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Abstract

A graph labeling is a mapping that carries a set of graph elements onto a set of numbers
called labels(usually the set of integers). In this paper we prove the existence of graph labeling
such as cordial, total cordial, product cordial, total product cordial, primecordial,odd mean
labeling and even mean labeling for extended duplicate graph of Comb graph by presenting

algorithms .
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1. Introduction

Graph labeling has the origin from a seminal paper by Rosa in 1967 [7] . It is defined as
an assignment of integers to the vertices or edges or both subject to certain conditions. The notion
of cordial labeling was introduced by Cahit[5]. A function f: V — {0,1} is said to be cordial
labeling if each edge uv receives the label |f(u) — f(v)| such that the number of vertices labeled
with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one, and the number of
edges labeled with ‘0’ and the number of edges labeled with ‘1’ differ by at most one. Moreover,
it admits total cordial labeling if the number of vertices and edges labeled with ‘0’ and the
number of vertices and edges labeled with 1’°differ by at most one.

Andar et. al., [1] proved that a cordial labeling of G can be extended to a cordial

labeling of the graph obtained from G by attaching 2m pendent edges at each vertex of G.

The concept of product, total product and prime cordial labeling was introduced by
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Sundaram et. al,[8]. A function f:V — {0,1} such that each edge uv receives the label f(u)xf(v)
is said to be product cordial labeling if the number of vertices labeled with ‘0’ and the number of
vertices labeled with ‘1” differ by at most one, and the number of edges labeled with ‘0’ and the
number of edges labeled with ‘1’°differ by at most one. Moreover, it is said to be total product
cordial labeling if the number of vertices and edges labeled with ‘0’ and the number of vertices
and edges labeled with ‘1’ differ by at most one.
A prime cordial labeling of a graph G with vertex set V is a function f: V — {1, 2, 3, ..., p}such
that the induced function f* : E — N is defined by f'(vivj)) is assigned the label 1, if
ged (f(vi), f(vj))) = L and O, if gcd (f(vi), f(vj)) > 1, then the number of edges labeled with ‘0’ and
‘1’ differ by atmost 1. It was proved that the graphs Cy if and only if n > 6: Py if and only if n#
3 or 5; bistars; dragons; crowns ; ladders are prime cordial.
Nirmala investigated the concept of odd and even mean labeling.A function f is called an odd
mean labeling of a graph G if there exists an injective function f: V — {1,3,5,...... ,20-1} such
that when each edge vivj receives a label (f(vi)+f(v;))/2, then the resulting edge labels are distinct.
A graph which admits an odd mean labeling is called an odd mean graph. A function f is
called an even mean labeling of a graph G if there exists an injective function
f:V—o {24,...... ,20} such that when each edge viv; receives a label (f(vi) + f(v;))/2 then the
resulting edge labels are distinct. A graph which admits an even mean labeling is called an even
mean graph.

Thirusangu et.al,[10] have introduced the concept of extended duplicate graph.
A Duplicate graph of a path graph G(V,E) is DG=(V1,E1) where the vertex set Vi1 = VUV" and
VnV'=d and f: V—-V' is bijective (for v eV, we write f(v) = v' for convenience) and the edge set
E: of DG is defined as follows: The edge vivj is in E if and only if both vivj' and vi'vj are edges in
E:1. Clearly duplicate graph is disconnected. In order to make it as connected, add an edge viv; '
for any 'i’. This graph is called the Extended Duplicate Graph of a path graph G.
It was shown that the extended duplicate graph of a path Pn admits cordial ,total cordial,

product cordial and total product cordial labeling.

Singh et.al, [9] proved some results on Comb graph. Let Pm+1 be a path graph.Comb

graph is defined as Pm+10 (m+1)K. It has 2m+2 vertices and 2m+1 edges.



In this paper, we prove that, the extended duplicate graph of Comb graph is cordial, total
cordial, product cordial, total product cordial, prime cordial, odd mean and even mean labeling
by presenting algorithms.

