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Dualities Between ''Kamal & Mahgoub Integral Transforms''
and ''Some Famous Integral Transforms'"'

Abstract

Abdelilah Kamal and Mohand Mahgoub have recently introduced new integral transforms differently
by the names the ‘“Kamal transform” and ‘“Mahgoub transform” to facilitate the solution of differential
and integral equations. However, in this paper, these newly introduced transforms will closely be
studied in relation to the some existing famous integral transforms that are defined in the time domain.
The study will also try to establish the duality relations existing between these new integral transforms
and in particular, the Laplace, Sumudu, Elzaki and Aboodh integral transforms. Further, supporting
illustrations obtained from some test functions as examples are will be presented.
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1 Introduction

Integral transforms are mathematical tools for solving differential and integral equations for centuries.
However, this old area has recently got a center stage among many researchers by introducing many
integral transforms among which are [1-6]. Furthermore, these transforms are studied and analyzed in
order to establish relationships and connections existing among them among which are [7-9].
However, in this paper, the recently introduced integral transforms by Abdelilah Kamal [10] and
Mohand Mahgoub [11] are closely studied in relation to the some existing famous integral transforms
that are defined in the time domain.The study also tried to establish the duality relations existing
between these newly introduced integral transforms and Laplace, Sumudu, Elzaki and Aboodh
integral transforms as particular cases and further some test functions are examined as examples.
Further, applications of these new integral transforms to the solution of partial differential equations
are demonstrated in [13] and [14], respectively for interested readers.

The paper is organized as follows: In Section 2, we present the basic concept of Kamal and Mahgoub
transforms differently. Section3 presents Kamal transform dualities, while Section 4 presents
Mahgoub transform dualities and Section 5 gives the conclusion.

2 Kamal and Mahgoub Transforms

In this section, we present the basic concept of Kamal and Mahgoub transforms.
2.1Kamal Transform

The Kamal transform is a newly introduced integral transform similar to Laplace transform [12] and
other integral transforms [1-6] that are defined in the time domaint = 0, and for functions of
exponential order. We consider functions in the set B defined by:

14l
B={f:If()] <QeYif t €(=1)/ x[0,00), =12 (Qky,ky> 0)}
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For a given function in the set B, the constant Q must be finite number; k,;, k, may be finite or
infinite.

Then, the Kamal transform denoted by the operator K(.) for function of exponential order and
belonging to set B is defined (by [10]) by the integral equation:

G) = KIF(O] = [ e f(B)dt ,u € (ky, k) (1)

2.1.1 Kamal Transform for Derivatives

For any given function f(t)defined over the set B, Kamal transform of derivatives are given as
follows:

KIf'®]l =u™6W - £(0),
KIf"(®O] =u26w) —u™'f(0) — £'(0),

n-1
KIf™@®)] = ut™6w) - Z uk-n+1e((0),  for n=0,12,...
k=0

2.2 Mahgoub Transforms

The newly introduced integral transform by Mahgoub [11] is an integral transform that has the same
setting with Kamal transform [10].Thus,the Mahgoub integral transform denoted by the operator M (.)
is defined by:

H@w) =M[f(©)] =u [, e f(©)dt ,u € (ky, k) 2)

2.2.1 Mahgoub Transform for Derivatives

For any given function f(t) defined over the set B, Mahgoub transform of derivatives are given as
follows:

M[f'(®)] = uH W) —u £(0),
MIf"®] = v Hw) —u f'(0) — u® £(0),

n—-1

M[F® ()] = u™Hw) — Z W), for n=0,12,..
k=0

2.3 Connection Between Kamal and Mahgoub Transforms
To examine the connection between Kamal and Mahgoub transforms, we give the following theorem:
Theorem2.3.1 : Let f(t) € B with Kamal transform G (u)and Mahgoub transform H (u), then
1
Gu)=uH (ﬂ) (3)
and
= 1
Hu)=uG (u) 4)
Proof: To prove Eq. (3), hencef (t) € B, then from Eq. (1)

6w = fwe_?tf(t) dt = u<%fooe_7tf(t) dt)
0 0

Thus, from Eq. 2)  G(w) = uH (%)

To prove Eq. (4), from the Eq. (2), we have
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Hw) = u fooe‘utf(t) dt = u (fw e@F(e) dt).
0

0

Thus, from Eq. (1), we get H(u) = uG ( )

1
u

Example 2.3.2

Consider the functionf(t) = t?. Kamal and Mahgoub transforms are obtained respectively

follows:G (1) = 2u3and H(u) = %, and their graph is given in figure 1:

Transform
g

0.5 1.0 15 20 25
Figure 1: Plots for Kamal and Mahgoub Transforms of f(t) = t2

3 Kamal Transform Dualities
In this section, we present the Kamal transform dualities starting with the Laplace, Sumudu, Elzaki

and Aboodh transforms.

