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Abstract

As has usually been the case in the tradition of some scientific novel ideas, we use the hydrogen
atom as a “test particle”, in the context of superluminal dynamical system theory. In Paper (I) of
this series, the fundamental effect of an applied external magnetic field on a transversely guided
beam of hydrogen-like atoms is uncovered, that of transformation from spherical wave expansion
into plane wave function. This leads to an unprecedented concept of a planar helical hydrogen field,
with a continuum of linear momentum in (3+!)-dimensional spacetime. Thereupon, we investigate
a possible “superluminality” of this field. It turns out that, as in the case of a free Dirac field, the
Dirac-hydrogen field accords with the law of conservation of energy and momentum. As a result, the
generalized translational velocity component expectation value of the planar Dirac-hydrogen is found
to exceed the speed of light, with however, a subluminal minimal velocity.

Keywords: Single-particle interpretation of the plane free Dirac wave, free Dirac particles

1 Introduction

The hydrogen atom has a long history of offering a testing ground for new physical theories, due to the
simplicity of its unique bound state structure, consisting of a single electron and a much heavier proton
and so, very easy to treat theoretically, and experimentally. The scientific research history on this atom
started with the discovery of its spectral lines, produced by the transitions of the electron from higher
excited states to the lower first excited one above the ground state, with corresponding wavelengths (also
called Balmer series) given by [1]:

1 1
seconded by Rydberg in 1888 with his formula ,
! R d( ! ! ) eN > (1.2)
7 =Ry R ) ng, nj y Nf n;, .
As n; ny

This was later identified with the principal quantum number of the hydrogen atom, where the Rydberg
constant Ryd amounts to approximately 1.1 x 107m ™!, corresponding to 13.6eV. The series of spectral
lines related to transitions to the ground state were found in the ultra violet by [2] and more spectral
series of the atom had been discovered in later years at lower energies. It was up until 1913 that the
first theoretical explanation on the hydrogen spectrum was given by Bohr, in a series of papers. The
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model was that of an electron orbiting the proton on classical trajectories, like a planet orbits the sun;
the angular momentum of the electron is set to be quantized, giving by L = n € N, thus inducing discrete
energy levels: ,

En:—R—);d, Ryd = "% (1.3)

n 2

where m is the reduced mass of the electron in the hydrogen atom and o the fine-structure constant,
introduced by [3]. The transitions between the different Bohr levels which lead to the emission of photons
with wavelengths expressed by formula (1.2), gave rise to the Rydberg constant.

Earlier, [4] found that the spectral lines were actually multiplets of lines very close together. At first
this had been somehow explained in the more refined Bohr-Sommerfeld model [3], but it was only with
the advent of the theory of quantum mechanics that a more satisfying answer could be obtained.

[5] introduced a new perspective on the infinitesimal processes of atoms, which was elaborated rig-
orously by [6] and later, by [7]. This is presently known as the operator formalism. Using this new
formalism [8] was able to derive the Bohr energy levels (1.3). [9] soon followed with the introduction
of the wave function with its equation named after him. From this equation he derived the energy levels
(1.3) and, with the wave function, determined the spatial distribution for the probability of finding the
electron in the hydrogen atom. Soon later, [10] developed the quantum theory, based on the principles of
special relativity. The Dirac equation incorporated the spin of the electron and reduces to the Schrddinger
equation in the non-relativistic limit. This equation can also be solved for the hydrogen atom [11] and
features the line splittings found by [4], which are due to the electron spin, that is, spin-orbit coupling,
and relativistic corrections.

Meanwhile, in 1922, Stern and Gerlach came up with an impressive experiment originally designed
to test “space quantization” and consists of passing a beam of hydrogen-like (silver) atoms through a
transverse inhomogeneous magnetic field. In addition to the result of space quantization, it was later
realized, by the first proposal concerning the spin of the electron made in [12], that this experiment is
quintessential in illustrating the intrinsic spin angular momentum of the electron. But that was not the
end of the story about the multifunctional aspect of this experiment. Presently, wave transformation from
spherical propagation to planar expansion (in the special case of guided hydrogen-like beams through a
transverse magnetic field), is another fundamental and interesting aspect uncovered in Paper (1) of this
series.