2. Main Result

In this section we present the structure of the extended duplicate graph of a comb graph
and establish the existence of cordial, total cordial, product cordial, total product cordial, prime
cordial, odd and even mean labeling for the extended duplicate graph of Comb graph by
presenting algorithms.

Definition: (Structure of the extended duplicate graph of a comb graph)

Let G(V,E) be a comb graph. DG(comb)= (V1,E1) is the duplicate graph of comb graph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex setas Vi= {viVva.......... Vom+2,V1',V2' . vom+2'} and the edge
set as Ei= {vivi+1'U Vi'vise for 1 <i<m) U (Vi'Vm+i+r U ViVmsist’ for 1 <1 < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicate graph of a comb EDG(Comb) is obtained
from DG(comb) by adding the edges (i) ViVm+1and Vm+2'vom+2" if m = 1(mod 2) (ii) ViVm+1'and
Vm+2'Vom+2 If m = 0(mod 2) .

Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m+4 edges.
Algorithm2.1
Procedure (cordial labeling for extended duplicate graph of comb graph)
V={vi,va..... Voms2 , V', V2'o ... Vom+2'}
I assignment of labels to vertices
Ifm=2n
for i=1tom+1do
{ Vi, Vm+irl! «— 0

\ y Vm+i+l <« 1

end for

If m=2n+1

fori=1to2m+2do

{vi, vi = 0if i = 0(mod?2)
1 otherwise



¥

end for
end procedure
output : vertex labeled extended duplicate graph of comb graph.
Theorem 2.1
The extended duplicate graph of comb graph is cordial.
Proof :
From the construction of extended duplicate graph of comb graph , it is clear that
EDG(comb) (V,E) graph has 4m+4 vertices and 4m+4 edges.
In order to label the vertices, define a function f: V. — {0, 1} as given in algorithm 2.1.
Clearly,
The number of vertices labeled with ‘0’ = m+1 +m+1 =2m+2
The number of vertices labeled with ‘1’ = m+1 +m+1 =2m+2
Thus the number of vertices labeled with ‘0’ and ‘1’ is differ by atmost ‘1°.
In order to get the edge labels, define the induced map f* : E — N such that
* (vivj) = [f(vi) +f(vj)](mod 2).The edge labels are obtained as follows:
For1<i<m
f*(vivisd) = P*(vi'vis) =1, PX(ViVimeist) = P (Vi'Vinsis) = 0
Ifm=2n
F(Vivme1') = P¥(Vvme2'vams2) = 1, F¥(VaVms2') = £ (Vme1'vame2) = 0
Ifm=2n+1
f*(ViVime1) = F*(Vmse2'Vvame2) = 1, F¥(VmsaVome2') = *(Vme1'vame2) =0
Thus the number of edges labeled with ‘0’ = m+m+2 = 2m+2
The number of edges labeled with ‘1° = m+m+2 = 2m+2
Hence the number of edges labeled with ‘0’ and ‘1’ differ by atmost one.
Therefore EDG (comb) graph is cordial.
Theorem 2.2
The extended duplicate graph of comb graph EDG (comb), m > 2 is total cordial.
Proof :
By theorem 2.1, the number of vertices labeled with ‘1’ and ‘0’ are same as 2m + 2. The

number of edges labeled with ‘1’ and ‘0’ are same as 2m + 2. Thus the total number of vertices



and edges labeled with ‘1’ is 4m+4 and the total number of vertices and edges labeled with ‘0’ is
4m+4. Clearly the total number of vertices and edges labeled with ‘1’ and the total number of
vertices and edges labeled with ‘0’ differ by atmost one.

Hence the extended duplicate graph of comb graph is total cordial.

Example 2.1

Cordial labeling of EDG (comb)for m=5 and m=6 are given in figure 1 and figure 2

respectively.

