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Abstract

A graph labeling is a mapping that carries ao$egfraph elements onto a set of numbers
called labels(usually the set of integers). In fieper we prove the existence of graph labeling
such as cordial, total cordial, product cordiatatgproduct cordial, primecordial,odd mean
labeling and even mean labeling for extended dagigraph of Comb graph by presenting

algorithms .
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1. Introduction

Graph labeling has the origin from a seminal papgrRosa in 1967 [7] . It is defined as
an assignment of integers to the vertices or edgbsth subject to certain conditions.The notion
of cordial labeling was introduced by Cahit[5]. Anttionf : V - {0,1} is said to be cordial
labeling if each edgev receives the label f (u) —f (v)| such that the number of vertices labeled
with ‘0’ and the number of vertices labeled with differ by at most one, and the number of
edges labeled with ‘0’ and the number of edgeslémbeith ‘1’ differ by at most one. Moreover,
it admits total cordial labeling if the number oértices and edges labeled with ‘0’ and the
number of vertices and edges labeled with ‘1'diffgrat most one.

Andar et. al.,, [1] proved that a cordial labgliof G can be extended to a cordial

labeling of the graph obtained from G by attacHingpendent edges at each vertex of G.

The concept of product, total product and prime iebtdbeling was introduced by



Sundaram et. al,[8]. A functidn V - {0,1} such that each edges receives the labd{u)xf(v)
is said to be product cordial labeling if the numbkvertices labeled with ‘0’ and the number of
vertices labeled with ‘1’ differ by at most one dathe number of edges labeled with ‘0’ and the
number of edges labeled with ‘1'differ by at mosieoMoreover, it is said to be total product
cordial labelingf the number of vertices and edges labeled witratfi the number of vertices
and edges labeled with ‘1’ differ by at most one.
A prime cordial labeling of a graph G with vertest ¥ is a function f: V{1, 2, 3, ..., p}such
that the induced function f E— N defined f(v;v)) is assigned the label 1, if gcd (§(vi(v;) = 1
and 0, if gcd (f(y), f(v;))) > 1, then the number of edges labeled with ‘0d &1’ differ by
atmost 1. It was proved that the graphsf@nd only if n> 6: R, if and only if n£ 3 or 5; bistars;
dragons; crowns ; ladders are prime cordial.
Nirmala investigated the concept of odd and eveamabeling.A functiorf is called an odd
mean labeling of a graph G if there exists an injedunction f:V(G)— {1,3,5,......,29-1} such
that when each edgevyreceives a label (f()#f(v;))/2, then the resulting edge labels are distinct.
A graph which admits an odd mean labeling is call@dodd mean graph. A functibérs called
an even mean labeling of a graph G if there exists injective function
fV(G) —» {24,........, 2q} such that when each edge veceives a label (f(v+ f(v;))/2 then
the resulting edge labels are distinct. A graphciwladmits an even mean labeling is called an
even mean graph.

Thirusangu et.al,[10] have introduced the concept emtended duplicate graph.
A Duplicate graph of a path graph G(V,E) is DGx&{) where the vertex set 1\ VUV' and
VnV'=d and f: \->V' is bijective (for veV, we write f(v) = v' for convenience) and the edge
E: of DG is defined as follows: The edge;jvs in E if and only if both ¥;' and Vv, are edges in
E;. Clearly duplicate graph is disconnected. In ptdemake it as connected, add an edge' v
for any 'i’. This graph is called the Extended Dogle Graph of a path graph G.
It was shown that the extended duplicate grapla giath R admits cordial ,total cordial,

product cordial and total product cordial labeling.

Singh et.al, [9] proved some results on Comliplgyraet R..; be a path graph.Comb
graph is defined as,1© (m+1)K;. It has 2m+2 vertices and 2m+1 edges.



In this paper, we prove that, the extended dugdigsaph of Comb graph is cordial, total
cordial, product cordial, total product cordialirpe cordial, odd mean and even mean labeling
by presenting algorithms.

2. Main Result

In this section we present the structure of therekéd duplicate graph of a comb graph
and establish the existence of cordial, total @ygiroduct cordial, total product cordial, prime
cordial, odd and even mean labeling for the extdndeplicate graph of Comb graph by
presenting algorithms.

Definition: (Structure of the extended duplicate graph of a comb graph)

Let G(V,E) be a comb graph. DG(comb)=,(&) is the duplicate graph of congpaph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex set as;2{vi,vso.......... Voms2,V1', Vo oo, Vom+2} and the edge
set as = {Vivisi'U V'vigg for 1<i<m) U (Vi'Vimsisr U ViVinsisa' for 1 < i < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicaa@hgiof a comb EDG(Comb) is obtained
from DG(comb) by adding the edges (ijvi:1and n+2'Voms2 if m = 1(mod 2).(ii) v+’ and
Vm+2Vom+2 if m=0(mod 2) .

Thus the extended duplicate graph of comb grapthmeas! vertices and 4m+4 edges.
Algorithm2.1
Procedure (cordial labeling for extended duplicate graph @ind graph)
V={vi,vo..... V2, V1, Vo' L. L bm+2}
/[ assignment of labels to vertices
If m=2n
for i=1tom+1do
{ V, Vsl 0

iV, Vmsitn «— 1

}
end for
If m=2n+1
fori=1to 2m+2 do
{vi, W Oif i = 0(mod?2)
{ 1 otherwise



}

end for
end procedure
output : vertex labeled extended duplicate graph of cgraph.
Theorem 2.1
The extended duplicate graph of comb graph is abrdi
Proof :

From the construction of extended dupdécgtaph of comb graph , it is clear that
EDG(comb) (V,E) graph has 4m+4 vertices and 4m-geed

In order to label the vertices, defineiction f: V — {0, 1} as given in algorithm 2.1.
Clearly,

The number of vertices labeled with ‘Ofr=1 +m+1 =2m+2

The number of vertices labeled with ‘Iir=1 +m+1 =2m+2
Thus the number of vertices labeled with ‘0’ ahdis differ by atmost ‘1’.

