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ABSTRACT  9 
 10 
Aims: The purpose of this paper was to continue the previous study of arm rotation 
movement where A.V. Hill’s force-velocity relationship was transformed into a constant 
maximum power model consisting of three different components of power.  
Methodology:  In the present study a new model of Hill’s equation was applied for 
accelerated motions. This theoretically derived model of further development of Hill’s force-
velocity relationship was tested by fitting it into two arm push measurements of shot put 
experiments. The results of the further development of Hill’s equation for accelerated 
motions were compared with the mechanics of the constant power model of the previous 
study. 
Results:  The analyses of the present study verified that this theoretically derived equation 
for accelerated motions was in agreement with the measured data of shot put experiments. 
The fittings succeeded and they coincided with the velocity curves of the measured shot put 
experiments and the constant power model of the previous study. 
Conclusion:  In the present study the progress of movement was concluded to be as 
follows: 1) the state of low speed, maximal acceleration which applies to the hypothesis of 
constant force, 2) the state of high speed, maximal power which applies to the hypothesis of 
constant power, where the constant power model of previous study and the present 
development of Hill’s equation for accelerated motion were acting. This is a new approach to 
Hill’s equation. 
 11 
Keywords: Muscle mechanics, muscle power, force-velocity relationship, Hill’s equation, arm 12 
movement, arm push in shot put. 13 
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1. INTRODUCTION 17 
 18 
British Nobel laureate A.V. Hill invented the famous model of muscle mechanics which 19 
describes the force-velocity relationship of skeletal muscle contraction. The equation of this 20 
model is (F + a)(v + b) = b(F0 + a), where F is maximum force in muscle contraction, a is 21 
constant force and b is constant velocity, F0 is isometric force of muscle or the constant 22 
maximum force generated by muscle with zero velocity and v is velocity (Hill [3] and [4], Fig. 23 
1). This equation was based on the laboratory measurements in which the force (F) of 24 
activated muscle was measured as the muscle was contracting at a constant speed in an 25 
isolated condition. In the equation the vectors of forces and velocities have the same 26 
direction and therefore Hill’s equation can be presented in a scalar form. Other early 27 
experiments of force-velocity relationship of skeletal muscle were done by e.g. Fenn and 28 
Marsh [2] and good reviews are also available (e.g. Herzog [5], Seow [11]). 29 
 30 

 31 
Fig. 1. Hill’s force-velocity curve with the corres ponding power P.  32 
 33 
The arm rotation experiments of Rahikainen et al. [9] followed the theory, where movement 34 
was described to have four (4) different phases: 1) start of motion 2) movement proceeds at 35 
constant maximum rotational moment during the first part of the movement 3) movement 36 
proceeds at constant maximum muscular power during the second part of the movement 4) 37 
stopping of motion. For validation of these assumptions the equation was solved for angular 38 
velocity-time function: 39 
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This theoretically derived equation with constant maximum power (phase 3 above) was in 43 
good agreement with the experimentally measured results.   44 
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The study of Rahikainen and Virmavirta [10] continued the experiments of the previous study 46 
(Rahikainen et al. [9]) and further developed its theory of mechanics resulting in further 47 
solution of Hill’s equation. The results were based on the assumption that in muscle 48 
mechanics there is a constant maximum power which the muscle is able to generate within a 49 
certain range of velocity. The principle of constant maximum power is also in Hill’s equation 50 
and in this respect the two models can be considered the same. In the left side of Hill’s 51 
equation the term (F + a)(v + b) is muscles’ total power including Fv, which is the power of 52 
moving the external load. The right side of the equation, b (F0 + a), includes only constants 53 
and thus the equation can be considered as a constant power model. However, the constant 54 
maximum power in the study of Rahikainen and Virmavirta [10] is a characteristic of whole 55 
muscle group instead of separate muscle fibers as in the Hill’s equation. The model was 56 
based on the muscular system’s ability to transfer chemical energy and, therefore, it is not 57 
necessary to know the contribution of the individual muscles involved. The constant power of 58 
Hill’s equation presented by Rahikainen and Virmavirta [10] is not the power of Hill’s original 59 
curve as it is usually considered in biomechanics, but it is the sum of three different power 60 
components. It was inferred that the constant power model of the study of this paper acts 61 
during high speed movements with no external load, where Hill’s equation does not seem to 62 
fit the experimental points (Hill [4], p. 32, Fig. 3.2) very well. As an explanation for this 63 
mismatch Hill mentioned that “sharp rise at the end of the curve in the region of very low 64 
tension was due to the presence of a limited number of fibers of high intrinsic speed and no 65 
such equation could fit the observed points below P/P0 = 0.05”.. Because Hill’s equation is 66 
also a constant power model, it is acting only in a certain state of motion, which is constant 67 
power movement at low speed of motion decelerated by counter force. Therefore it is not a 68 
model of motion which is suitable for every state of muscle motion. 69 
 70 
Although Hill’s force-velocity relationship has been an important part of muscular mechanics 71 
models, it has deficiencies which to a great extent restrict its application for the real muscular 72 
mechanics of human motion. Hill’s equation is a constant power model and it has no term for 73 
the power of acceleration and therefore it cannot be applied within accelerated motions. Also 74 
at the point of maximum speed, where force is zero, Hill’s equation does not seem to fit the 75 
experimental points well. The third reason for the deficiencies of the models based on Hill’s 76 
equation is that they take no account of the effect of the elastic properties of muscle-tendon 77 
unit. The purpose of the present study was to further develop Hill’s equation and to create a 78 
model, which could be applied to accelerated motions, and to test its function in arm push of 79 
the Olympic winner in shot put. 80 
 81 
 82 
2. METHODS 83 
 84 
2.1 Hill’s equation in accelerated motion 85 
 86 
In order to find out the function of Hill’s force-velocity relationship in accelerated motion, 87 
equation of motion was derived from Hill’s equation. In the present study Hill’s equation is 88 
presented in a form 89 
 90 