[ ] K ¢ i [ 3 ! ¢ ¢ 0 []
V=0 V=1 Vio=0 Ve =1 V=0 Vi=1 V=0 V=l vy Va=1 V=0 V=1

Figure:1 cordial labeling of EDG(comb) graph for m=5

m=6
Vi=1
0 o o 0 o o (0] 0 o o o o o o
o ® o ¢ ol oa e o &6 o o o
=1 Vs =0 Via=1 V;3=OV12:1 V;1=OV1°=1 Ve =0 Vs =1

Vie=0 V1s=1 vii=0 V=1 i _g Vo

Figure : 2 cordial labeling of EDG(comb) graph for m =6



Algorithm 2.2

Procedure :(product cordial labeling for extended duplicate graph of comb graph )

/I assignment of labels to vertices
vi', V2 — 0 VL, Vme2' — 1
fori=3tom+1ldo
{ Vi — 1
¥
end for
fori=2tom+1ldo
{ Vi’ — 1
¥
end for
fori=1tomdo
{ Vim+i+l — 0
¥
end for

fori=2tomdo

{ Vim+i+1/ — 0
}
end for
ifm=2n
Vam+2 — 1 vomed 0
ifm=2n+l
Vome2 0: vome — 1
end for

end procedure
output :vertex labeled extended duplicate graph of comb graph.



Theorem 2.3

The extended duplicate graph of comb graph EDG (comb), m > 2 is product cordial.
Proof :

Clearly, EDG (comb) (V,E) has 4m + 4 vertices and 4m + 4 edges. In order to label the
vertices, define a function f: V — {0, 1}, using algorithm 2.2.
It is evident that the number of vertices labeled with ‘0’ = 2+m-1+m+1 = 2m+2.
Number of vertices labeled with ‘1° = 2+m-1+m+1 = 2m+2.

Hence the number of vertices labeled with ‘0’ and ‘1” differ by atmost one. In order to get
the edge labels, define the induced map f*: E — N such that f[vivj] = [f(vi) x f(v;)] .
Thus the edge labels are obtained as follows :
f*(vav2) = ¥ (vivms2') = 1 @ P¥(v1'v2) = f*(vav3') = 0
For1<i<m
*(Vi'vim+i+1) =0
For2< i< m
f*(vi'visd) =1 0 FF(ViVm+is) = 0
For3<i<m ; f*(vivisd)=1
If m=2n
f*(Vm+1Vome2') = 0, F*(Vivm+r') = ¥ (Vm+1'Vams2) = F*(Vme2'vame2) = 1
If m=2n+1
f*(Vm+1'Vam+2) = 0, F*(ViVm+1) = F*(Vm+1Vom+2') = £*(Vm+2'vam+2') = 1
Thus the number of edges labeled with ‘0’ = 2+m+m-1+1 = 2m+2.
Number of edges labeled with ‘1” = 2+m-1+m-2 + 3 = 2m+2.

Hence the number of edges labeled with ‘0’ and ‘1’ differ by atmost one.
Therefore EDG (comb ) graph is product cordial.
Theorem 2.4 :

The extended duplicate graph of comb graph , EDG (comb) m > 2 is total product cordial.
Proof :

By theorem 2.3, the number of vertices labeled with ‘0’ and ‘1’ are same as 2m+ 2 .
The number of edges labeled with ‘0’ and ‘1’ are same as 2m+2. Thus the total number of

vertices and edges labeled with ‘0’ is 4m + 4 and the total number of vertices and edges labeled



with ‘17 is 4m + 4. Hence the total number of vertices and edges labeled with ‘0’ and ‘1’ differ
by atmost one.
Therefore EDG (comb) graph is total product cordial.
Example 2.2
Product cordial labeling of EDG(comb) graph for m =5 and m=6 are given in figure 3 and

figure 4 respectively .

V=1 Ve=1 vi=1 ‘ Vi-1 vi-0

Va=0

; ) [ 3 g ’ [ [ ] [ 0 [
V=0 Vi =0 Vio=0 Vs=0 Va=0 Vr=1 Vﬁ:]_ V=0 Vio=0 Vs=0 V=0 V7=0

Figure:3 product cordial labeling of EDG(comb) graph for m =5

o & , ® o ¢ o la o o ) I I I
Vie=0 V15=0 vi=0 Vi1 =0 ik Voe=0 yg=1 V=1 Vis=0 Vi2=0 VM:OVm—O ve=0 V°

