = 2fo(2)G(w(2)) is a density function for any odd function w(.) ([12]).

Proof. IfY ~ fo and X ~ G are independent random variables, then

5 = POX = 0(¥) £0) = By (X —w(v) <01 Y) = [ G{u)} Sz
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on noticing that w(Y") and X — w(Y") also have symmetric distribution about 0 ([12]). O

1
Using lemma 2.1, where fo = t1 (z,v) and G = Ty (a:c (;jmg) P 1), the density function of a

skew-t can be represented by:

1
+1\2
fx(z;0,v) = 2t1 (z;v)Th <ag; (Uv+ ﬁ) v+ 1) .

So X stands for a skew-t (ST) distribution with mean 0, skewness parameter «, degrees of freedom
v and density denoted by ST (o,v). Now, if Y = ¢ + wX, where ¢ € IR, w € IR", we obtain
Y ~ ST (¢, @, a,v), and the probability density function (pdf) of Y, given by

1
) 2 v+1\2 w o _y—¢&
fr(y, &, a,v) =2t (y, &, @, v)Th (az <7v+z2) ,v+1>, with z = —-

D=

Let w(z,v) = z (2L ) °, we have that the pdf [22] is
v+z

fY (y7£7 w2> «, ’1}) = 2t1(y7£,w27U)Tl (Oﬂl}(Z, ’U); v+ 1) ’

explicitly,

_(u+1)

fx(@o,0) =

e (%)

v+1 — (Y2
/U - (vt2 2 (===)
/ whe? ( 2 ) <1+ r ) dx

(U 4,1)(‘5*) (

v+1
XY Bwrion2 -~ v+2
/ * ’U+ 1) ¢ dx,

withv =2, ...and —c0 < = < oo.

Let
il (u£2) S
vtax 27 —
1 e =1-W |y ———;v+ Lal,
/,oo [0+ +=] ’ (m vtz Tt O‘)
thus,
+2
(,U+1) 1 ( ) oy —(uEL) v+1 . .
Ix(z;onv) = o (w4222 [1-W za m,v+1,o< ,

withv =2, ... and —oo < z < oo, where

v

W(xa v—|—+aclv+1a> = (xa1/1}v_:rxl2> B(1,v)

v+1 v v+1 v+1 v+2 —v+1

3Fb s ; ; ; 5 |
2 2 2 2 2 ( v+1)
RN e
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with 3 F being the generalized hypergeometric series [23]. Thus the skew-t distribution is define by

v+

) )M 2)=(*39) [} w [otl . 1.
fx(z;,0) —T(U%»:E) [f (ata vt Lia)l,

withv =2, ... and —oo < 7 < .

Figure 2 shows the density of the skew-t distribution for increasing values of the skewness parameter
« and a fixed degrees of freedom v. The t distribution (« = 0) is shown as a green line for comparison.

0.25 T

Figure 1: Index plot

3 The truncated skew-t distribution

Let X be a random variable with probability density function(pdf) f(z) and cumulative distribution
function(cdf) F'(z), which both functions have infinity support. We have interest in compute the pdf of
X in a restricted support y = (a, b], that is, we want to compute X given a < X < b. This pdf is given
by

flzla< X <b) = % = Tr(z),

where g(z) = f(z) foralla < X < band g(z) = 0 elsewhere. It should be noted that 7r(x)

has the same support of g (z), and surely f (z|a < X < b) is a distribution, fab f(zla< X <b)dx =
b

F(b)iF(a) J.9(@)dz=1.

In our particular case, we consider the case that the random variable X is distributed as ST'(«, v),

1
with pdf ¢1 (z,v) and cdf T1 (ax ( vl ) o+ 1), which both functions have infinity support.

vtax?

Now to compute the truncated skew-t distribution, we need

flzla< X <b) = % =Tr(z),
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where g (z) = t1 (z,v) foralla < X < band g (z) = 0 elsewhere, and Tr(x) has the same support
g (z) . Therefore,
9(x)
< = I\
f(zla < X <b) Fa) — F(0)
v+1 v42
_ (v+1) )y 2\ —(2EL)
= 37(B — A) (v+z7) ' 2
=W (r;v+10)] Iy (x),

(vl ) 1;;2)

where r = za,/-2t%, B = fb (v+1) (v+ mz)_(%) 1—-W(r;v+1;a)]de and A =

vtax2? —0o0 27
o (rnCFDLED oy _(vF1
o 2 2 (v 42?72 ) [1 = W (r;v + 1;0)] dz, are constants.

