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NONLINEAR ELLIPTIC PROBLEMS INVOLVING THE
(p(z),q(z))-LAPLACIAN SYSTEM IN R"

ABSTRACT. In this article, we study the elliptic problems involving (p(z), ¢(z))-
Laplacian in R™, We apply a result by Ricceri [6] to prove the existence of
multiple nontrivial solutions.

1. INTRODUCTION

In this article, we study the following two nonlinear problem:
— div(a(z)|VulP® =2 Vu) + b(a) [uP 20 = X f(z,u) + pg(z,u) in RY

(1.1)
ue Wy " (RY),

and
—div (a(m)Vu|p(x)_2Vu) + b(2) P20 = My (@, u,v) + pgu(z,u,v)  in RY
—div (a’(x)\Vv|q(z)72Vv) + b’(x)|u|q(z)72u = Mfo(z,u,v) + pgy(z,u,v) in RY

= WOLP(Q?) (RN),’U c WOLQ(Q?) (RN)
(1.2)
For the one equation problem we assume that 3 < N;p: RY — R is Lip-
schitz continuous with 2 < p~ < p(z) < p™ < N, A, > 0 are parameters, f(z,t)
and g(z,t) are two functions having subcritical growth with respect to ¢ and a is a
measurable function such that a € L>°(R") with essinf a > 0. More precisely, we
assume that f is a Carathéodory function satisfying the following condition

|f(z,t)] <m(z)|t|]” Yo eRY and VteR, (1.3)

* *

2 9 P

where m is a positive function such that m € L*=~" (R")ﬁLﬁ(”*—’”“) ) (R™), with
np

n—pt’

The function g = g(z,t), need to be a measurable function with respect to z in R™

for every t in R, and is continuous with respect to ¢ in R for almost every x in R™

such that there exists a positive function h satisfying

lg(z,t)|
(z,t)eRm x {0} h(x)[t[P-

pt <~v+1<v<p*, p* denotes the critical Sobolev exponent, i.e., p* =

< +0o0, (1.4)
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for some h € L>*(R™), and g(z,0) = 0.
Concerning the function b(z) needs to satisfy the next condition

b(z) > by > 0 Vo € RY (1.5)

Problems involving p(x)-growth conditions, such as (1.1), have been given a
special attention since they are important in modeling some physical phenomena.
For example their applications to the study of electrorheological fluids and in elastic
mechanics (see Diening [14], Halsey [23], Ruzicka [21I], Zhikov [22]). Existence
results for p(x)-Laplacian Dirichlet problems on bounded domains were studied in
[[18], [19], [20]] while for the study of p(x)-Laplacian problems in RY we refer to
[[T7], [12]] where others proved the existence of a nontrivial weak solution using as
main argument the mountain pass theorem of Ambrosetti and Rabinowitz [13].

The case of the degenerate equation —div(a(z)|Vu|P~2Vu) = Af(x,u) in R",
was studied by many authors, we mention the work of Drabek maria [I],[15] and
[21,3],[4].Let us mention that several studies have been devoted to the investigation
of p(z)-Laplacian problems in unbounded domains, (see e.g. [?], [I5] and [?]), where
the authors used a standard approach by applying the Mountain Pass Lemma for
finding critical points of associated variational formulations. Also we mention that
Algebraic system has captured the mind of many authors like [?].

In our work the result proved in [6],[7],[8],[9] will be an essential tool for the
study of the existence of at least three weak solutions for problems and ,
when the nonlinearities have a maximal growth, let us first recall that if X is a real
Banach space, we denote by Wx the class of all functionals ® : X — R, possessing
the following property: if {u,} is a sequence in X converging weakly to u € X and
liminf, oo ®(uy) < ®(u), then {u,} has a subsequence converging strongly to wu.