 ( )( ) ( )baFbvaF +=++ 0H  (1) 91 

where 92 
 F is the muscular force in Hill’s equation. The force F must be constant during the 93 
 whole muscle contraction. If it is not, the equation of motion of muscle contraction 94 
 will be much more complex. 95 
 96 



 
 

 vH is constant velocity in Hill’s equation, and during the muscle contraction the 97 
 muscular force F corresponds to the velocity vH in Hill’s equation.  98 
 99 
The results of Hill’s experiments could be transformed into hyperbola equation describing 100 
force-velocity dependence of the movement. The left side of Hill’s equation represents the 101 
maximum total power consumed into muscle contraction, and the right side of Hill’s equation 102 
indicates that this maximum total power is constant. In the following this maximum total power 103 
is divided into three power components. Hill’s equation, the motion with maximum constant 104 
power is the second state of motion. The first state of motion is with the maximum constant 105 
force, and in that state of motion acceleration is constant. Fig. 2 represents a further 106 
development of Hill’s force-velocity relationship. Hill’s equation, (F + a) (vH + b) = constant, 107 
implies that the area of the rectangle (F + a) (vH + b) is constant. The total power of the 108 
muscle is comprised of three different components represented by rectangles A, B and C. 109 
The area of rectangle A = FvH represents the power needed from muscle against an external 110 
load (see the power curve in Fig. 1). If there is no external load, this power is consumed by 111 
acceleration. The area of rectangle B = (F + a) b represents the power of muscle’s internal 112 
loss of energy. This power creates a counter force against an external load. As the velocity 113 
is zero, this power B is highest and, therefore, it is not related to external movement. When 114 
velocity increases, this power decreases rapidly initially, then slowly at higher velocities. The 115 
area of rectangle C = vH a represents the power of friction due to the motion of the muscle – 116 
load system. Because power is force multiplied by velocity, the force of friction is a. This is 117 
not force directly proportional to velocity, generally known as liquid friction (which is the 118 
friction used in the present study in paragraph 2.3), but constant force of friction which is 119 
known as glide friction. Now we can see that there are three different states of motion: 1) at 120 
the beginning of motion characterized by a state of low speed constant maximal 121 
acceleration, then 2) as the motion continues a state of high speed, constant maximal 122 
power, which applies to motion of Eq. (21) and to Hill’s equation. The maximum power is due 123 
to the fact that the transfer of energy within the muscle system must have a maximum rate 124 
and, therefore, muscle’s power generation must also have a certain maximum rate. 125 
 126 
Application of Hill’s equation into human movement is problematic. Hill’s force-velocity 127 
relationship has no power term for acceleration, and therefore it is not valid in accelerated 128 
motions. Hill’s force - velocity relationship was measured with a measuring device in which 129 
the muscle force is measured at constant velocity. Its applications must also be constant 130 
velocity movements. 131 
 132 
Herein theoretical experiment is performed: A mass m is accelerated by a muscle 133 
contraction. The force generated by the muscle is F and its counter force is – F. In the 134 
beginning velocity is zero, and the movement is at a state of high acceleration. As the 135 
movement continues, velocity v increases and acceleration decreases, and if the movement 136 
continues sufficient long distance at some point the movement can be regarded as constant. 137 
Then there is force F corresponding to velocity vH as it is in Hill’s force – velocity 138 
relationship. The total power of Hill’s equation can be divided into three separate power 139 
components (Fig. 2): the power of the work done against counter force FvH, the power of 140 
friction avH and the power consumed within generation of muscle force (F + a) b. Because 141 
the muscle force F is constant and a and b are also constants, the power (F + a) b is also 142 
constant. The total power at the phase of constant velocity is the sum of the three rectangles 143 
A, B and C (Fig. 2) which is 144 
 145 
   146 
 F vH + avH + (F + a) b = (F + a)(vH + b) = (F0 + a) b (2) 147 



