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. On eccentric adjacency index of several

2 infinite classes of fullerenes

3

4

5 Abstract

6 In theoretical chemistry, molecular structure descriptors are used for mod-
7 eling physio-chemical, pharmacologic, toxicological, biological and other
8 properties of chemical compound. The eccentric adjacency index of a graph
9 G is defined as

§G) =Y, Sue()™",
ucV(G)

10 where S(u) denotes sum of degrees of vertices adjacent to the vertex u and
1 €(u) is defined as the length of a maximal path connecting u to another vertex
12 of G. Fullerenes are molecules in the form of cage-like polyhedra, consisting
13 solely of carbon atoms bonded in a nearly spherical configuration. In this
14 paper we calculate the eccentric adjacency index for several infinite classes
15 of fullerenes.
16 Keywords: Graph, Eccentricity, Eccentric adjacency index, Fullerenes.
17 MSC(2010): Primary: 05C40, 05C90;

s 1 Introduction

19 Let G be any simple connected graph with the vertex set V(G) and the edge set
20 E(G). For two vertices u and v in V(G) their distance d(u,v) is defined as the
21 length of a shortest path connecting « and v in G.

2 The degree d(u) of the vertex u in G is defined as the number of neighbors
23 of uin G, i. e., d(u) =|{v € V(G)|d(u,v) = 1}|. The eccentricity &(u) of the
24 vertex u of G is the distance from u to any vertex farthest away from it in G, i.e.,
25 €(u) = max,cy(g)d(u,v). The eccentricity sequence ec(G) of G, is the multi-set of
26 eccentricities of the vertices of G, i.e., ec(G) = {€(u) |u € V(G)}.
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The eccentric connectivity index is a graphic invariant which proposed in [24]
and has been extensively used in molecular chemistry for studies related to struc-
ture activity/property relationships [3, 22, 18]. This index is defined as

£(G) = ), duew).

uev(G)

The connective eccentricy index which is a modification of the eccentric connec-
tivity index was proposed in [16] as

On can see in the above definition that the reciprocal of the eccentricity is consid-
ered for a vertex, so the contribution of a vertex is non-linear. In the process of
finding an invariant to be better suited to certain tasks than the previous ones, the
eccentric adjacency index was introduced in [17] as
S(u
éad(G) — Z ( )

wevic) € ’

where S(u) denotes the sum of degrees of all neighbors of the vertex u. As it is
seen in the definition of £%(G), the degrees are taken over the neighborhoods and
then summed and also the reciprocal of the eccentricity is considered for a vertex,
so the contribution of a vertex to £%/(G) is non-local and non-linear.

It is worth mentioning that the product version of the eccentric adjacency index,
termed as augmented eccentric connectivity index, has been proposed by replacing
S(u) with the product of degrees of all neighbors of the vertex u [5, 6, 7, 9, 23, 27,
28].

Fullerenes, discovered experimentally in 1985, are molecules in the form of
cage-like polyhedra, consisting solely of carbon atoms bonded in a nearly spherical
configuration. It is well-known fact that fullerenes made entirely of n carbon atoms,
have 12 pentagonal and (n/2 — 10) hexagonal faces, while n # 22 is a natural
number equal or greater than 20 [11, 21].

Some eccentricity-based invariants of fullerenes were computed already, [1, 8,
12, 13, 14, 15, 23, 25]. In this paper we aim to compute the eccentric adjacency in-
dex of the molecular graph of several infinite classes of fullerenes, namely Ci2,,42,
C20n+40> C12n44> Cron> C120> Coans C1804+105 Co0n+105 Cr2n46 and Cyop 6.

Let us recall that the n-th harmonic number H,, is given as the n-th partial sum
of the harmonic series, H,, = 1+ % + % +eee —i—% =Y %

Throughout this paper, our notations are standard and mainly taken from stan-
dard books of graph theory such as [19, 26].
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2 Main Results

In this section, the eccentric adjacency indices of the molecular graph of some
infinite classes of fullerenes, namely C12n+2, C20n+40, C12n+4, ClOn, C12n, C24n,
C181+10> C20n+105 C12n+6 and Cyo,, 46 are computed.

Let us consider Cjy,, fullerenes. Note that the molecular graph of Cjz,,47 is
cubic with exactly 12n + 2 vertices and 18n + 3 edges. In Table 1, the eccentric
adjacency index of Cip,42,2 < n <9, is computed.