3.1 Kamal -Laplace Duality
Laplace transform of f(t) for t > 0, denoted by F(w), is defined by the equation
F) = LIf(®] = [ e ™ f(t) dt

Theorem 3.1.1: Letf (t) € B with Kamal transform G (u)and Laplace transform F(w), then

G =F(3)
and
= o)
Proof: To prove Eq. (6), letf (t) € B, then from Eq. (1)

as

&)

(6)

(7)
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Gw) = f " T () dt = f e @ oy .
0 0

Thus, from Eq. 5)G(uw) = F G)

To prove Eq. (7), from the Eq. (5), we have

[ee] o =

F(u) = f eUt £(t) dt = f el £(¢) dt.
0 0

Thus, from Eq. (1), we getF(u) = G G)

3.2 Kamal-Sumudu Duality
Sumudu transform of f(t) for t = 0 denoted by N(w), is defined by the equation

N@w) = S[f(O)] = [," e *f(ut)dt, ky, k, > 0.8)
Theorem 3.2.1: Let f(t) € B with Kamal transform G (1) and Sumudu transform N (), then
G(u) = uN(u) 9)
and

N() =+ G(u) (10)
Proof: To prove Eq. (9), hencef (t) € B, then from Eq. (1)

G(u) = fooe%tf(t) dt.
0

Now let, w = 5 = t = uw and dt = udw. Then,

G(u) = fooe'wf(uw) udw =u<fooe'wf(uw) dw).
0 0

Hence, on comparing with Eq. (8), we thus obtain
G(uw) = uN(uw).
To prove Eq. (10), from Eq. (8),

N@w) = fooe_tf(ut)dt.

0

letw=ut=t= %and dt = dTW. Then,
© -w dw 1/([® -w
N(uw) =f evfw)—=— f ew f(w)dw ).
0 u ul\J
Hence, on comparing with Eq. (1), we thus obtain

1
N(u) = HG(u).
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3.3 Kamal-Elzaki Duality
Elzaki transform of f(t)for t > 0, denoted by T (u), is defined by the equation

Tw) = E[f(©)] = u? [[" e fut)dt , u € (ky, ky). (1)
Theorem 3.3.1 : Let f(t) € B with Kamal transform G (u) and Elzaki transformT (u), then
G(w) = %T(u) (12)
and
T(w) = uG(uw). (13)

Proof:To prove Eq. (12), hence f(t) € B, then from Eq. (1)
© ¢
G(u) = f ew f(t)dt.
0

Letw = 5 = t = uw and dt = udw. Then,

G(u) = foooe‘wf(uw) udw =u <foooe‘wf(uw) dw) = %(uz fome‘wf(uw) dw>.

Hence, on comparing with Eq. (11), we thus obtain
1
G(u) = " T (uw).
To prove Eq. (13), from Eq. (11),

o]

T(u) = uzf e tf(ut)dt.

0
d
Let, t = Yode=2 Then,
u u

® w dw ® w
T(u) = uzf euwf(w)—=u f ew f(w)dw ).
0 u 0
Hence, on comparing with Eq. (1), we thus obtain

T(u) = uG(u).
3.4 Kamal-Aboodh Duality

Aboodh transform off(t) for t = 0, denoted by K (u),is defined by theequation

K@) = A[f(©)] = = J;” e U f (B)dt, u € (ky, ky). (14)

Theorem 3.4.1 : Let f(t) € B with Kamal transform G (u) and Aboodh transform K (), then

Gw) =K (3) (15)
and
K@) =36 (3). (16)
Proof:To prove Eq. (15), hencef (t) € B, then from Eq. (1)
cw=[ eirwa=i(g[ W
u) = evf(t)dt = T e \w f(t)dt ).
0 u ~Jo

Thus, from Eq. (14)
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G(uw) =
136  To prove Eq. (16), from the Eq. (14), we have

K(3)

1 (@ 1/ =
K@) == f e—uff(t)dt=—< f e(u>f(t)dt>

ulJo Uu\Jo

137 Thus, from Eq. (1), we get:
K(u) = 1G !
W= (u)

138
139
140  Example 3.5

141  Consider the functionf (t) = e~2t. We obtain the following transforms:

1 1 u? 1 u
142 F(LL) = m,N(U) = m,T(u) = E,K(U) = mandG (u) = 1o2u

143 Figure 2 gives the illustration of the above transforms of the function under consideration:
144

Transform

1.0-‘ \

P e T B RN

145 0.0 02 04 0.6 0.8 1.0

146 Figure 2: Plots for Laplace, Sumudu, Elzaki, Aboodh and Kamal Transforms of f (t) = e~2.
147

148 4 Mahgoub Transform Dualities

w

149  In the same pattern, we present Mahgoub transform dualities, at the same time maintaining the
150  definitions of the integral transforms presented in section 3.