 
 

 148 
At the phase of acceleration the power consumption into acceleration is 149 

 v
dt

dv
mP =acc  (3) 150 

where v is general velocity in movement containing also accelerated phase of motion. 151 

 152 
Fig. 2. Hill’s force-velocity relationship presente d with asymptotes (broken lines) and 153 
three rectangles of power. In traditional presentat ion of hyperbola a and b are 154 
negative, but here they refer to the positive const ant terms of Hill’ equation. 155 
 156 
Because at the phase of acceleration the velocity v is less than the constant velocity vH, the 157 
power of the work done against counter force Fv and the power of friction av are less than 158 
that at the velocity vH. The difference of these powers is equal to the power into 159 
acceleration. We obtain the equation of motion 160 
 161 
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constant C = 0 172 
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 175 
This is the equation of motion as mass m is accelerated by muscle contraction. Hill’s velocity 176 
vH corresponds to muscle force F in Hill’s equation. Hill’s velocity is the velocity after the 177 
phase of acceleration as the motion can be regarded as constant velocity movement. 178 
Calculation of the values of Hill’s velocity vH and muscular force F (Eq. 1) are 179 
 180 

 ( )( ) ( )baFbvaF +=++ 0H  181 
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 184 
Substituting F = 0 into Hill’s equation 185 

 bFva 0H0 =  (13) 186 
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 188 
2.2 Numerical calculations of Hill’s equation in ac celerated motion 189 
 190 
Theoretical velocity functions of the mass lifted against gravity force by muscle contraction 191 
are determined by selecting constant values F0 = 1 N and vH0 = 1 m/s (for convenience), 192 
and a / F0 = 0.27 (MacIntosh and Holash [7], p. 194). Moving mass m is equal to force 193 
divided by gravitational coefficient m = F / g 194 
 195 
First Hill’s velocities are chosen for the curves of contraction equations which will be 196 
calculated (vH = 0.2 m/s, 0.4 m/s, 0,6 m/s, 0.8 m/s, 0.9 m/s, Fig 3). Then the values of 197 
constant force a = 0.27 F0 and constant velocity b using Eq. (14) are chosen (a = 0.27, b = 198 
0.27). After that the corresponding values of force F using Eq. (12) are calculated (F = 0.460 199 
N, 0.242 N, 0.124 N, 0.051 N, 0.023 N, Fig 3). Finally corresponding values of force F and 200 
Hill’s velocity vH are substituted into equation of muscle contraction (Eq. 11), and the velocity 201 
curves of mass accelerated in muscle contraction resisted by constant counter force F are 202 
obtained, (Fig. 3). 203 



 
 