Table 1: The eccentric adjacency index of Cip,42,2 <n <0O.

Fullerenes | eccentric adjacency index

Cos 3x(72/5+1)

Csg 3x114/7

Cso 3x36/7+3x102/8+3x%x12/9

Ce2 3x72/843x72/9+3x%x42/10

Cu 3%x36/84+3x72/9+3x%x54/10+3 x36/11+3x24/12

Cse 3%x72/94+3x54/10+3x36/11+3x36/12+3 x36/13+3 X
24/14

Cog 3x(12/9418/104+12/114+12/12+12/13 +12/14+12/15+
8/16)

Ciio 3x(18/10+12/11+12/12+12/13+12/14+12/15+12/16+
12/17+8/18)

A general formula for the eccentric adjacency index of Ciy,42, n > 10, is ob-
tained as follows:

Theorem 2.1. %
E(Cransa) = —+ 108(Hay—1 — Hy).

Proof. One can see that there are three types of vertices of fullerene graph Cjz,,17.
These are the vertices of the central and outer pentagons and other vertices of
Cion+2, n > 10. Using GAP [10] the eccentricity of these vertices were computed
in [15]. These eccentricities are presented in the following table:

Table 2: The eccentricity of molecular graph Cj,,2, for n > 10.

Type of vertices eccentricity Number
The Type 1 Vertices 2n 8
The Type 2 Vertices n 6
Other Vertices n+i(1<i<n-—1) 12
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Now the result follows from the data provided with Table 2 and from the fact that
for each v € V(Cizp42), S(v) =9. O

Let us consider Cy,+4¢ fullerenes. Note that the molecular graph of Cyg,440
fullerene is cubic with exactly 20n 4 40 vertices and 30n 4- 60 edges. In Table 3,
the eccentric adjacency index of Cyo,449 fullerenes are computed for 1 <n < 10.

Table 3: The eccentric adjacency index of Cyg,140, 1 < n < 10.

Fullerenes | eccentric adjacency index

Ceo 60

Cyo 3(240/11)

Cioo 3(60/11+240/12)

Ci20 3(120/124-210/13+30/14)

Cla0 3(60/12+120/13+180/14+30/15+30/16)

Cie0 3(120/13+120/14+120/154+60/164+30/17 4+ 30/18)

C130 3(60/134+120/144120/154+90/16460/17+60/18 +30/19)

Caoo 3(60/14+120/15+90/16+60/17 +90/18 + 60/19 4+ 60/20 +
60/21+430/22+30/23)

Cxp 3(120/15+90/16 +60/174+90/18 +60/19 + 60/20 4+ 60/21 +
60/22+60/23+30/24 +30/25)

Caap 3(60/25+90/16 +20/17 +90/18 + 60(1/19 + 1/20 + 1/21 +
1/22+1/23+1/24+1/25)+430/26+30/27)

In the case that n > 11, a general formula for the eccentric adjacency index of
Con+40 1s obtained as follows:

Theorem 2.2.

1 1

ad

C — 180(Hap 14— Hy13) +90(——— ,
& (Caon+40) (Hanya — Hyy3) + (2n+5+2n+6)

Proof. One can see that there are three types of vertices of fullerene graph Csg,,-+40-
These are the vertices of the central and outer pentagons and other vertices of
Cron+40- Using GAP [10] the eccentricity of these vertices were computed in [15].
These eccentricities are presented in the following table:

Table 4: The eccentricity of molecular graph Csq, 149, for n > 11

Type of vertices eccentricity Number
The Type 1 Vertices 2n+6 10
The Type 1 Vertices 2n+5 10
Other Vertices n+4+i(0<i<n) 20
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81 Now the result follows from the data provided with Table 4 and from the fact
g2 that for each v € V(Caoy140), S(v) =9. O
83 Let us consider Cyy,+4 fullerenes. Note that the molecular graph of Ciz,,47 is

s cubic with exactly 12n + 4 vertices and 18n + 6 edges. In Table 5, the eccentric
s adjacency index of Cj5,14 are computed for 2 <n < 7.

<]

Table 5: The eccentric adjacency index of Cip,44,2 <n < 7.