It is our aim in this second paper to draw the essential scientific implications of this transformation. As
a result, we want to study the planar helical Dirac-hydrogen field, comparatively to the free Dirac plane
wave, and derive the expectation value of the generalized linear velocity component thereof. In Section
2, we review, summarily, the theory of the effective Lagrangian of the electromagnetic field. In Section
3, we study the coupled Maxwell and Dirac-hydrogen field, its solution in the limit of a homogeneous
magnetic field, and evaluate its translational velocity component.

2 The Effective Lagrangian of the Electromagnetic Field

The Lagrange density of the massless spin-1 field, which produces the following inhomogeneous Maxwell
field equation of second order

OAY — 9V (duAt) =}V 2.1)
agrees with the Lagrangian
1 :



up to a four-divergence term dy, (A*dyAY — AV dyA*) , where A* is the four-potential, j# the four-current,
and F,,y and F*V are defined below.

If we consider the electromagnetic field in isolation, it satisfies the linear Maxwell equations, and
the superposition principle [i.e., solutions can be linearly superposed and the relation between wave
functions at different times (y (x,7)and ¥ (x,%)) has to be linear], holds. There are no charge in empty
space in the classical theory, and since the photons do not bear charge, and thus do not interact among
themselves, their field is described by the free non-interacting Lagrange density.

To start with we recall that there are two Lorentz-invariant quantities that characterize the electro-
magnetic field, namely

I, =E>-H?, L=H-E. (2.3)

where E and H denote the electric and magnetic field strengths.

The vacuum of quantum electrodynamics (QED) is a polarizable medium owing to virtual processes
and obtains novel physical properties. One may try to describe this effect by replacing the Lagrangian
£ of the electromagnetic field by an effective Lagrangian .Z, rr. This will contain corrections in higher
orders in £ and H and lead to nonlinear field equations. In the limiting case of a stationary and homoge-
neous electromagnetic field an “exact” closed expression can be given for .Z, ;. This result was found in
a pioneering work by [13]. Following in part a derivation given by [14], one can start by expressing the
effective Lagrangian as a function of the invariants /; and I>:

Lerr(HE) = Lopr(l1,h)
= %y (H*—E*H E). (2.4)

The scalars I; and I, can be obtained by contraction of the electromagnetic field tensor F*V, which is
defined by

FRY = QHFV _VFH
0 —E -E -—E;
| B 0 -m A
=5 m o -ml| (2.5)

Ey -H, H 0

We also introduce the dual-field obtained by contraction Fy;, with the completely antisymmetric unit
tensor (the Levi-Civita tensor)

1
o Esﬂv’“’FM —F*(E < H)
0 —H —-H, —H;
_ H 0 -E E
- H, E3 0 -—-E | (2.6)
H; —E, E 0
We may construct two scalars by contraction of these tensors, namely
FMVE,y =2 (H* - E*) =21, (2.7)
FMY*Fyy = —4H -E = —4b. (2.8)

The Lagrange function is gauge invariant since it depends only on the field strengths. We will calculate
the energy Wy of the vacuum per unit volume as a function of the field strength. We sum up the energy
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eigenvalues €, < —m of all the electrons in the “Dirac sea” to obtain the total energy Ey. From this value
the potential energy Uj in the electric field has to be subtracted. The energy Ey contains the potential
energy Uy of the electrons of the Dirac sea in the external field in addition to the pure energy Wy of the
vacuum. Since we are interested only in the pure energy of the vacuum, the contribution Uy has to be
subtracted from Ej:

Wo=Eo—Up,  Eo=Y e\, 2.9)
po
— d3 (=)t A (-) 2.10
U Z XYpo € O(X) Ypo's (2.10)
po

where Ao (x) is the electrostatic potential. Here the sum extends over all momenta p and all spin direc-
tions; only the states with negative energy (—) are taking into account. Uy may be expressed in terms of
Ey through the following general considerations valid in quantum mechanics.