151

152 4.1 Mahgoub-Laplace Duality

153  Theorem 4.1.1 : Let f(t) € B with Mahgoub transform H (u)and Laplace transform F (u),then
154

155 H(u) = uF(w)(17)

156  and
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F(u) = %H(u).(lS)

Proof:To prove Eq. (17), hencef (t) € B, then from Eq. (2)

o

H(w) =uf e‘utf(t)dt=u<f
0 0

[ee]

e U £(t) dt).

Thus, from Eq. (5):
H(u) = uF(u).
To prove Eq. (18), from the Eq. (5), we have

F(uw) = fome'utf(t) dt = l<u foooe'”tf(t) dt).

u
Thus, from Eq. (2), we get
1
F(u) = - H(u).

4.2 Mahgoub-SumuduDuality

Theorem 4.2.1 : Let f(t) € B with Mahgoub transform H (u) and Sumudu transform N (u), then
H@w) = N(3) (19)

and
N@w) =H (%) (20)

Proof:To prove Eq. (19), let f(t) € B, then from Eq. (2)

Hw) = uf e ¥ f(t) dt.

0
d
Let w=ut=t= %and dt = TW .Then,

H(u) = fwe_wf(y)dw = fwe'wf(lw)dw
0 u 0 u .
Hence, on comparing with Eq. (8), we thus obtain:
1
H@) = N|-).
w=n ()
To prove Eq. (20), from Eq. (8),

[oe]

N@w) = f et f(ut) dt.
0
Let,=ut= t = %and dt = %W . Then,
© -w dw 1/(% ~Ew
N(u) =f euv f(w)—=— f e W’ f(w)dw ).
0 u Ul
Hence, on comparing with Eq. (2), we thus obtain:
1
NQ) = H (—)
u
4.3 Mahgoub-Elzaki Duality
Theorem 4.3.1: Let f(t) € B with Mahgoub transform H (u), and Elzaki transform T(u), then

H) = u?T(u) (21
and



184 T(w) = u?H (5). (22)
185  Proof:To prove Eq. (21), hencef (t) € B, then from Eq. (2)

Hu) = u f e U £(t) dt.
0
186

187 Let w=ut =t= % and dt = dTW.Then,

188
H(u) = fome‘wf(%) dw = u? <(%)2 fom e ™™f (%w) dw>.

189  Hence, on comparing with Eq. (11), we thus obtain:

Hw =7 ()
u) =u“T(—).

u
190 To prove Eq. (22), from Eq. (11)

oo

T(u) = uzf e tf(ut) dt.

0
191 Lett w=ut =>t= % and dt = dTW. Then,

Tw= u f e ) dw = a2 (% f e ) dw).
192  Hence, on comparing with Eq. (2;), we thus obtain ’
T(u) = u?H (%)
193 4.4 Mahgoub-Aboodh Duality

194  Theorem 4.4.1: Let f(t) € B with Mahgoub transform H (u) and Aboodh transform K (u), then
195

196 HWw) = u?Kw) (23)
197 and
198 K(u) = — H(w). 24)

199  Proof:To prove Eq. (23), hencef (t) € B, then from Eq. (2)
[o0] 1 o]
Heo =u [ e fat = <Z [ e re dt).
0

0
200  And, we obtain from Eq. (14) :

HW) = u?K@).
201  To prove Eq. (24), from the Eq. (14), we have

K@) = %fooe_utf(t) dt = u—12<u foooe_utf(t) dt).

0
202 Thus, from Eq. (2), we get

1
K(u) = " H(u).
203  Example 4.5

204  Consider the functionf (t) = t2. We obtain the following transforms:

205 F(u) = =N(@) = 2u?, T(u) =2u*, K@u)=—and H(u)=—.
206  Figure 3 gives the illustrations of the connections between the transforms under consideration as
207  follows:

208
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Figure 3: Plots for Laplace, Sumudu, Elzaki, Aboodh and Mahgoub Transforms of f (t) = t2.

5.Conclusion

In conclusion, the duality relations existing betweenthe Kamal and Mahgoub integral transforms with
the Laplace, Sumudu, Elzaki and Aboodh integraltransforms are established together with their
converses. The dualities are presented in forms of theorems and are later proved in a friendly manner.
Some test functions are considered as examples and illustrated graphically with the help of
Mathematica software. Thus, we therefore recommend the use of these new integral transforms is
solving various differential and integral equations that are found in mathematical physics and
engineering problems; having established their duality relations with some famous integral
transforms.
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