Fullerene | The eccentric adjacency index
Cos % + %
Cyo 9X7j + %
Csp 9><7J + % + %
Cor 9x824 i 9><924 T 9T012 —l—%
Cre 9x812+ 9><924 T 9752 n 97112 T 97212 +%
Css 9x924_|_9T012+9T112_|_9T212+9T312+9ﬁz+%
86 A general formula for the eccentric adjacency index of Cjy,14, n > 8, is ob-
g7 tained as follows:
Theorem 2.3.

36
éad(C12n+4) = m + 108(H2n _Hn)-

ss  Proof. One can see that there are tow types of vertices of fullerene graph Cz;,14.
so These are the vertices of the central pentagons and other vertices of Cjp,44, n > 8.
90 Using GAP [10] the eccentricity of these vertices were computed in [12]. These
91 eccentricities are presented in the following table:

Table 6: The eccentricity of molecular graph Cyo,, 14, forn > 8

Type of vertices eccentricity Number
The Type 1 Vertices 2n+1 4
Other Vertices n+i(l1<i<n) 12

92 Now the result follows from the data provided with Table 6 and from the fact that
93 foreachv e V(C20n+40), S(V) =0. OJ
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Theorem 2.4.

72 90

ad

= ——+—+108(Hy,—1 — H, >0.

& (Cranse) 2n+1+2n+ 08(Hy,—1 —H,), n>9

Proof. The results follow from the fact that the molecular graph of Cj;,4¢ is cubic;
and from the eccentricities computed by GAP [10], which are presented in Table
7.

Table 7: The eccentricity of molecular graph Cj;4¢, forn > 9

Type of vertices eccentricity Number
The Type 1 Vertices 2n+1 8
The Type 2 Vertices 2n 10
Other Vertices 2n+1—-i(2<i<n) 12
O
Theorem 2.5.

E“(Caon) = 180(Hap 3 — Hyv3), n>6.

Proof. The results follow from the fact that the molecular graph of Cyg, is cubic;
and from the eccentricities computed by GAP [10], which are presented in Table
8.

Table 8: The eccentricity of molecular graph Cyg,, forn > 6

Type of vertices eccentricity Number
All Vertices 2n+3—-i(0<i<n-—1) 20
O
Theorem 2.6.

72 108 144 90

ad

= +— 4+ — + — 1+ 180(Hy,—1 — H >9.
E“(Caon+s) ittt Tt 80(Han—1 — Hany1), n>9
Proof. The results follow from the fact that the molecular graph of Cyg,+¢ is cubic;
and from the eccentricities computed by GAP [10], which are presented in Table
0.
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Table 9: The eccentricity of molecular graph Cyg,, 16, forn >9

Type of vertices eccentricity Number

The Type 1 Vertices 4n+1 8

The Type 2 Vertices 4n+1 12

The Type 3 Vertices 4n 16

The Type 4 Vertices | 4n+2—i (3 <i<2n) 20

The Type 5 Vertices 2n+1 10
105 D
106 The eccentric adjacency index of Cjy,, for n <9, Cjg,, for n <7 and Cig,+10,

107 for 4 <n < 13 are computed in Table 10, Table 11 and Table 12, respectively.

Table 10: The eccentric adjacency index of Cyy,, forn <9

Fullerene | Eccentric adjacency index
C X2
24 35
Cao 9><36
9T X6 T
Cas 9 24+9824 ;3’>1<212Zn 1+ T
X X X
Ceo e T 5 T 0 =9x12),° 8n+ +—
%12 | 9x24 | 9x24 | 9xI2
€72 9824—i_9924—i_9192—i_9“12_99>1<212 = 8"+ +10
Cs4 G DL 2L T2 IR —9x 12Y gt + ]
9 10 11 12 13 n=9 10
C %12 | 9%24 " 9x12 912 "IX[Z | 9x12 | 9x12 "9X12>:
96 129 10 11 12 13 14 15 n= 911
10
CIOS 9><24 >];112 + 9>< + 9>< + 9>< + 9>1<512 + 9>1<612 + 9><12 =0 x
122 4 12
n=10,7 1 10
Table 11: The eccentric adjacency index of Cyg,, for2 <n <7
Fullerene Eccentric adjacency index
C20 9x20
5
CSO 9%x30
6
Cao 9x610+9x20+9x810_9><1028 61 +m
Cso 9510 | 9x20 | 910 | 910 _ g o 102 + 10
8 9 10 11 n=8 n 9
Con 910, 9%20 | 910, I%I0 | 9XI0 _ 9X102" T
7 8 9 10 11 n n 8
9%20 |, 9x10 _, 9xI0 , 9x10 , 910 , 9xI0 10
Cro e+ P T+ g = IX 10y, ey +
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Table 12: The eccentric adjacency index of Cig,+10, for4 <n <13