Figure:4 product cordial labeling of EDG(comb) graph for m =6
Algorithm 2.3



Procedure :(prime cordial labeling for extended duplicate graph of comb graph)
V={vi,Vvo..... Vom+2 , V1, V2o . Vom+2'}
/I assignment of labels to vertices

V1 «— 4m-2 ; Vm+2' — 4m+2

for i=2tom-1do

end for

for i=1tom-1do

end for

for i=2tomdo

end for
for i=2tomdo

end for
ifm=2n

!

m 2m , Vm — 1 ,vme2 «— 4mt3, vmi1 im+1

<

Vmil' «— 4m, vome2 <« 4mt4 |, vome2' «—  4m-1

if m=2n+1

Vi <« Idm+3 , v’ «— 2m , Vm#l — 4m Vm+1'  «— 4m+l1,
Vome2!  «—  4mt4 , voms2z o«  4m-1, Vm2 «— 1.

end procedure



output: vertex labeled extended duplicate graph of comb graph.
Theorem 2.5
The extended duplicate graph of comb graph, m > 2 admits prime Cordial labeling.

Proof :
The EDG (comb)(V,E) graph has 4m+4 vertices and 4m+4 edges.Label the vertices

of EDG( comb ) graph by defining a function f:V — {1,2,3,4,...,4m + 4} as
given in algorithm 2.3. Thus all the 4m + 4 vertices are labeled.

Define the induced map f*: E — N such that
1 if g c.d. (f(vi),f(vj)) =1
0 if g. c.d. (f(vp), f(v;) ) > 1

By the above induced function, the edge labels are obtained as follows :

f(vivj) =

For 1 <i<m-2

f*(vivis1) = P*(vi'visr) = 0

For 1 <i<m; f*(Vi'vim+i+1) =1

For2<i<m ; f*(ViVm+i+1) =1

Ifm=2n

F*(ViVm+1') = £*¥(ViVim+2') = £¥(Vm+1'Voms2) = F5(Vme2'vams2) = F*(Vm1'vm)=F*(VmVm+1")=0
*(Vm-1Vm') = £*(Vm'Vin+1) = F*(Vm+1Vom+2') = 1

Ifm=2n+1

F*(V1iVm+1)=F*(ViVim+2') = £*(Vm+1Vom+2') = £*¥(Vm+2'vame2') = £*(Vm-1Vm') = £*(Vm'Vim+1)=0
*(Vm-1'vim) = F*(VmVm+1") = £*(Vm+1'vame2) = 1

Thus in both the above cases,

The number of edges labeled with ‘1’ =m+m-1+3 =2m+2.

Number of edges labeled with ‘0’ = m-2+m-2+6=2m+2.

Hence the number of edges labeled with ‘1’ and ‘0’ differ by atmost ‘1’

Therefore EDG (comb) graph is prime cordial .
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Example 2.3
Prime cordial labeling of EDG(comb) graphs for m=5 and m=6 are given in figure 5 and

figure 6 respectively.

m=5
vi=21 Ve =16 vi=12 Va=10 V:=6 vi=2
0 0 0 0 0 0
Vi L Ve =20 =
198 6= Va=8 V=4
0 0 1 1 1 1
0
& : € ’ .. } r L ] o
V=19  vi=17 V=15 Vs =13 Va=11 Vi=22 vi=24 Vu=9  y,=7 Vo=5 Vs=3 Vr=1

Figure: 5 prime cordial labeling of EDG(comb) graph form =5

Vi=2
(0) (0]
1 1 1 1 1 1 o (0] 1 1 1 1 1 1
® ® & ® o ® : ,L-._ZS K o O o "
Via= 23V13= 21 v::=19 Ntk V1’o =15 V=13 ‘va =26 N Vis= 11\/12 =9 Vii=7 V=8 V9' =3 -

Figure: 6 prime cordial labeling of EDG(comb) graph for m =6

Algorithm 2.4
Procedure :( odd mean labeling for extended duplicate graph of comb graph)

I/l assignment of labels to vertices

fori=1tom+1do

11



end for
fori=2 tom+2do

output :vertex labeled extended duplicate graph of comb graph.
Theorem 2.6
The extended duplicate graph of EDG (comb) graph admits odd mean labeling.