Thus the truncated skew-t distribution (tST’) density is given by

v+ 1)tedt o5 ENEES
flzya,v) = ( 273(3 )A (v+x2) (= )[1—W(r;v—|—1;a)]l<a7b](x)

Eo+22) CF) [ w12y () g

= B _ A I(a,b] (.T),

w2y 4y (4F2)
where k = P ety 2

F(%)w/ (2v+1)m

Theorem 3.1. Let X ~ ST («,v), the probability density function of a truncated skew-t distribution
7[12(a271)+1]+\/[12(04271)«&»1]24»412(a2+1)
5 .

exists ifv <

Proof. The proof is straightforward based on the D’Alembert criterion for convergence, under the

: H v+1l, v, v+1, v+1, v4+2, 7v+1 _ v+1
hypergeometric series s F» (“5+; 3; 5+; 25+, 212 ), where r = za, /2. O

A graphical representation of Theorem 3.1 is shown in Figure 2, where the x axis represents the
parameter of truncation and the y axis represents the skewness parameter. We can see from this
figure that for small values of the truncation and skewness parameters the degrees of freedom is very
limited, but for large values of the truncation parameter and small values of the skewness parameter
the degrees of freedom is almost unrestricted.

3.1 The moments

In this subsection we present the calculations of the moments of a random variable skew-t truncated
denoted by tST(«; v) and exposed this calculus through theorems and corollaries.

Theorem 3.2. If X ~ tST(«;v), then the expectation of X, is given by

2\ —(22)
[(v+1)(1+a)] %(Dabe) ’

1;+1> ( u~2¢»2)

(
(v+1) Cr— C.

B(X) = 2r(B — A) - I—v
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Figure 2: Graphical representation of Theorem 3.1

where
(*$%)
(v +a?) v+1
= 1— v+ 1 ;
C - W | acx P v+ 1«
(v+b2)("§2) v+1
= ~1-7  |1- b ; 1;
Ce 1—v [ W<a PN a)]
—(59 21
_ 2 212 v—2 1
D. = (a +1—|—a2) (UHL)B( 2 ’2)
r v—|—2.1_v—|—1. H%—U
201 2 727 2 7(12-’-1_‘_1)0‘2 )
—(5%) 21
_ 2 v 2 2\2 v—2a 1
D, = (b +1—|—a2) (U+b)B( 3 ,2>
p(vt2 1o+l e v
2171 2 727 2 7b2+1-j}a2 .
Proof. The proof is based on generalized hypergeometric series [23]. O

Remark 3.3. In the next section we will study the convergence of the hypergeometric series in this
particular case.

Theorem 3.4. If X ~ tST(«a;v), then the second moment of X, is

vt2
(v+ 1)<%)v( )

2(B — A) (ApBp — AuBa — (C1 — C2)),

E(X?) =
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where

—c1), with

—v+3 3 -34+v —3+v+2 —(1+a2)
2ol | -3, ; ; )

2 2 2 (a? + p)va?

=ups o (3 34w 34v+2 —(1+0%)
211 27 2 ’ 9 7(b2+p)1)0é2 )

m—1 k
— —1 v v
i ( ) )(a2+p)_;2(v+a2)3; B<_%’k+1>

2 v—2k (p—v) 2 _vt2 gy 3+v 1
T2 k41 ; — 0+ + B +
) ; 9 7(0,2 p)> (b p) 2 (1) b) 2 Ty k+1

v—2k (p—v)
2 T +p)

1
14+ a2’

>, with m:%—l and p =

Proof. The proof is based on generalized hypergeometric series [23]. O

Theorem 3.5. If X ~ tST(«;v), then the variance of X, is given by

2w (B — A) (1) T (D)

2w (B—A)

v v 2
Var(X) = <(v+1>( 3%(32)) [AyBy — AuBa — (C1 = Ca)]

v o2 —(¥E2) 2
(€ — - L0+ 1)((114i v))} %(Da ~ Db)] }

Proof. Var(X) = E(X?) — E*(X) O

Theorem 3.6. If X ~ tST(«a;v), then the n-th moment odd of X, is given by

7)o (%)

(w+1)("2
2m(B — A)

E(X") = [(Dy = Da) = W1,
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= (=) () ’
Dy = W(b v+b12,v+1;a>}< _l)w’“
Ol ) L R I
X —~ (n—12—2i)! (—v+21+2i)! ?