Theorem 1.1. Let X be a separable and reflexive real Banach space;  : X — R, a
coercive, sequentially weakly lower semicontinuous C* functional, belonging to Wx,
bounded on each bounded subset of X, and whose derivative admits a continuous
inverse on X*;.J : X — R a C functional with compact derivative. Assume that
® has a strict local minimum xo with ®(xg) = J(xg) = 0. Finally, set

: J(x) .. J(x)
a =max {0, limsup ——, lim sup ——= ¢,
{ Iz —+o0 P(T)" 220 ‘I’(JU)}
b=  sup Z (z)

2e®-1()0,+00)) P(x)’

and assume that o < . Then, for each compact interval [a,b] C]1/5,1/a] (with the
conventions 1/0 = +oo, 1/oo = 0) there exists r > 0 with the following property:
for every X € [a,b], and every C* functional ¥ : X — R with compact derivative,
there exists o > 0 such that for each p € [0,0], the equation

' () = \J' (x) + p¥' ()

has at least three solutions in X whose norms are less than r.
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2. ABSTRACT FRAMEWORK

for a b(z) € Lio.(RY) satisfying the condition (1.5) we introduce the generalized
weighted Lebesgue-Sobolev spaces L (( )(RN) and W1p@):b@)(RN)

O EY) = (u [ balu(@)P® < -+oo}.

equipped with the norm so called Luxembourg norm

llloey piey = inf{v > 0, / b))z < 13,

and
WP RY) = {u € LT (RY), Vu € LM (RY)}

endowed with the norm
el p(2).bz) = [Ullp) by + 1 Vtlla@) pe)
variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respect; they are Banach spaces,the holder inequality holds, they are reflexive if
and only if 1 < p~ < p™ < oo with p~ = inf, g~ p(z) and p™ = sup, g~ p(z) and
continuous functions are dense if p™ < oo [16] and Theorem 2.8 of [16]. we denote

by Lp (@) (RY) the conjugate space of LP(*)(RN), where ﬁ + ﬁ =1 .For any
ue LP@)(RN), v e Lp/(m) (R™) The holder type inequality

1 1
d E— P ’ 2.1
I/RN uvdz| < (o= +p,_)IIUIIL @l o oy (2.1)

holds true.

let E be the space defined as the completion of C§°(RY) with respect to the
norm |||y p(z),p(z) the condition on the function b(z) implies that £ C WP (R™).
Also a simple calculation shows that the norm ||ully p(q),b(2) is equivalent to the
norm

Rn v
set

I(u) = / a(z)|Vu(z)|P® de + b(z)|u(z) [P d
then for all u € F - .
lull >1 = Jlul]” < I(u) < |u|” (2.3)
. _
full <1 = [Jull” < I(u) < |ul’
u € E is a weak solution of (1.1) if

/ (a(m)|Vu|p(z)_2Vqu+b(m)|u|p(”)_2uv):/ )\f(x,u)v—i-/ pg(z, u)v dz
RN RN RN

Vv € E.

let recall some embedding results concerning variable exposent Lebesque-Sobolev
spaces. For continuous embedding between variable exponent Lebesque-Sobolev
spaces ,if p(x) is Lipschitz continuous and p* < N, then for any q(x) satisfying

p(z) < g(z) < ]\vaf’;?fz), the embedding WP(@)(R") < LI®) is continuous [I1]
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theorem 1.1 .By the Sobolev inequality, ||u||p@)+ < Ciljul for all u € E for some
constant C; > 0.

3. MAIN RESULT AND PROOF

We state and prove the following main result of this paper.

Theorem 3.1. Let us suppose 2 < p(x) < N and . Furthermore, suppose for
1 <7 <p~ and some positive function a(x) € L= (R™) that
F
lim sup L)T <M < +oo  uniformly z € R", (3.1)
|u|—+oo & o) |ul
and

sup{ [ F(z,u)dz} >0
u€E JRN

where F(x,t) fo
Then, if we set

L a(z)|VulP®) 4+ [ p(x)q
{fR )|Vl Jo bl ’ tu € E, F(z,u)dx >0
Jgn F(x,u) dx R

w = F inf

(3.2)

for each compact interval [a,b] C w,+oo[, there exists r1 > 0 with the following

property: for every A € [a, b, and every function g : R"xXR — R which is measurable

in Q and continuous in R satisfying , there exists 6 > 0 such that for each

€ [0,9], the equation 1.1 has at least two nonzero weak solutions in E whose
norms are less than ry.

