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Short Research Article

Method of finding initial solution
for the geometric programming problem

Abstract: The paper proposes a new method for finding an initial approximation (initial solution) in
the problem of geometric programming. The paper describes the conditions, under which the
geometric programming problem of obtaining a positive solution of the matrix equation is solved.
This equation describes the orthogonality and normalization conditions.
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A number of practical problems are well approximated to geometric programming [1]. We
can solve them by quantifying into a mathematical optimization model. For example, geometric
programming technique is extremely useful in engineering analysis and design of electrical circuits
(e.g., VLSI circuit component sizing) [2] and in solving water resources optimization problems [3]. It
has been applied to a wide variety of problems in economics as well [4].

Let us consider the problem of geometric programming [5] for finding the minimum of the
objective function (criterion)

y=f@)=u (X +u(x) + -+ u, (). (1)

Let u;(x) be a posynomial
wi () =G TRy %", 6> 0,i=12,..,n,a; €R,

and the vector x = (xq, X3, ..., X;y) of some components (parameters) x; is positive. An example of
this would be a common risk of the technical object safety violation; the criterion would be
expressed as a sum of particular risks u;(X) on a certain threats of safety violation. In this case, x
would be the vector of parameters of a business object protection system. In the theory of reliability,
the function (1) is met as a common rate of failure, which expressed as a sum of separate rates of
failure u;(x). The coefficients a;; and C; are got by methods of linear regression analysis (see [6]).

The matrix A = (a;;) is called an exponent matrix. Suppose that the matrix A has the rank
7(A) = m. This can be written as a block matrix

A= (g). (2)

Here, basis B is a m X m matrix whose determinant det B # 0, and a submatrix H contains d
rows of the matrix A, which doesn’t belong to the basis B. The difficulty level is characterized by this
number d = n — m. In the paper, we consider the case d > 1. The case d = 1 was considered in [7].

Let us consider a d X m matrix Q = —H - B~ and a d X n matrix S= (Q, I;), where I is the
identity d X d matrix.
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According to [8], the minimum y, = f(x,) of the objective function (1) and components X j

of optimal vector x, = (X,1, X432, ..., X, ) are given in analytical form:
Ci\§* 8y Yink: .
¥ = ITea (%, 2. = TIa (B2, j = 1,2, ..,m. 3)
i v

Here, numbers &; =8; are elements of vector &= (81,08, ., 0m6ms1s ) 0n) =
(8(my O(ay), Where 8y = (81,62, -+, 6 ) @and 8(q) = (8m+1,Om+2, -+ » Om+a ), Which are found from
the equation system:
Cm i Cj L
5(m) = (81,03, ...,01) = 5(d) Q; 5((1) "u=1;6p4; = T+ : H?L1(A__(]Sj)s”i (4)

i=1,2,..,d.
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The column vector u = <

Ha

elements of row with number i of the matrix § = (s;;).

) consists of components u;, each of which is the sum of

In expression (4), the first and the second ratios are called the orthogonality and
normalization conditions respectively, and the last one — third — expresses the condition of
optimality.

In [8], it was proven that the condition (4) expresses the uniqueness of the solution § > 0 if it
exists. To get § in [8], the iteration method of solving was applied, which uses simple matrix
operations at each step. The convergence of this method has been proven.

In the formulas (4), A denotes the maximum value
* * Ci *
Ve =V(8") = TG (3)
of the dual function V(§) = ?:1(%)51' overthearea 8, = {8(q) > 0:6(m) = 8(q) - Q. O(a) "1 = 1}.

The following two systems of equations are used for finding the initial solution:
6(m) = 5((1) ' Q and 6(,1) U= 1. (6)

That is, we want to find a positive solution to the system of linear algebraic equations. It is
known that this problem still has no general solution, which would also be acceptable
computationally. In this paper, we solve the problem under the assumptions that reflect its specific
features.

Consider the equation

_ By _
6A—O=>6(H)—0. (7)
According to the theory of generalized inverse matrices [9], the general solution of equation

(7) is given by the formula
8§ =n'-P(A), where P(A) = (I, — A - A%) -

by selecting all possible values of an arbitrary vector 1’ of dimension n. Here, A® represents the so-
called S - inverse matrix for A (see [9]). And in the our case (see (2)), we use the relation A¢ =
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(B1,0) to determine A¢. Because A° -4 = (B~1,0)- (Z) = I, AC is the left inverse of A. From
this and (8), it follows that

=t ( =) 00d) = (1= m ) -

1 Om Omxd
-1 .(_H'B_1 Iy >0r6:n.(Q Id)dxn’ )

where 1 = (11,7132, ...,N4) is an arbitrary vector.
From (9), it follows that § = (1 - Q, ) and, therefore,
0= Omes Smezs - Omea) = (O(a): (10)

This is an arbitrary vector n with a set of components 8,41, Oma2, -+» Omeq With numbers
m+1,m+2,..,m+d = nofthe vector 6.

Let us say that numbers 81,85, ...,6,;, and 8,41, 0m+2, ) Oms+q are the basic and free
elements of the vector 6 respectively.