Let H (L) be a self-adjoint Hamiltonian that depends analytically on a parameter A and v, (1) a
normalized eigenfunction

HA)yu(A) =€ (A) yu (). (2.11)
The derivative of the energy eigenvalue with respect to A then obeys, by differentiation of (2.11) and
JH

projection unto (y, |
e, ] 9
g <"’" 2 "’”>+<‘(H_£") 2z

The last term is zero since (| H = (y,| &,.
Using this general statement by writing for the potential of a stationary, homogeneous E field

A

ll/n> . (2.12)

Ag(x)=—E-x

and considering the parameter A as the field strength, we have

A

0H (_ 0E
U0:E~Z/d3xw,§(,)*a—w,(,6) :E-a—EO, (2.13)
po

and hence SE
0
Wo=Ey—Uy=Ey—FE-——. 2.14
0=Eo—Uo=Eop SE (2.14)
This relation serves to switch from the energy to the Lagrange function. The relationship between the
energy (Hamiltonian) and the Lagrangian for a system having the generalized coordinates g; in general

reads

W:Zq'iaz—.i’. (2.15)
i dgi
In electrodynamics the potentials Ag and A play the role of the generalized coordinates g;. Because of
the relation E = —A — VAg and H = V X A, there is a dependence on a generalized velocity (g;) in the
Lagrangian only in the time derivative of the vector potential. But differentiation with respect to A is
equivalent to differentiation with respect to E. Hence (2.15) can also be written as

07
W=E =2 (2.16)



Thus we find that the charge of the Lagrangian density of the electromagnetic field is given, up to a sign,
by the additional energy density Ey:

L= Lo+ L, with £ =—EJ"omlzd), (2.17)

In the second equation of (2.15), we have indicated that the expression of (2.9) still has to be renor-
malized. In particular the energy of the vacuum in the absence of the electromagnetic field has to be
subtracted, because it cannot be observed.

In order to calculate Ey we restrict ourselves for the beginning to the case of pure magnetic field,
E = 0. The energy eigenvalues can be given exactly according to (3.29), below, where n =0,1,2, ... and
o = —1. The density of states per momentum interval is |e|H /27, cf. (3.29). Hence, it is found that

L (E=0H) = —E

+°°d
Pz |e|H
Sl W

elH [+ >
(|2|T)2 dp, <\/m2+p§+22\/m2+p%+2\e\H>. (2.18)
- n=1

Here we have taken account of the fact that all states are doubly degenerate except for the levels with
n =0, 0 = —1. The states with quantum number n, ¢ = +1 and with n — 1, 0 = —1 have the same
energy. Only for the state n = 0, 0 = —1 can such a partner not be found.

Obviously (2.13) is highly divergent. But one can split off a physically meaningful finite expression.
Differentiating twice with respect to the parameter m?> and summing up the series using the integral
representation

1 o )
— :/0 dne ™M, (2.19)
it can be shown that the effective Lagrangian of the electromagnetic field is obtained as
S E—0my= " /md ¢ 1 (“Ancoth (An) +1+ L (An) (2.20)
= =— — | —Hnco = .
) 872 J, n PE n n 3 n 5

with H = H/H,, = |e|H /m?.

The investigation is more difficult for general electromagnetic fields, because an expression analogous
to (3.29) cannot be found. However, the case of a constant pure electric field (H = 0) can be reduced
to (2.20), [15]. On another hand, in a uniform, pure magnetic field (E = 0) with vector potential A =
(0,Hx,0), the Lagrangian is invariant under translations in the y—direction. This last limiting case will
be our testing ground for the generalized linear velocity component of the Dirac-hydrogen field.