To prove our result we need to define the following functionals ®,J, ¥ : E — R

W= [ L vur® L) @
Bu) = [ (V) b))

and
J(u) = F(z,u)dx
R™
and
U(u) = G(z,u)dz
R
the function ¢(u) satisfy the following inequalities
I(u) I(w)
e < ou) < —=
then .
J[ul”” [ul””
—— < P(u) < —— if Jul| <1 3.3
p+ (u) a il (3-3)
Jlul”” lull””
1 cow< M i (3.4

for each u € E It is well known that ® is well defined and continuously Gateaux
differentiable with

@/(u)v:/ a(m)|Vu|p($)_2VuVU+/ b(z)|uP® =2y da

n
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for all u,v € E. Note also that ® is clearly coercive, weakly lower semi-continuous
and bounded on each bounded subset of E. By the standard uniform convexity
algebraic inequality of the function I(z) = |2[P(®*) 2z € R", we deduce that ® is
uniformly monotone operator in E Moreover, a classical result on uniformly convex
spaces ensures that ® admits a continuous inverse on (E)* (Theorem 26. A) of
ﬂ]ﬂL ie. ® € Wg.
It follows from 1.2,
1

Pl € —5
for all (z,u) € R™ x R. Then by standard argument we have F is in C*(R" x R),
hence we see that J is well defined and continuously Gateaux differentiable with

m(@)[ul " (3.5)

J () = fz,u)vde
RTL

for all u,v € E.

Lemma 3.2. J' is a compact map from E to (E)*.

Proof.
Let {uy} be a sequence in E which converges weakly to u. On one hand, in view of
Holder’s inequality and Sobolev embedding, we obtain for all 0 < R < 400,

1

/|>Rf(:v,U)vdx< </|>R|m|’“ dw) (Culll) o]~

for all u,v € E, and p; = pi_p(*jﬁ_l) € [ P v ( - )} . Since m € LP1(R"),

p* =17 v=1\P* —(y+1)
we have lim |m|Pt dz = 0. This implies with the fact that {uz} is a
R—+o0 ‘$|ZR
bounded sequence, for any e, there exists R. > 0 such that

/|>R flzyup)vdr <e and /||>R flz,u)vdr <e (3.6)

holds for all k.
On the other hand, applying Young’s inequality, we get

fﬁ(x,t) < m(x)ﬁt%

o 1 v *L v P
S p_ (;Y‘f’ )m(x) u—1(p7(»~,+1)) + ’7—’;1 -l
p— p_

for all t € R and a.e. € B, = {z € R";|z| < R.}. Let us remark that

yv o pt
v_1y+1

<pt,

v—

since v + 1 < v. Hence the Nemytskii operator N e associated with 71 is

continuous from L7151 (B,) in L!(B.). Then we conclude that

/ f(av,u;.c)ﬁ dr — f(av,u)ﬁ dz,
|z|<Re

|z|<Re
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which implies that f(z,uy) converges to f(x,u) in L7 (B.). Hence since LP~ (B.) C
L¥(B.), we have f(x,ux)v converges to f(x,u)v in L'(B.), i.e.

/| ) = e wvde =0 (3.7)

for all v € L¥(B.). Finally, in view of (3.6) and (3.7)), we get

flz,ug)vde — f(z,u)vde.
R R
This completes the proof of Lemma 2.1 and consequently J "is compact.
Now in order to prove our result, we prove that the conditions given in Theorem
1.1 are satisfied. Indeed, using Holder’s inequality and Sobolev embedding, we have

in view of (3.5)),

/ F(e,u)d < ﬁ </ P dw) " (Cafuly

*

Then from (?7?) (??) we obtain

Jw) _ p* 1 [

< 7 Mm , e £1
By < g il sl <

and

Jw) _ pt [

— < 7CFY m P y 1 < |lu
(I)(’U,) = ,7+1 1 H HL 1 ||u||p+ = || ||

for all u € E. Hence since p~ < p™ < v + 1 we have for ¢ > 0 small enough
J +
limsupM < L01V+1||m|\Lp1€. (3.8)

u—0 (p(u) - Y +1
On the other hand, using (4.3)), there exists A > 0 such that
|F(z,u)| < Ma(z)|u|™, Vu|>A

where 7 << p~ < pt and M > 0. Then, using Holder and Young inequalities and
Sobolev embedding, we obtain for each v € E\{0} for ||ul| <1