n—1

vt (YO 2 (it

v

. . . a2 . .
where H; is a function of 2 Fy < (342); 2n—idd, 10430420, ( ::2) ) , with truncation parameter
C.
Proof. The proof is based on generalized hypergeometric series [23]. O

Theorem 3.7. If X ~ tST(«;v), then the n-th moment even of X, n # 2, is given by

(),

EBE(X") = ——gm=—an— [(Dy — Da) = W,
where

1 (n=2)\17 (1 %_71 (—1)i (w2 4o T 10 Nz 1421

D, = Hv+1)]"T_2( =)' ()2 (3-1-i)T(5+i+1) ( )
a — 1 s

[1—W(aa,/v’fa12;v—|—1;a)]

1 no2)p (1) S 3Tl CD e 3T S o)

Dy = le)]"sz( 2T G YL (3-1-)'r(3+it1) ( )

-1

[I—W(baq/::bg;v—l—l;a)]
(v+1)"F)(? 4 1)~ (n )'r(l (—D)'(@+v+1)51"
[—(v+1)]57? 2 T2 (21— T (3 4+ 1)

W =

iy

. ) s a2v -v . .
where H; is a function of o F} <— (342i); 2noidd, 10430420, ( ::2) ) , with truncation parameter
C.
Proof. The proof is based on generalized hypergeometric series [23]. O

4 Convergence Study

In this section we study the convergence of the hypergeometric series in the moments of a truncated
skew-t distribution. The first two moments depend on hypergeometric series, because if this series
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does not converge the moments do not exist, so we will study the conditions for which the hypergeometric
series converges, in particular, for the parameters that characterize the density and moments of a
truncated skew-t distribution.

In [24] is provided some particular conditions of divergence, when the parameters of hypergeometric
series are negative or zero, but in our case the parameters are positive and non-zero, so we use the
D’Alembert criterion for convergence.

Usually a hypergeometric series is defined as in [20]

oo
qu(al,ag,...,ap;bl,bg,... E

—a(a+1)(a+2)...(a+n—1) = —“1&:&;)'.

In our case, we study the series 2 F} (a1, az; b1; 2) , where can be expressed by

where (a)

n

oo (a1t+n—1)! (az+n—1)! oo T(ai+n) I'(az+n)

o _ (ai—D!  (ae—D1! 2" _ Ia) Tlay) 2"
2B (a1, a25b152) = Z (1 +n—1)! Y Z T(bitn) ol
n=0 (b1 —1)! n=0 T'(by)

_ if‘(b F'(ai+n)T (a2 +n)T (n) 2"

r b1—|—n )T (n)T (a1)T (a2) T (n) nl!

n=0
B Z al, B (az,n) 2"
— b1, n) n’
where B (., .) is the function Beta.
Now we present the study of convergence for our particular case, in which the first two moments

i 2 1. w41, —a?
depend on the functions 2F1(”; ,5,%,%),

v

1 —v
2i1 Y . . . a?41
2F1 <v+2 k + 1 v— 21€ +1 ), 2F1 ( (3221) : 2n 47,+4; _ 10+341+2n; _ ( 2) > and

) b2+ 2+1 ve

_ 3 —34v. —34v42. —(1+a?)
211 ( 27 2 0 2 ’ (a2+p)va?

7(121) "
. _ 2 B(¥tin (b2+ 252 1 )
Let o Iy (U;{ i, vt %) =3, B(Hg ;)B()l 3 =72/ where the general term of
2 2

n

1

DEEm

b2+ a2b2 40

B(* ( — ) , thus based on D’Alembert criterion, we

the series has the form a,, = e

M>—‘ N

have that
P2 e )P (dent1) s
{an+1 } - r(*F tn+1) (| { (2 +n)(3+n) = }

an P2 +n)r (34n) on (%t +n)  (n+1)

)
{n"’(”;fﬂ)(giﬁl) 2 }
)

n? (g (g

n

Il
—
—_
B
n
:?5

+1) (£ +1) 2 _.
(5 +1)  (1+3) ’

this means that the convergence of hypergeometric series in this situation depends on z and in
< 1.