3 Superluminal Hydrogen Atom in (3+1)-dimensional Spacetime

The transformation of spherical waves into plane waves is topically relevant, and has been presented
earlier in the first article of this series. A hydrogen-like atom subject to an external magnetic field has its
spherical wave expansion stabilized (or transformed) into helical plane wave propagation. The spherical-
wave-formalism does no more apply in the study of hydrogen wave functions which propagate under the
effect of applied magnetic field, since, the radius r relative to the central potential becomes a constant of
motion. We are thus led to introduce a new concept of hydrogen helical plane waves.

5
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(c) The three possible orientations of the angular momentum vector.

Figure 2.1: Reduction of one revolution of hydrogen helical trajectory to the geometry of the cylinder.



Consider the hydrogen atom with a single electron orbiting the dense and fixed nucleus with spin, in a
radius r (i.e., spin-orbit coupling), in the context of relativistic quantum theory using the Dirac equation.
We restrict ourselves to realistic one-particle systems with positive energy , and waves propagating in the
z—direction [16]. In this limit, with no essential lost of generality, the hydrogen atom is considered as one-
particle problem. The mass m used in this context is the particle reduced mass m = m,/ (1 +m,/m)) ~
m, (1 —1/1836) in an external Coulomb potential V = —e?/r, derived from the attraction force of e? /r?
between electrons and protons of masses m, and m,, respectively. The z—axis of our coordinate system
is assumed to be parallel to the axis of the hydrogen atom.

3.1 Coupled Maxwell and Dirac-hydrogen Fields

The interaction of a Dirac-hydrogen with an electromagnetic field may be incorporated by the standard
prescription from nonrelativistic quantum mechanics, resulting in a bound state with minimal coupling.
We therefore insert the binding energy term V = —e?/r into the “Dirac-electron” equation subject to
magnetic field. Quantum electrodynamics can describe this coupled system of Maxwell field and an
electrically charged Dirac-hydrogen field, just as it does in the lesser complex unbounded case (see e.g.,
[17], Section 6.3) of Maxwell-Dirac-electron field. This coupling culminates into the Dirac-hydrogen
helical plane wave field, which is driven by the Dirac current j* = eWyy* y. We will derive the classical
equation of motion, and show that the energy-momentum vector of the total system is gauge invariant
and that energy and momentum are conserved.
The Lagrangian of the system under consideration is given by

L = gDiracfhydrogen + egem + og-/ﬂint

e e 1 _
= w(zy"au—7—m> w—ZFqu“"—ewy“wAu. (3.1)
This leads to the following set of coupled equations of motion for the fields y, W, and A" :
2
{y”i(&unLieAu) _7_'4 v = 0, (3.2)
2
m[yﬂi@—im“) +67+m} — 0, (3.3)
DA* — 0K (3-A) = eypty, (3.4)

where the arrow in (3.3) indicates that the partial derivative acts on the function to the left. The La-
grangian (3.1) and the field equations (3.2), (3.3), and (3.4) are invariant under local gauge transforma-
tions

Ay(x) = Ap(x)+duA(x), (3.5)
Y (x) = expl-ieAW]W(®), ¥ (x)=exp[+ieA ()] ¥ (x), (3.6)

where A is an arbitrary scalar function. This is made possible by the prescription of minimal coupling,
replacing the partial derivative by the “gauge-covariant” derivative, d,, — Dy, = dy, +ieA, and not forget-
ting that the additional term —e? /r describing the central hydrogen Coulomb potential is just as constant
as the electron mass m and its distance r from the nucleus.

The canonical energy-momentum tensor resulting from (3.1) is

oMY =0k

uv uv
Dirac—hydrogen + ®e.m. +©;

nt >’

(3.7)
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where

2
_. _ (. e
®1’L;i\;ac—hydmgen - wl'}/ﬂavw - g'uvw (lycaﬁ - 7 - m> v, (3.8)
1
®lel;/n = —FM%9YA, +8MVZFGTF617 (3.9)
O = gy yAo. (3.10)
Application of the gauge transformation (3.5) and (3.6) leads to the following extra terms
A(’-Dﬁl)zymcfhydrogen = €l[_/’}/“ w&VA - guvel/_/’yc W86A7 (31 1)
AGEY = —FH°9VgsA, (3.12)
AGLY = g"%ewry°yisA. (3.13)