 204 

 205 

Fig. 3. Velocity curves of moving mass accelerated in muscle contraction resisted by 206 
counter force which is equal to the force of gravit ation. Hill’s velocity vH is the limit 207 
velocity that the velocity of the moving mass appro aches. Hill’s velocity vH 208 

corresponds to the velocity in the Hill’s force vel ocity relationship and the force F 209 
corresponds to the force of Hill’s force velocity r elationship.  210 
 211 
 212 
2.3 Constant power - liquid friction model of muscl e contraction 213 
 214 
The model used in the present study is constructed according to Newton’s II law, which was 215 
first used in linear motion of arm push in shot put (Rahikainen and Luhtanen [8]) and then 216 
applied to rotational motion by Rahikainen et al. [9] and Rahikainen and Virmavirta [10]. The 217 
theory of arm movement is as follows: At the beginning of the movement, velocity is naturally 218 
zero and it takes some time to generate force. At that phase of motion, passive elements of 219 
muscle-tendon unit have influence on the motion, but after reaching the full state of tension, 220 
they have no further dynamic effect. After that it can be assumed that a maximum muscle 221 
force takes action and at that phase of motion constant value glide friction acts. Because the 222 
muscle system is able to transfer only a certain quantity of chemical energy during the time 223 
of contraction, there must be a constant maximum power, which the muscle is able to 224 
generate within a certain range of velocity. As the velocity increases the motion reaches the 225 
point where the maximum power takes action and acting force is less than the maximum 226 
force. This way power remains constant as the velocity increases and the force decreases. 227 
At high velocity phase of motion, liquid friction, directly proportional to velocity, acts. The 228 
constant value glide friction decreases as forces at the joint decrease and it becomes 229 
indifferent. The model of arm movement during constant power phase in shot put study was 230 
constructed as follows: accelerating force is mass multiplied by acceleration which equals 231 
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muscle force minus the force generated by inner friction of muscle. The effect of gravitational 232 
force is added afterwards. 233 
     234 

 VC
V

P

Td

Vd
m −=  (15) 235 

where 236 
 237 
The weight of the shot 7.27 kg and the weight of the arm approximately 3.5 kg, or total 238 
weight 10.8 kg (Table 1). 239 
 240 
Mass of shot and arm   m 241 
Velocity of shot    V 242 
Power generated by arm  P 243 
Time of arm push   T 244 
Pushing force        P / V 245 
Internal friction in arm    C V 246 
 247 
Table 1. Body segment masses (Hochmuth [6]) and est imated moving mass of the 248 
shot putter (140 kg) in the present study. 249 
 250 
___________________________________________________ 251 
  % of total mass   mass (kg)    moving mass (kg) 252 
1 trunk 34.70     48.6  253 
2 upper arm L 2.65     3.7  254 
3 forearm L 1.82     2.5  255 
4 hand L 0.50     0.7  256 
5 upper arm R 2.65     3.7  1/4 = 0.925 257 
6 forearm R 1.82     2.5  3/4 = 1.875 258 
7 hand R 0.50     0.7         0.7 259 
8 shot       7.3         7.3 260 
9 head 6.72     9.4 ___________________                                         261 
 262 
 263 
Internal friction of muscle is liquid friction inside muscle, which is directly proportional to 264 
velocity. The same liquid friction was also used in the study of Rahikainen et al. [9] which 265 
was initially adopted from Alonso and Finn [1]. 266 
 267 
Solution of velocity in Eq. (15) 268 
 269 
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 276 
 277 
2.4 Effect of gravitational force on the movement i n shot put 278 
 279 
The force which is induced by gravity was omitted from the motion model. The power 280 
generated by this gravity force is Pgr = mg·sin(41º)·V = 69.5 N·V, where mg is gravitational 281 
force of moving mass (Fig. 4), V is velocity of arm movement. In Fig. 6, velocity (V in Eq. 21) 282 
coincides the measured velocity curve between 4 and 6 m/s and the best fit for power (4750 283 
W, Fig. 6) is in the middle of these velocities, at 5 m/s. As the force of gravity is relatively 284 
small, the power induced by gravity was calculated in this study as a constant factor. It is 285 
included in the power P as follows; 1) 286 
 287 
 P0 = Pacc + Pfr + Pgr (22) 288 
     289 
 P = P0 ‒ Pgr = Pacc + Pfr 290 
 291 
P is power in Eq. (21), P0 is muscle power, acc is acceleration, fr is friction, gr is gravity, 292 
force of gravity is F. At the point B in Figure 5 velocity is 4 m/s and the real power can be 293 
calculated as follows; 2) 294 
 295 
 Preal = P + (5 – 4) m/s ·F = 4750 W + 69.6 W = 4819.6 W 296 
 297 
The real velocity can be solved from the power ratio of Eq. (21); 3) 298 
 299 