Fullerene | eccentric adjacency index
C82 9>1<67_|_9>1<115
CIOO 9>1<018_|_9T50_’_9>1<22+9T310
9x36 9x39 9x21 9x13 9x9
s e
X X X X X X
Cio | iyt o i i st
X X X X X X Ox9 X
C154 9118+91327+91%1+91518+91%1+91718+ 182+ 199 18 9x15
Cin BT 2l I8 Dl | B DAL B B
9x15 9x9 9><7
91927+92021 9 18 9x24 9x18 9x18 9x18 9x15
Ci90 T3+X+X+X+X+X+X+§O+
9x15 9x9 9x
9219 +92221+92318 9%x24 9x18 9x18 9x18 9x18
Caos st t e T e e Tt
9><118+9><15+9>2<15+9><9 9><5
C226 9>1<31_|_9x18_’_9><24_'_9x +9x18 9x18+9x +9><18 ><18_|_
9x18 9x15 9x15 9x9 9><7
92312+9 24+9218+9 18 29718 Ix18 9x18 Ix18 9x18
Coaa 5t Tt T T 0 t oyt o Tt
9><18+9><18_|_9><15+9x15+9x9+9x7

By the means of group actions, the eccentricity of vertices of Cioy,, Ci2n, Coan
and Cg,+10 were computed. Let us summarize them in the following lemmas:

10 10
Lemma 2.1 ([8]). Forn > 8, we have ec(Cio,) = {n, A, 2n—1,--- . 2n— 1}
2 12
and ec(Cypp) = {n, A, 2n—1, - ,2n—1} if n > 10.

Lemma 2.2 ([13]). The eccentricity of vertices in Caq, are presented in the follow-
ing table:

Table 13: The eccentricity of vertices in Cpa,
Type of vertices eccentricity Number
The Type 1 Vertices 2n+3 48
The type 2 vertices | 2n+3i (1 <i<n-—2) 24

Lemma 2.3 ([14]). The eccentricity of vertices in Cig,10 are presented in the
following table:
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Table 14: The eccentricity of vertices in Cig,+10

Type of vertices eccentricity Number
Type 1 Vertices 2n+3 7
Type 2 Vertices 2n+2 9
Type 3 Vertices 2n,2n+1 15
Type 4 Vertices | n+i(2<i<n-—1) 18

116 As a direct consequence of Lemma 2.1, Lemma 2.2 and 2.3 the eccentric adja-
17 cency index of Cjgp, for n > 8, Cia,, for n > 10, Cpy, and Cigy,4-10, for n > 14 are

s computed.

o

Theorem 2.7.
E%(Cron) = 90(Han—1 — Hp_1),
119
éad(CIZn) — 108([_12r171 _anl)a
120
432 2
ad
= ——+216
S Cm) =53t ; 2n+3i’
121
63 81 135 135
ad
C = — +162(H>,—1 — H, .
EY(Crgn+10) 2n+3+2n+2+2n+1+2n+ (Hayn—1 —Hpt1)

1

N

> 3 Appendix: A GAP program for computing the eccentric
123 adjacency index of arbitrary graphs

124 The GAP Groups, Algorithm and Programming is an open source package for
125 computational discrete algebra [10]. The version of GAP used in computations
16 18 4.r.7. To do this, first the molecular graph is drown by HyperChem software
127 [20] and then the .hin file is loaded into TopoCluj software [4] to obtain adjacency
128 and distance matrices. Second, some GAP codes are utilized for calculating the
120 eccentric adjacency index of the molecular graph by these matrices. Finally, some
130 ordinary interpolation method is applied to find formula for eccentric adjacency

131 index.

132 A GAP program for computing eccentric adjacency index of arbitrary

133 graphs

13¢ EAT:=function(A,D) #A is distance matrix # D is distance matrix

135 local S,i,t,j,E,f;

136 S:=[ 1;E:=[ 1;

137 for i in D do

138 Add(E,1/Maximum(i));
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171

od;

for i in [1..Size(A)] do
t:=0;
for j in [1..S8ize(A)] do
if A[i][j]=1 then
t:=t+Sum(A[j]);

fi;
od;
Add(S,t);
od;

f:=ExS;
return(f) ;
end;
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