The sum of this contributions reduces to

AOHY = eyry!ywd A —FH*°9VdsA
= (ePP*y+9dsF*%) YA —ds (FFCIVA)
= —95(FH99VA), (3.14)

where in the last step the field equation (3.4) has been used. The energy-momentum four-vector proves
to be gauge invariant since its change collapses to a surface integral:

APY = / x/ OV = — / d*xds (FP°9YA) = / dx0; (E'0VA)
= 0. (3.15)

Using the field equations (3.2), (3.3), and (3.4), we can write the four-divergences of the contributions
to the electromagnetic field-strength tensor as

a.U@)gx’ac—hydmgen = _av(v_/YGW)AG, (3.16)
W@y, = —(eWy’v)(9"Aq), (3.17)
@, = 9% (WY Y)Ac+ (WY V) (0 As). (3.18)

The conservation of energy-momentum in the combined systems follows from summing up the three
contributions
0,05 + 0,0y, +0,0; =0. (3.19)

Dirac—hydrogen int
Clearly, this also holds for the symmetrized energy-momentum tensor of the symmetrized Lagrange
density of the coupled Maxwell and Dirac-hydrogen fields.

Thus, the Dirac-hydrogen field, like the free Dirac spin-1/2 field, is in conformity with the basic natu-
ral law of conservation of energy and momentum, a quite significant result with the implication that these
two fields share similar properties and can be quantized using the same treatment. In particular, in our
restriction to constant magnetic field where variation of the action with respect to the field potential A,
is practically null, and since the binding energy —e”/r and the field additional energy |e|H (2n+ 1+ ©)
terms remain constants of motion, one can check and find that the results obtained from second quanti-
zation of the Dirac-hydrogen field coincide with those of the free Dirac spin-1/2 field. These common
results include notably the mirage of causality violation, the removal of which is achieved by superlu-
minal field velocity prescription [16]. This also means that the general expression of the generalized

8



variation transformation (as derived in [16], Section 3 ) of the free spin-1/2 field, is applicable to the
planar Dirac-hydrogen field. The variations, for intrinsic spin, orbital, and generalized angular momenta
are all linear along the z—axis and their corresponding transformations are velocity transformations [16].
We will now seek the solution of the Dirac-hydrogen plane wave equation and subsequently evaluate the
velocity of the field.

3.2 Solution of the Dirac-hydrogen Equation in a Homogeneous Magnetic Field

¢

Applying the bispinor y = ( X formalism of the Dirac equation ( [18], Chap. 2, e. g.) to our

special case of Dirac hydrogenic planar helical field, we calculate the energy of the propagation in the
z—direction subject to an homogeneous magnetic field H = He, and reduce the problem to the differential
equation of the harmonic oscillator, by elimination of ). Moreover, we evaluate the density of states per
momentum interval in the volume V = 1.

In general, states with definite momentum p are found with the ansatz

(2)-(2)[)r]

Equations (3.22) below are transformed into the same equations for components @ and ¥, but replacing
the operator (p — eA) by the eigenvalues p.
The Dirac-hydrogen equation in two-component solution reads (in relativistic units i =c = 1)

0 2

. . e
ZE¢ = G'(P—EA)%+€A0¢—7¢+’”¢7

.0 . e?

s X = G-(p—eA)¢+erx—7x—mx. (3.21)

The stationary solution for a constant purely magnetic field (Ag = 0, A independent of time) are obtained
from

62
(e+——m> 9 = o (h—eA),

r

r

2
(£+e—+m)x = o0-(p—eA)@, (3.22)

where the quantity € = d/dt describes the time evolution of the stationary state y (x). We multiply the
first equation by (e + é + m) and eliminate y :

2\ 2
(e+e7) —m2]¢:c-(p—eA)o-(p—eA)¢. (3.23)

Next, we use the identity
(c-a)(c-b)=a-b+ic-axb (3.24)



and the gradient property of the momentum operator p = —iV:

62 2
(8+7) "”2]¢ = [(p—eA)+io-(p—eA)x (p—eA)]¢

= [(i)—eA)z —eG-H} )

= [p—2eA-p+e*A*—ec-H|¢

= [p?+e’H?x —eH (0, +2xpy)] 9. (3.25)
The vector potential was chosen to be A = (0, Hx,0) in the last transformation, and V-A =0 and H =V x

A have been used. We notice that the right-hand side of (3.25) obviously commutes with the components
of the momentum operator py and p,. Consequently the ansatz

O (x) = /P HP) £ (x) 26 (3.26)
presents itself where Y is the unit spinor. Insertion into (3.25) immediately yields
&\’ 2 d 2, .2, 27722
(g+7) —m?*| f(x)= (‘@"’Py +pi+e"Hx —Zepry—eHG) f(x), (3.27)

which can be written as

2 o\ 2
{_%ﬂzf’z@‘%)z}f@): (8+67) —m’ —pl+eHo | f(x). (3.28)

This is just the Schrodinger equation of the harmonic oscillator in the variable § = x— p,/eH . The
“oscillator energy” is given by 7iw = 2|e|H. The eigenvalues thus are A, = (1 +1/2) i = (2n+ 1) |e|H.
Therefore

2\ 2
(8+e—) —m? —p}teHo = (2n+1)|e[H,
r

or

2
8p6:—67j:\/m2+p%+]e]H(2n+1+6), (3.29)

P 1s the momentum in the z—direction and ¢ = +1 is the projection of the spin. The two signs of
the time-evolution factor €, correspond to two types of solutions of the Dirac-hydrogen equation,
which we call positive and negative solutions, respectively. Except for the neutrino, the energy g =
++/m?+ p? +|e|H (2n+ 1 + 0) is the relativistic generalization of the Landau levels of a Dirac particle
(spin-1/2 particles) in a magnetic field [15]. Hence, (3.29) may be regarded as the relativistic generaliza-
tion of the Landau levels of a hydrogen-like atom in a magnetic field. Obviously, for the single-particle
interpretation limit of the plane Dirac-hydrogen wave (describing a realistic system with positive energy)
to be possible, the positive quantity —i—\/ m? + p2 + |e|H (2n+ 1+ o) in this last equation is required to
be greater than the binding energy —e?/r.

In order to determine the density of states, we note that the energy levels (3.29) are infinitely degen-
erate since the momentum p, does not appear in the formula. It is quite interesting to observe that in
the classical framework, our solution describes a helical motion of the single spin-orbiting electron in a
radius r which carries the nucleus with chosen but quantized momentum components in y and z direction,
and of horizontal displacement of locus

_ Py

X = 9
eH

(3.30)
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along the y—axis . This is a charged system driven by the Dirac current j* = ey v, as mentioned
above.

If we put the particle into a box with dimensions Ly, Ly, L, the y and z motions are quantized by the
boundary conditions and the number of states reads (& = 1)

L L
AN = ﬁﬁpyﬁﬂpz. (3.31)

Now Ap, = (eH) Axp holds because of (3.30), where x is a fixed center. We sum over the allowed
values 0 < xo < L, and obtain

L L le|H
AN = =2 |e|HL,—=Ap, = ——Ap.V. 3.32
27t|e| o Pz (27‘(5)2 Pz ( )

Next, the stationary states of the Dirac-hydrogen equation are found with the ansatz
v (1) = v (x)exp[— (i/h) el] (3.33)

We want to determine, with no essential loss of generality, the wave function of the Dirac-hydrogen field
propagating in the z—direction with positive energy. From (3.22), for fixed € = €, + é (c=1)
o-(p—eA) oIl

2= rm T erm

9, (3.34)

where we have set IT= (p —eA). Applying the same treatment used in finding the free Dirac plane wave
function [18], we calculate and obtain the Dirac-hydrogen plane wave function in the upward z—direction,
with positive energy, as, (dropping the relativistic units)