 0073.147506.4819
real

==VV  (23) 300 

 m/s029.40073.14real =⋅=V  301 

 302 
which is within the accuracy of this study 4 m/s 303 
 304 
In constant acceleration phase of movement 305 
 306 
 F0 = Facc + Ffr + F 307 
 308 
 309 
 310 
 311 



 
 

 312 

 313 
Fig. 4. Sideview of shot’s path during the arm push  (distance of the put 19.47 m). 314 
 315 
 316 
3. Results 317 
 318 
3.1 Analysis of 19.47 m put using Eq. (21) 319 
 320 
If the time of arm push is known, it is possible to determine the speed of shot during the arm 321 
push using speed curves from Rahikainen and Luhtanen [8], (Fig. 5 and 6). Thereby, the 322 
part corresponding to the time of arm push is separated from the end of the speed curve 323 
(e.g. Fig. 5). In the path of the shot (Fig. 6) it can be seen that in section A - B the arm push 324 
continues to generate speed with the maximal pushing force and the inclination of the speed 325 
curve is almost constant. This is because the maximal generation of speed is limited by the 326 
shot putter’s maximal arm-pushing force. As the arm push continues, in section B - C - D, 327 
the pushing force accelerating the shot decreases and the inclination of the speed curve 328 
decreases as well. There are three different factors that cause the decrease in acceleration. 329 
First: as the speed of the shot increases, the rate of increase is not limited by a maximal 330 
pushing force, but by a maximal propulsive power, in which case force is power divided by 331 
velocity. Second: The internal friction of the pushing arm, which can be considered to be 332 
directly proportional to the velocity, decreases the velocity of the shot. Third: as the shot 333 
putter in the rotational motion turns sideways in respect to the direction of the arm push, the 334 
pushing force of the arm decreases and disappears and the arm just follows the shot without 335 
accelerating it. In Fig. 6 the broken line describes the effect of the first and second factor 336 
mentioned above. In section B – C, the measured speed curve and the broken line 337 
coincides. In this phase of the arm push, the two above-mentioned factors are the principal 338 
factors influencing the speed of the shot. In section C – D, the measured speed curve travels 339 
under the broken line. In this phase of the arm push, the shot putter turns so much sideways 340 
in respect to the direction of the arm push that the acceleration of the shot decreases further. 341 
If the shot putter would not turn (or rotate) during the arm push, the measured speed curve 342 
would combine with the broken line in section C - E. By fitting   Eq. (21) into the measured 343 
speed curve in Fig. 6 values of internal friction and power are obtained C = 64.8 kg/s and P 344 
= 4750 W. 345 
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 347 
Fig. 5. The measured speed of the shot and the leng th of arm push (shaded area A �D) 348 
in 19.47 m put.  349 
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 354 
Fig. 6. The measured speed of the 19.47 m shot put (curve A – B ‒ C – D) and the 355 
theoretical speed curves, dashed line from Eq. (21)  and solid line from Eq. (11). The 356 
zero time ( T = 0) for theoretical curves is at 0.032 and 0.030 s , respectively.  357 
 358 
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 360 
3.2 Analysis of arm push in shot put using Hill’s e quation 361 
 362 
In Hill’s equation the velocity of muscle contraction vH is measured, as the force -F is 363 
resisting the motion. The muscle force is then F. In the beginning of movement the velocity 364 
of muscle contraction is zero, then the muscle force accelerates the motion, and the velocity 365 
increases. At some point it reaches maximum value, and at this constant speed phase of 366 
movement, velocity vH in Hill’s equation corresponds to the muscle force F. Theoretically the 367 
time of motion for the constant maximum velocity vH is indefinite, but if the counter force -F is 368 
strong enough, the movement decelerates and the constant maximum phase really exists in 369 
muscle mechanics. All the velocities v from zero to maximum velocity correspond to muscle 370 
forces greater than F (muscle force · velocity = constant power) and therefore in this study 371 
the maximum velocity corresponding F is marked as Hill’s velocity vH. 372 
 373 
In arm push of shot put the corresponding progress of velocity does not reach the velocity 374 
value vH because the range of movement is too short for that. In that movement all the 375 
velocity values are calculated from Eq. (11). 376 
 377 
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 379 
 380 
3.2 Determining the constants in Eq. (11) 381 
 382 
The moving mass m is presented in table 1. Gravitational force of the moving mass is mg = 383 
10.8 · 9.82 = 106 N and the force resisting the acceleration of the shot is – F = – mg · 384 
sin(41º) = – 69.6 N, and the muscle force of Hill’s equation is F = 69.6 N. 385 
 386 
The maximum muscle force F0 can be determined by two different ways. Shot putter’s 387 
maximum bench press with two hands has been measured 260 kg and thus the estimated 388 
result for one hand is 130 kg. The maximum muscle force is then F01 = 130 kg · 9.82 m/s2 = 389 
1280 N. The other way to determine the maximum muscle force F02 is to use Eq. (21) which 390 
yields the value of power 4750 W (Fig. 6). At the velocity of 4 m/s this power gives the force 391 
4750 W / 4 m/s, and by adding the force of gravity of shot and hand the maximum muscle 392 
force is obtained F02 = 4750 W / 4 + 69.6 N = 1260 N. 393 
 394 
Constant a in Eq. (11) is the constant value glide friction, and it can be determined in the 395 
phase of constant acceleration between A and B (V between ~1.5 - 3.5 m/s, Fig. 6) as 396 
follows: Force of friction a is equal to the maximum muscle force F0 subtracted the 397 
gravitational force resisting acceleration F and the force of acceleration Facc. The force of 398 
acceleration Facc is equal to moving mass m multiplied by acceleration. The acceleration can 399 
be determined from the phase of constant acceleration by measuring the corresponding 400 
changes of velocity and time, dV/dT = 82 m/s2, and the force of acceleration is Facc = 10.8 401 
kg · 82 m/s2 = 888 N. The force of friction (using F02) is  a = 1260 N – 888 N – 69.6 = 302 N 402 
and the coefficient of friction is 302 N / 1260 N = 0.24. 403 
 404 
Hill’s velocity vH can be determined by iteration. Iteration can be done (for instance) so that 405 
Eq. (11) is calculated with proper value of vH through the intersection point of the measured 406 