J(’U,) < p+ fR"(\u|>A) F(m7u> dx p+ fR"(\u|§A) F(m,u) dx

(u) [P [[ullP™
_ PM [gn sy @@ul™de b fon < ay m(@)ul T da
- [P v+1 [ [P

pMCTlall o flul”
L)

e

ptAYHI-T fR"(lu\gA) m(z)|u|"dz
[P 7+1 [P

*
*

D
Now using the fact that m € L*-"" (R™) since pf’*

-7

p* p*
pr =17 p* —(v+1)

€] ], we get

pTMCT[laf o= [mll e ul]l”
(=) L

< / p+A7+1_TC’f 7 =
D(u) — [ulP™=7 T+1 [[ul|P
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+ ml| e
PEMCTllal i gierey I ”Lp”;
- [l =7 7+1 [
Therefore, since 7 < p~ we obtain
, J(u AT
msup 29 < prer (Mol Lo +ZA D) L. e (39)
ul| =400 (1) L) v+1 LT

for |lul| > 1 we get

timsup 28 < ey (Mlal e+
ul| =00 (1) L=

erA“hLlf‘r
v+1

lm| )5. (3.10)
LI

Finally, for an arbitrary € and in view of (3.8) and (3.10), we get

max < limsup M,limsnpM <0
\|x\|—>+ooq)($) z—0  P(x)

Hence, all the assumptions of Theorem 1.1 are satisfied (with o = 0).

Moreover, since the function G : Q x R — R is measurable in  and C! in R
such that G,, = g satisfying , then using standard arguments the functional
U(u) = [zo G(x,u)dz is well defined and continuously Gateaux differentiable on
W, with compact derivative, and one has

U (u)v = /n g(z,u)vde

for all u,v € W. So, by Theorem 1.1, the problem (1.1)) has at least two nonzero
weak solutions which are critical points of the functional ® — A\J — pW.
Then the proof of Theorem 1.3 is achieved.

Example. we conceder the problem (1.1) where p(z) = cos(|z|)+2,001 and N =5
— div(a(z)|Vu[*@+1000 gy 4 p(z)|u)|c0s@FE00 = X f(z,u) + pg(z,u) in R®
u e Wol,cos(m)+2,001 (Rs)

(3.11)
p(r) = 3.001 + cos(|z|);p~ = 2,001;p" = 4,001;p* > 10
p(x) satisfy the theorem conditions then for all f(x,t) satisying
[f (@, )] < m(z)[t]”

with 4,001 < v+ 1 < v < 10 and m(z) € m € L7001 (R%) 0 L7 (w0 =571) (R5), let
choose 7 such that 23+ < 7 < s, and let 0 < & < min(1, 7 — 2}*) small enough.
Consider the function F': R™ x R — R given by

1
F(x,u) = :m(mﬂur—sln lu| ifu#0, F(z,0)=0

Then, condition (1.2) is satisfied since In [u + 2= < |[u[Y~7F1¥¢ Tt is not difficult
to see that the remaining hypotheses of Theorem 1.2 are satisfied



UNDER PEER REVI EW

4. (P(x),Q(X))-LAPLACIAN SYSTEM

In this section we consider the 2-equations nonlinear problem involving (p(x), g(x))-
laplacian

—div (a(x)Vu|p(z)_2Vu) + () [u|P® 20 = AF, (2, u,v) + pGu(z,u,v) in RN
—div (a/ ()| Vo|?™ 72V0) + b (2)|u| " "2u = AF, (2, u,v) + puGy(z,u,v)  in RY

= Wolm(x) (RN),’U c WOLQ(QU) (RN)

(4.1)
where 2 < p~ < p(z) < pT < N,2< q” <q(x) < g™ < N\ u > 0 are parameters,
f(z,t,t') and g(z,t,t') are two functions having sub-critical growth with respect
to t,t' and a,a’,b,b’ is are measurable function such that a,a’ € L% (R™) with
essinfa’, essinfa >0, essinfl’, essinfb> 0. More precisely, we assume that f
is a Caratheodory function satisfying the following condition

|f(z, t, )| <m(z)(Jt]” +|¢'|") VzeR" and VteR,

where m is a positive function such that

with
st <y+1l<v<st
where
s =max(p*,q"), sT=min(p~,q7), s° =min(p*,q")
with
« _ np” « . nq
pf_n_p_;’_?qf n_q+'
x,, t,t
up 9( o ),‘ o ) (4.2)
(.t,¢)eRn x (R—{0})2 h(z)([t]"= + [¢'[P=)
for some

h e L*R") and g(z,0) = 0.