( 1 )
0
IIfhydro—]v

1 expli(p.z—Ept) /1], (3.35)
(o)

C€O:P:
mc2+E p

where £, = +€p6 = —é + \/ m? + p2 + |e|H (2n+ 1+ o) is the positive energy of the system required
in order for the single-particle aspect to hold [16], and the factor N is a normalization constant obtained

as
N mc? —I—Ep.
2E,

Thus, the Dirac-hydrogen plane wave function is similar, in terms of its expression, to the plane free
Dirac wave (i.e., the free spin-1/2 field). Precisely, these two fields can be said to be identical up to two
quantities: a binding factor —e?/r and an additional constant energy term |e|H (2n+ 1+ o). Now it is
obvious to wonder what will be the difference, as far as propagation linear velocity is concerned, between
the Dirac-hydrogen field and the free Dirac field.

3.3 Evaluation of Velocity of the Dirac-hydrogen Atom in a Constant Magnetic
Field in Spacetime

According to our discussion at the end of Section 3.1 above, the implications, methodology, and pre-
scriptions for velocity evaluation, used in [16] for the free Dirac field, hold in the study of the plane

11



Dirac-hydrogen field. Its generalized angular momentum transformation expression, which is the com-
position of spin and orbital transformations, is therefore given by [16]:

oM = [M55030M5L03}x# =7 (V)]xli

—cos(V/c)
—cos(V/c)
cos(V/c) ’ (3-36)
cos(V/c)

N R

where V is the generalized (overall) relative translational velocity component of the system and c, the
speed of light.

Here now comes to take shape the difference between the two fields. Though the two propagations are
helical in spacetime, the atomic linear momentum is solely produced by spin-orbit coupling of the single
electron in the limit of a fixed definite radius r about the nucleus, whereas the free electron dynamics
helicity is carried out on an indefinite, unclear radius basis. Hence, the geometry of the helix described
by the spin-orbiting electron in the fixed radius r about the nucleus becomes a central ingredient in the
velocity evaluation of the hydrogen field.

Some helpful relationships emerge from the geometry of the cylinder formed by one revolution of the
helix. If the cylinder is split down the side, parallel to the z—axis, and laid flat, the wall of the cylinder
forms a rectangle. The length of the sides parallel to the z—axis equals |[6M|| (which is the length
of the overall relative linear variation of the field in (3.36)). The length of the other sides equals the
circumference of the cylinder (27r), Figure 2.1 (a) and (b). The arc of the helix for one revolution is the

diagonal, with length equal to \/HSMHz +47%r? = [|xy|| (i.e., this arc of the helix or the diagonal is just
the length of the four-vector x,, which, stretched out, coincides with the angular momentum vector). Also
crucial in these discussions is the angle 6 formed by the diagonal and the side parallel to the z—direction.
The diagonal is the arc of the helix, so 0 is the angle formed by the z—axis and any line tangent to the
helix, and is given by (see Figure 2.1 (b) ):

2nr
tan@ = . (3.37)
|oM]|
Thus, also, we have that
osd — Ioml _lisml _ IEF OOl
Jiomprame bl — Tl
n
= F Wl = Il# )l = max } aij]
_zgnj:1
—cos(V/c)
B —cos (V/c)
N cos(V/c)
cos(V/c) wor]
= |cos(V/c)|, (3.38)
i.e., simply put:
cos(V/c) =cos0, (3.39)

where the only nonzero entry a;; in each row and column of the matrix [.%# (V)] is equal to its eigenvalue
cos (V/c), and the angle 8 must be acute because of the absolute value notation.

12



So, this is to say that the angle 0 between the z—axis and any line tangent to the helix (i.e., the diagonal
formed by the arc of the helix) is just equal to the translational velocity ratio V /¢ of the field motion.
It is worthy of note that equation (3.38) or (3.39) corroborates and justifies, elegantly, the assumptions,
claims, and prescriptions according to which the field velocity transformation matrix eigenvalue should
be a trigonometric sine or cosine function with argument V /¢, see [16], Section 3. We will now determine
the angle 0, and this would readily result in the velocity V evaluation of the Dirac-hydrogenic field.