Proof:

Clearly EDG (comb)(V,E) graph has p = 4m+4 vertices and q = 4m+4 edges.
To label the vertices , define a function f: V— {1,3,5,......... 2q-1} as given in algorithm 2.4.
Thus all the 4m+4 vertices are labeled.
To get the edge labels, define the induced map
f*:E— {1,23....... ,20-1} such thatf*(viv;) = f(vi)+f(v;)/2 for all vivje E

12



Ifm=2n

f*(ViVm+1) = 2m+2 | £*(Vm+2'vom+2) = 6M+6.

Ifm=2n+1

*(ViVm+1) =2m+2  , F*(Vm+2'vame2 ) = 6m+6.

Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits odd mean labeling .

Example 2.4

Odd mean labeling of EDG(comb) graphs for m=5 and m=6 are given in figure 7 and figure 8

respectively.

m=5

Ve=23 Va=19 Va=15 Vs=9 Vs=5 vi-1

V2:3

15 13

0 ) ] i 0 3 3 ] ¢ s o 4
Vos8]  vu=45 V=43 Ve 41  Ve=39 V=37 vp=35 Vu=33 yu=31 Vo299 ve=p7  Vi=)5

Figure : 7 odd mean labeling of EDG(comb) graph form=5
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@ Vv 27

41

Ve =25

39

Figure : 8 odd mean labeling of EDG(comb) graph form =6

37

Algorithm 2.5

Procedure :(even mean labeling for extended duplicate graph of comb graph )

Il assignment of labels to vertices

35

fori=1tom+1do

33

31

29

: ® . 5 Y, ?
Vie=55V:s=53 y;;=51 V=49 .5 Vo =45 yg—43 V=41, _ 39V

@D
>
o
—h
I |
=

fori=2tom+2 do

@®
>
o
—h
o
2

27

25

23

21

19

17

15

o & o o o
12=37 Vi _3V10=33,,; 39 V&=

14



end procedure
output :vertex labeled extended duplicate graph of comb graph.
Theorem 2.7

The extended duplicate graph of comb graph, EDG (comb)graph admits even mean labeling.

Proof:
Clearly EDG (comb)(V,E) graph has p = 4m+4 vertices and g = 6m+4 edges.

To label the vertices , define a function
f:V—o {246,......... , 20} as given in algorithm 2.5.
Thus 4m+4 vertices are labeled.

To get the edge labels, define, the induced map f* : E — {1,2,3........ ,20} such that
t*(vivj) = [f(vi)+f(vj)] /2 for all vivj e E
By the induced function , the edge labels are obtained as follows:

gs! T
o @]
= —
— —
IA IA
IA IA
8 8
+

—_

Ifm=2n
*(ViVm+1) = 2m+3 ; P¥(Vm+2'vame2) = 6M+7.
Ifm=2n+1
f*(ViVm+1) = 2m+3 ; F*(Vm+2'vam+2 ') = 6m+7.

Thus all the labeled edges are distinct .
Hence EDG (comb) graph admits even mean labeling .

Example 2.5

Even mean labeling of EDG(comb) graph for m =5 and m = 6 are given in figure 9 and figure

10 respectively.
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e =12

14

Vii*34 Wi=33 Ve =30 Vi =28 vy = 26

Figure : 9 even mean labeling of EDG(comb) graph form =5

Ve =26 Vi si22

27 25 2 21

® V=28 Vs 24 Vs 2

42 40 38 36 34 32 30 28 26 |24 22 |20 |18 16

® & & o © o 2Ba ¢ o ¢ o

] 0 | o o
Vie56V15=58 vi3=52 V11Z50 \r 40 Vo =46 va=44 V142 gqVi2=38 ;o Vi0=34, 3, Ve=30

Figure : 10 even mean labeling of EDG(comb) graph form =6
Conclusion:
In this paper we have presented algorithms and proved that the extended duplicate graph of

Comb graph admits cordial, total cordial, product cordial,total product cordial,prime cordial,

odd mean labeling and even mean labeling.
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