Theorem 1. Let the vector § be selected from the orthogonality condition (7). Then the
following statements will be true:

a) Vector §iswrittenasd =6y S (212)
or S(m) = 5(d) . Q, (12)

where 6y and 84y are composed of basic and free (arbitrary) elements of the vector §. In the

expression (11) and (12), an arbitrary row §(g) can be selected only as a positive one: (6 =6 S>

0) - S(d) > 0.

b) Normalization conditions type of §; + &, + -+ + §,, = 1 is written by free elements of the
vector 6 as

M1 Ome1 + U2 " Oz + o+ Ua " Gt =8(d)'.u= 1. (13)

Moreover, the number §,,4; > 0 and the coefficient y; is equals to the sum of row elements
s; of the matrix S, i.e., y; = s;1 + Sz + -+ Sjpp, + 1. (14)

c) The set §, of all admissible vectors § is given by (11) by specifying all possible values of its
free elements §,,4; > 0 satisfying the condition (13).

The dual problem (5) has a feasible solution § if and only if there exists a row §.4y > 0, for

d) If matrix Q comprises of at least one column g¢ < 0,i = 1,2, ..., m then the dual problem
(5) hasn't solution.

Proof. a) Relation (11) follows directly from (9) and formula (13) follows from the fact that
(6=6w)'S)e (6=06w (@D =Gaw: Q)= Bum =08a) Q.

Here, an arbitrary vector 4y can be selected only as a positive one, because the task is to
find out the conditions of orthogonality of vectors § = §(4) - S > 0. Hence, we conclude that §4) >
0.
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b) The normalization conditions };i~, §; = 1 can be written as

6:1=1=46y)S 1= 054g) -1, where 1is a column of ones from which we obtain the
relation (14).

c) The set of all vectors § > 0 is found by the formula (11) by giving all possible values of its
free elements §,,4; > 0, satisfying the condition (13), because the expression (12) is the general
solution of the homogeneous equation § - A = 0.

From this it follows, that the task (7) has a positive solution if and only if there exists a row
8((1) > 0, for which 8(m) = S(d) ' Q > 0.

d) Let the matrix Q contains a column g/ < 0. Then according to (11), we obtain the
expression Sj = S(d) . qj, in which, as shown above, S(d) > 0, hence, in view of the qj < 0 it follows,
that (Sj < 0. Hence, we conclude that if the matrix Q comprises at least one column qj < 0, then the

problem (7) has no solutions.

Theorem 2. Let in the equation §4y - ¢ = 1, vector 4 > 0 and each column q’ of matrix Q

have at least one positive element. Then for the dual problem there exists a positive solution §, given
by the conditions:

1. We define the free variables row as
Say=="u"
@ =5 H (25)

where number o = u” -y = pu? + u3 + -+ u2 >0, (T denotes transposition). In this case, the
following conditions are true: §(4y > 0, §(q) " = 1.

2. Let the row %luT Q = (wq,wy, ..., w,) >0, ie., all wj > 0,j=1,2,..,m. Then the
following inequality is true:
1
Sy =2"1"-Q >0, (16)
which means that the theorem is carried out.

3. If in the row (w, w3, ..., wy,) there is the element w; < 0, and q’ is corresponding to its
column of the matrix Q = (q! g2 ...q™), then we use the expression for the element d; of the row
8(my in the form of

S=wi+nq¢ —npw=—w-(np-D+n-q¢,j=12..,m, (17)
where 1 = (11,13, .., N4) is an arbitrary vector.

If the column g/ has its components q{ < 0 then in (17) we believe n; = 0. The rest of the
elements of the row n > 0 we believe are positive: ¢ > 0. In this case, the number 1 - g/ > 0 for
anyns > 0.

Numbers 5 > 0 are chosen by the condition 7 - u© — 1 > 0 and we arrive at the inequalities
n-q/>0,—w;-(n-u-1)>0,

whence follows the relation (16).
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Proof. 1. According to the theory of generalized inverse matrices [9], the set of solutions of

equation S(d) - 14 = 1 can be found by the formula

1 1
Say=7"# +n-Ug—=-p-u") (18)

by specifying all possible values of the random vector 7.

Provided that n = 0, we get one of the solutions §4) = i-,uT, satisfying the relations &4y >

0, 5((1) U= 1.

Further, according to (18), the arbitrary vector n = (1,15, ...,4) > 0 is chosen.

2. For the row 8(m) of basic variables 6]-, (G=1,2,..,m), we have

5(m)=5(d)'Q=MT'Q'§+77'Q—H'#-MT'Q-§, (19)

andd;=w;j+n-q/ —npw=—w- -Mpu-—1+nq.

Let the row (w;,ws3, ..., wy ) > 0. Then we have the inequality (16), and in this case the

theorem is true.

3. If the row (w1,w2, ...,wm,) has elements w; < 0 and q’ is corresponding to its column of

the matrix Q, we obtain an expression for element §; of the row 6(m) in the form of relation (17).

If the column ¢/ has component qij < 0, then in (17) we believe n; = 0. The remaining

components of the row 7 remain positive: 75 > 0. Since according to the hypothesis, the column ¢/

contains at least one element qij > 0, then in (17) the number - g/ > 0 for any g > 0. Choosing

numbers 715 from the condition - u — 1 > 0 we arrive at the inequalities: - g/ > 0, —wj(n-pu-—
1) > 0, so, §; > 0, whence follows the relation (16).
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