The angle 0 is a physical quantity which in a classical system may assume any value, but which in
a quantum system may take on only certain discrete values. One needs not accept this result on faith.
The magnetism exhibited by atoms (especially hydrogen-like ones) provides an experimental means by
which one may study the direction of the angular momentum vector. There is a simple, elegant experiment
which illustrates the quantization of 0, just as a line spectrum illustrates the quantization of energy in the
hydrogen atom [19]. It has been shown, by passing a narrow beam of atoms through a magnetic field
placed perpendicular across the interior axis of an evacuated tube, that the angle 6 between the angular
momentum vector and the direction of the applied magnetic field (the z—axis) is found to equal only three
values, 45, 0%, and —45°, [19], Figure 2.1 (c).

Thereupon, subsequently readily, the hydrogenic field overall linear velocity component expectation
value V =V, 18 obtained as:

1. for the case 0 = 457, this corresponds to spin-up propulsion in the z—direction, and

T
Veupalti = <Z+2k7r> xe,  k=0,1,2,... (3.40)
2. for 6 = 0, there is no linear momentum and so V is identically zero, making this point trivial; and
finally
3. the case 8 = —45 describes a spin-down helical motion, with the same linear velocity of propaga-

tion as in spin-up.

Thus, as in the free Dirac field context, the Dirac-hydrogen field linear velocity component expectation
value is of course quantized, and exceeds the speed of light with, however, a subluminal minimal value
of

Vi —minimar = (0.7855) X c. (3.41)

4 Discussions

We observe that the subluminal minimal linear velocity component evaluated for the hydrogen atom,
in contradistinction to the superluminal minimal velocity of a free Dirac particle in spacetime [16], has
obviously to do with the binding energy and the constrained direction of the angular momentum vector
with the z-axis, exerted by the applied magnetic field.

As mentioned earlier in this work, it is important to note that spherical wave functions of hydrogen-
like atoms cannot produce a continuum of linear angular momentum, because of the perturbation of the
system caused by the unstable nuclear magnetic moment. That is the reason behind the fact that, to obtain
a sustained linear momentum to carry these particles in spacetime, there must occur a transformation from
spherical wave function into plane wave expansion, hence our interest in the Stern-Gerlach experiment,
to this effect. It is admissible that this superluminal result for the hydrogen could hold for all other
hydrogen-like atoms in this context of coupled Maxwell and Dirac fields (since, in general, the radius,
1.e., the distance of the valence electron from the nucleus remains constant in motion), if their angular
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momentum vector exhibits experimentally similar direction quantization constraints. Furthermore, this
result could imply another interesting one: the superluminal linear velocity of an electron in magnetic
field. How could it be otherwise, since, clearly, the Lagrangians of these two dynamical systems are
identical, up to a binding constant energy term V = —e? /r ? Finally, it should be observed that though the
free Dirac field and the Dirac-hydrogen field share common generalized angular momentum expression,
their giro-factors (it is 2 for the free electron) are not the same. This triggers another investigation yet to
achieve for the plane Dirac-hydrogen.

5 Conclusions

Gregory Breit, in 1928, demonstrated that a spin-1/2 particle always moves with the speed of light. Walter
Greiner, in 2000, went further to prove that this kind of particle always moves with the speed of light,
either in free motion or when subject to a magnetic field. I have laboured to discern and explain beyond
these results, in the present article and the previous ones as well on the same subject-matter, that free Dirac
particles in general, an electron in a magnetic field, and an electron in bound state of hydrogen atomic
orbital subject to a magnetic field, all of these could be superluminal. To paraphrase a great discoverer (I
cannot mention here) who was desperate to be understood by readers, I have not compromised conscience
to suit the general drift of thought (that regards any superluminal entity as paradoxical or “unnatural”),
but have bluntly and honestly given the text of a “probable” scientific truth.
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