—a211

2b2+v

: 2 1, w4l —a?
cases that the module is less than 1, so 2 F} (%, 1, v m#)
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Equivalently

2 Th2 4 B(*2,n)B(k+1,n) n ’

a2+1

1 00 1—a?v—v )n
JF) <U+2,k: 1;11—219 azﬂ_v) :Z B (5%, n) (a2b2+b2+1

using the D’Alembert criterion

D(YE2 4+n41)0(k+14n+1) n+t1

a1 _ G G
an o P2 4n)T(k+14n) 4n
F(u;zk +n) !
22 4 )0 ( 22 40 (k4 140)D(k+14n) nt1
2 2 z
B (v—22k+7L)F(u—22k+n) (n+1)!
- F(”T“+7L)F(k+1+n) n
TRy
(24 brien) = |
(1)—22]9 +7’L) (n_|_1) -
therefore,
1
v+ 2 v—2k 25z Y . 1-a?v—vw
P —k+1; ; convergesif | ————| <1,
21< Rkt Lh— [ g aZb? + b2 + 1
2 2
- - - , -1
2 <f§, 3+U; 3+U+2; 2(1+a)2) converges if % <1,
2 2 2 (a? + p)va (a2 + {3az)va?
: 342i) . 2n—i+d. _ 10+3i+2n (ﬂ2v+1) -
and equivalently, o Fy | — (242); 2nd, 1048d2n, L — converges
(XZ‘U v g . . .
if —% < 1. If the conditions developed above are satisfied then the first two moments of
truncated skew-t exist.
PR ) . ) pErTI
Now if —% < 1then oFy | — (3528, 2n—itd.  1043i42n. ( +l2) converges the n-th
ve 2 4 4 ve

moment exists. The proof is based on the D’Alembert criterion for convergence.

5 Application

Considerer the map Figure 3. We use graphs to model the paths and vertices of different way, which
allows visualization and identification of the edges. We wish to determine the shortest path to go
from A to B, the following situations: Let C;, D; and F;, i = 1, ..., 5, be the transition times in minutes
of their paths, which we assume truncated skew-t distribution for each one of them, that is, C; ~
SKTT (ac;,bc;,ac;,ve,;), Di ~ SKTT (ap,,bp;,ap,,vp,) and E; ~ SKTT (ag,,bE,, aE,,VE,),
where a; and b; are the truncation parameters.

Graph theory allows a wide quantity results for the determination of the optimal paths shorter, such as
the establishment of the centroid of the graph, but most results are thought processes deterministic,
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Figure 3: Viewing the paths and vertices.

such as geodesic distance, this situation would map the paths 3 quantify the same distance between
A and B, but the randomization of the weights allows a redefinition of the geodesic distance using
weights of the edges.

Table 1 shows the different parameter values for the truncated skew-t distributions of the transition
times C;, D; and E;, and Table 2 illustrates the respective right expectation values.

ac; bc, ac, wve, ap, bp, ap, vp, ag, br, agE Vg
1 5 o 2 10 12 2 13 4 o0 2 11
2 6 o0 4 10 15 o 4 13 7 o0 4 11
3 7 o 5 10 16 oo 5 13 6 o0 5 11
4 6 o0 7 10 9 00 7 13 9 o0 7 11
5 5 3 10 18 3 13 7 00 3 11
Table 1: Parameter values
i 1 2 3 4 5

E(C;) 335 4725 6351 2221 335
E(D;) 17.26 33.83 3031 979 39.35
E(E;) 2173 6211 4622 101.25 62.11

Table 2: Right expectation values
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Thus the expected values for the transition of their paths are:

E(C;) = 33.5+47.25+63.51+22.21 + 33.5 =199.97
E(D;) = 17.26+33.83 + 30.31 +9.79 + 39.35 = 130.54
E(E;) = 21.73+62.11 +46.22 4+ 101.25 4 62.11 = 293.42

We can observe that D has the least distance between A and B since it has the lowest expected
demand, with an average time 130.54 minutes. On the other hand, C requires a average time of
199.97 minutes and E presents the highest average time. Therefore, just is necessary find the
equilibrium between time and distance. From graph theory, these results are an approximation to a
definition of the shortest path algorithm where the weights of the edges are truncated skew-t random
variables.

6 Conclusions

Sometimes, observed data sets are almost exclusively truncated, because of analytical detection
limits or spatial and temporal limitations on data collection. Some related proposals and results
have appeared in the literature under the concept of the truncated distribution. The present paper
considered the moments of a truncated skew-t distribution, giving descriptive information about the
distribution. As given in Section 4, in addition to their utility as general descriptive measures, the
moments can be employed for solving statistical problems. When we study the functional relationship
between the expectation of a truncated skew-t random variable and different values of the asymmetry
parameter, «, keeping fixed the degrees of freedom, v, on three levels, changes in the expectation
when a — oo, are null. Future research is intended to build applications in optimal paths from a
random viewpoint.