 
 

velocity curve and the line of the velocity 4 m/s (point B). The value of vH is then found by 407 
iteration so that Eq. (11) matches the measured velocity curve at the velocity of 6 m/s (point 408 
C). Increase of the velocity value vH results in increase of inclination of the iterated velocity 409 
curve. Constant b is calculated from Hill’s equation. 410 
 411 
 412 
3.4 Analysis of 20.90 m put 413 
 414 
Another shot put performance (20.90 m, Rahikainen and Luhtanen [8]) was analyzed in 415 
order to be able to compare the two puts and to learn more about the characteristics of the 416 
arm push. Another analysis was also needed to confirm the validity of the equation of 417 
motion. Measured speed curve of this put (dots) is presented in Fig. 7. The speed which is 418 
calculated with Eq. (21) coincides with the speed of further development of Hill’s equation 419 
Eq. (11) in section B – C (Fig. 7). The propulsive power of the arm push is approximately P = 420 
4520 W. The arm push in Fig. 6 has a greater pushing force 1260 N than in Fig. 7 1200 N, 421 
but at the end of the push the decrease in acceleration in Fig. 6 is so great that the total 422 
velocities generated during both arm pushes are almost equally high. The reason for the 423 
large decrease in acceleration is probably due to muscle’s mechanics, maybe a pressure 424 
decrease in muscles as the turning of the body is getting larger. In the optimal arm push, this 425 
large acceleration decrease must be eliminated. 426 
 427 
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,    m = 10.8 kg,  F0 = 1200 N,  F = 69.6 N,  vH0 = 16.6 m/s,  vH = 12.7 m/s,  430 

      a = 0.24 · F0 = 288 N,  b = 0.24 · vH0 = 3.99 m/s. 431 
 432 
Fig. 7. The measured speed of the 20.90 m shot put (curve A – B – C – D) and the 433 
theoretical speed curves, dashed line from Eq. (21)  and solid line from Eq. (11). The 434 
zero time (T= 0) for theoretical curves is at 0.032  and 0.030 s, respectively.  435 
 436 