We shall look for a weak-solution of (2?) in the space Wy P (RN) x W4 (RN)
which is endowed with the Cartesian norm ||(u, v)| = ||u||W1,p<x>(RN)+||11HW1,q<m>(RN)
0 0

weset U = (u,v) f(z,U) = fu(z,u,v)+fo(z,u,v) g(x,U) = gu(z,u,v)+g,(z,u,v)
Theorem 4.1. Let us suppose for 1 < 7 < s~ and some positive function a(x) €
Lé)’(Rn) that
lim sup F(z,U) <M < +oo  uniformly x € R", (4.3)
U] =400 @(2)|U[
and

sup { F(z,U)dz} >0
UcE JRN
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where F(z,s,t) fo z,s,t)ds + [ f(z,s,t)dt.
Then, if we set

o (@) TP /(@) V1) 4 b))+ () 1)
{R Jon F(z,U) dx Huv) €W,
RTL

w = —inf
S+

(4.4)
where W = {U € E, [, F(2,U) dx > 0} for each compact interval [a,b] C Jw,+00],
there exists r1 > 0 with the following property: for every A € la,b], and every
function g : Q@ x R — R which is measurable in Q0 and continuous in R satisfying
(?2) , there exists § > 0 such that for each pu € [0, 9], the tow- equation system (77)
has at least two nonzero weak solutions in E whose norms are less than ry.

To prove this result we need to define the following functionals ®,J, ¥ : E x

E'—R
1 1
(U :/ ——(|VulP® + b(z) [uP® +/ ——(|Vu 1) 4+ (2)]u] 1)
) = [ S0P b))+ [l V@)l
and
J(U) = F(z,U)dz
R’!L
and
U (U) = G(z,U)dx
Rn

with the sane way in the theorem 2.1 we prove that the function ®(U), J(U) ,¥(U)
satisfy the conditions of the theorem 1.1, i.e

® : Ex E' — R, a coercive, sequentially weakly lower semi continuous C!
functional, belonging to Wg« g/, bounded on each bounded subset of E x E’, and
whose derivative admits a continuous inverse on X*; satisfying

[l 5 an%f”)

q

[

pt qt <o) < p

then for |lu|lp <1 and ||v|]|gr <1 we have:

+
lully + [0l <o) < lullf +lvll%

st 5~

then for a very small value of ||u||g, and, ||v] g we have

st s
(e + o) _ g g < Ul + Lolle)
st 5~
witch leads us to .
U 1)* U i
(I ||E:E ) < B(U) < (l HEiE )
s
and with the same way we prove for a very big value of ||u||g, and, ||v] g we have
Ullpxs)® Ullpxs)®"
(I ”E:E )’ < o) < (I HEfE )’
s s

and we prove using a similar method as in the one equation problem (?7), that

o = max {0, lim sup M lim su J(U)

s P — =
[U=+00 ®U) " uj=0 2(U)
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J(U)
B = sup —,
re®-1(J0,+00)) 2(U)

with @« = 0 < 8 = oo Then, for each compact interval [a,b] C]0, co[ there exists
r > 0 such that the problem has at least three solutions in E whose norms are less
than r.

4.1. example. in this example we conceder the following problem where N =
5,p(z) = cos(|z]) + 3,001, and q(x) = sin(|z|) + 3,001

—div (a(a:)Vu|COS(WDH’OMVU) + b(z)|u|sU=DFL00L — N f, (2, u,v) + pgu (@, u,v) in R
—div (a' ()| Vo[ EDFL00NGy) 4y () a5 (eDF1000y = A £ (2, u,v) + pgo (2, u,v)  in R

= Wol,cos(\z|)+37001(R5)7v c Wol,sin(\z\)+3,001(R5)

(4.5)
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