Comments

Definition 6.1. The (differential) entropy of a random vector Z € I R* with probability density function
Iz (2) is defined in [10]

Hy = —Elog {/7 (Z)}] = - / log {7 (2)} £ (2) d=.

IRFK

Lt faw(z), fa<z<b

We know that fo., (z]a < X <b) = [Fav@], ,
0, otherwise
(o)D) 2y — (¥l otl . . bo_
where fo, (z) = @2 00 2 1 02y - (5 (1 —w (m, [l gy 1,a)) Ity () and [Fa., (z)]° =
B — A,
where

b 1)(etly,,(v£2 v
B:/ (U+ ) B) )U b} )(U—FIZ’Q)_(#) 1-—W xa\/E;v-l-l;Oé dq;7
. o v+ 22
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and

a 1 (41, (v+2 v
A:/ (v4+1) = )vt e )(v+x2)7< 1) 1—W ma\/E;erl;a dx.
. o v+ x?

Observation: When a — —oo and b — +oo we have

fx (@ a,v) = 2t (z;0)Th <0490 (il)§ ;v + 1) .

v+ 2

So X stands for a skew-t (ST) distribution with mean 0, skewness parameter « , degrees of freedom
v and density denoted by ST (a,v). Now, if Y = ¢ + wX, where ¢ € IR, @ € IR", we obtain
Y ~ ST (¢, @, a,v), and the pdf of Y, given by

1
1 2
fy(y,ﬁ,wQ,a,v) = Qtl(y7£7w27v)T1 <OZZ (%) ;U + 1> )

1
where z = %5 Let w(z,v) =z ( Ch ) *, we have that the pdf [22] is

'u+z2
fy(y,f,w2,a,v) = Ztl(yvawgvv)Tl (aw(z,v);v + 1) .

Arellano-Valle and Genton [10] present the multivariate case (k dimensional), for this model. We have
Zo ~ STy (0,1, 7, v), with probability density function

k.
Pz (20) = 2tk (20;0) T LQT]TZU; v+ k.
v+ [|Zo|

The entropy for the one-dimensional case is given in Arellano-Valle and Genton [22].
Now in our situation, entropy results from solving

H(X) = E(-log/fx(z;,0))
(v21) <u22) .

v+1
1-Ww (maq/W;UJr 1;a> [(a’b](x)}>

1(1) 1) (1)[2)
E(”O%CH) — ) () eg(w +0?)

2w 2

v+ 1
—log |:1—W (xa\/;;v—i—l;a)

1) (D), () 1
— _log<(v+ ) vy o2 +(’U42’ )E(log(v+x2))

27
-FE <log

v+1
1W<moz1/v+x2;v+1;a>
where we need to determine
E <10g [1—W <xawv+12;v+l;a>:|> ,
v+

+bMB—M>

)Jrlog(BA)7
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with W = (aca v”jjz)f B(1,v) sF; (’J;l;g; vl v o, (o) L )2>
Bihring [20] defines a hypergeometric series as
> a .. la
pFq(a1,a2,...,ap;b1,b2,...,bq; 2) = Z (@), - (ap), 2"

where (), = a(a+1)(a+2)...(a+n—1) = LE2 Thus,

o v+1 v vo+1 v+1 v+2 —v—+1 P <v+1.v.v—|—1_v+1_v+2. )
342 PP ) ) ) P} =3 I'2 )50 ) ) 3R
2 2 2 2 2 (ma vl 2 2 2 2 2
vta2
o oo 0o (%Jrnil)!(v;rl*Hl*l)l
S (45), (), (*5), =" = (3), (5), 2" o~ G-Or (Fy e
- v+1 v+2 - v+2 - v+2
n=0 ( —5 n ( —2"_ )n ’I’L' n=0 ( —5 )n n' n=0 (({erjn;;')' Tl'
S DR s S TG T G T )
o GAn)E-DHEE - b T (G 4+ 1) T (5) T (55) nl (n)
- I'(n)I'(n) n
7;)3( S4B (5n) B ()0

where T' (-) is the gamma function and B () is the beta function.

Now,

E(log (1—W(ma\/72,v—|—1 a)))

E (log{l - {(maﬂii@i)_ B(Lv)]

v+1 v v+1 v+1 v+2 —v+1
3Fy P ; ; ; )
2 27 2 2 2 Y]
(m UW)
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which is still an open problem.
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