 
 

 437 
4. CONCLUSIONS 438 
 439 
Rahikainen et al. [9] showed that in the first part of the arm rotation movements acceleration 440 
was constant and during the second part of movement equation of constant power (Eq. 21) 441 
fitted the measured velocity curve. The following study (Rahikainen et al. [10]) continued the 442 
arm rotation experiments and a new approach to Hill’s equation was presented. The shot put 443 
experiments of the present study have the similar progress of movement with the previous 444 
ones, and the above mentioned constant acceleration and constant power phases have 445 
been proved to be true as well. The correct functioning of Eq. (21) is also proven as the two 446 
forces F01 = 1280 N and F02 = 1260 N (see paragraph 3.3) are very close to each other. 447 
 448 
In Figs. 6 and 7 the measured velocity curve has a phase of constant acceleration between 449 
velocity values ~1.5 - 3.5 m/s and it can be inferred that within this range of velocity constant 450 
maximum muscle force is produced presuming that the force of friction is constant value 451 
glide friction. The constant friction a in the phase of constant acceleration and in the phase 452 
of constant power in Eq. (11) is assumed to be the same and mechanics in the equation 453 
seems to function properly with this assumption. In MacIntosh and Holash [7] the values of 454 
friction coefficient a/P0 for human elbow flexors are given, 0.45, 0.4 and 0.39, in which P0 is 455 
maximum moment for values 0.4 and 0.45 and maximum force for value 0.39 and a 456 
corresponds to the force of friction. Values of friction coefficient a/P0 0.2-0.3 are also used. 457 
Proper functioning of Hill’s equation implies the action of counter force F and if the counter 458 
force is weak, velocity increases, and the friction coefficient a/P0 may be bigger 0.6 – 0.7.  459 
  460 
The original purpose of this study was to find out how well the models of Eq. (21) and the 461 
further development of Hill’s equation, Eq. (11), match the measured velocity in the arm 462 
pushes of two shot put performances. The fittings of these two constant power equations 463 
succeeded and they did function very much the same manner. Both of power equations 464 
fitted the measured velocity curve between velocity values 4 - 6 m/s and thus the constant 465 
power model proved to be true within this range of velocity. However, these two models of 466 
constant power (Eq. 11 and Eq. 21) are different and they differ at higher velocities 467 
significantly. The highest velocity value of the further development of Hill’s equation (Eq. 11) 468 
in Figure 6 is vH = 13.2 m/s and the highest velocity of Eq. (21), after the correction 469 
presented in paragraph 2.4, is Vreal = 8.345 m/s. 470 
 471 
Within the present study two arm pushes of shot put were analyzed with success and the 472 
constant power model of the further development of Hill’s equation in maximum velocity was 473 
verified. It was also verified that in the phase of constant acceleration three different constant 474 
forces are acting: the force of acceleration, the force of friction and the force of gravity and 475 
added together they represent the maximum muscle force. The range of correspondence 476 
between the measured and theoretical velocities of the shot put experiments was long 477 
enough to confirm the existence of constant power models. Kinetic friction was assumed to 478 
be directly proportional to velocity at the beginning of the movement. It is possible that 479 
kinetic friction at small velocities is constant and at high velocities is directly proportional to 480 
velocity. This leads to a constant torque accelerating the movement at the beginning of 481 
movement. It is also possible that the constant acceleration phase of movement is rather a 482 
matter of human ability to learn effective modes of motion than a direct cause of natural 483 
laws. It may be that human nervous system controls the rotational moment accelerating the 484 
arm movement. 485 
 486 
The present application of Hill’s equation in accelerated motion could be worth to apply in the 487 
accelerated rotational movement as well. The analysis of additional subjects with different 488 



 
 

performance level would also help to better understand the function of Hill’s equation in 489 
accelerated movement. 490 
 491 
 492 
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