In order to get the edge labels, defivee induced map f* : E— N such that

* (viv)) = [f(vi) +f(v;)](mod 2).The edge labels are obtained as follows:
For1<i<m
*(Vivisd) = *F(Vi'vier) =1, P(MVimsist’) = *(Vi'Vinsiz) = 0
If m=2n
(Vv 1Vm+1) = B (Vme2Vome) =1, F(Vvims2) = PF(Vmer'Vame) = 0
fm=2n+1
5V 1Vms+1) = FF(Vme2Vome2) =1, F*(meaVoms2) = FF(Vme1'Vome) = 0
Thus the number of edges labeled with ‘0’ = m+m-+2nt2
The number of edges labeled with ‘1’ = m+m+2 = 2m+2
Hence the number of edges labeled with ‘0’ andliffer by atmost one.
Therefore EDG (comb) graph is cordial.
Theorem 2.2

The extended duplicate graph of comb graph ED@&pm> 2 is total cordial.
Proof :

By theorem 2.1, the number of vertices labeleith Wi’ and ‘0’ are same as 2m + 2. The

number of edges labeled with ‘1’ and ‘0’ are sara@m + 2. Thus the total number of vertices



and edges labeled with ‘1" is 4m+4 and the totahber of vertices and edges labeled with ‘0’ is
4m+4. Clearly the total number of vertices and sdgéeled with ‘1’ and the total number of
vertices and edges labeled with ‘0’ differ by attnase.

Hence the extended duplicate graph of comb grafgtascordial.

Example 2.1

Cordial labeling of EDG (comb)for m=5 and m=6 a&en in figure 1 and figure 2
respectively.
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Figure : 2

Algorithm 2.2
Procedure :(product cordial labeling for extended duplicategr of comb graph )
V= { Vi,Vo..... Ymiz, VI, Vo' .. \Qm+2'}

/[ assignment of labels to vertices

v, w — 0 s V1o, M2 — 1
fori=3to m+1do
{ iV — 1
}
end for

fori=2tom+1do
{ i’V — 1
}
end for
fori=1tomdo
{ i+l — 0
}
end for

fori=2tomdo

{ mMi+1’ — 0
}
end for
ifm=2n
\bm+2 — 1. ¥Ymed 0
if m=2n+1
Vme2 0 @ st — 1
end for

end procedure
output :vertex labeled extended duplicate graph of corably



Theorem 2.3
The extended duplicate graph of comb graph ED@Jpm= 2 is product cordial.
Proof :
Clearly, EDG (comb) (V,E) has 4m + 4 vertices dna + 4 edges. In order to label the
vertices, define a function f: \.. {0, 1}, using algorithm 2.2.
It is evident that the number of vertices labelethWw)’ = 2+m-1+m+1 = 2m+2.
Number of vertices labeled with ‘1’ = 2+m-1+m=P2m+2.
Hence the number of vertices labeled v@tland ‘1’ differ by atmost one. In order to get
the edge labels, define the induced mape — N such that ‘fvivj] = [f(vi) x f(v})] .
Thus the edge labels are obtained as follows :
(v 1v2) = F(ViVime) = 1 FX(va'vo) = ¥ (Vovs) = 0
Forl<i<m
*(Vi'Vinsis1) =0
For2< i< m
*(viVis) =1 FF(MVmeis1) =0
For3<i<m ; f*(vivii) =1
If m=2n
(v mevam+2) = 0, PF(ViVine1) = F(Vime1'Vomsd) = PF(Vme2Vome2) = 1
If m=2n+1
f*(V me1'Voms) = 0, F*(ViVine1) = F*(VmeVoms2) = F*(Vme2Vome?) = 1
Thus the number of edges labeled with ‘0’ = 2+m+n1i-£ 2m+2.
Number of edges labeled with ‘1’ #n2-1+m-2 + 3 = 2m+2.
Hence the number of edges labeled with ‘O’ andliffer by atmost one.
Therefore EDG (combgraph is product cordial.
Theorem 2.4 :
The extended duplicate graph of comb graph , EE@&b) m> 2 is total product cordial.
Proof :
By theorem 2.3, the number of vertices labeleth W)’ and ‘1’ are same as 2m+ 2 .

The number of edges labeled with ‘0’ and ‘1’ arsmeaas 2m+2. Thus the total number of
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vertices and edges labeled with ‘0’ is 4m + 4 amaltbtal number of vertices and edges labeled
with ‘1’ is 4m + 4. Hence the total number of vegs and edges labeled with ‘0’ and ‘1’ differ
by atmost one.

Therefore EDG (comb) graph is total product cdrdia
Example 2.2

Product cordial labeling of EDG(comb) graph for=® and m=6 are given in figure 3 and
figure 4 respectively .

@ [ ] & [ [ ] 1 L] . L] [ ]

L ]
; 5 5 5 y et i = : Ta b -0
ll.l'|J=ﬂ ""I”=u 'I.I':|2=ﬂ Uu_n U,‘u -ﬂ Ve _D 1".':1 e 1 ".I'H:u iz u 'l.I'J'_=1:'|"II:U:I u 'U'B:ﬂ b



Figure:4

Algorithm 2.3
Procedure :(prime cordial labeling for extended duplicate dra comb graph)
V= { Vi,Vo..... Ymiz, VI, Vo' .. \Qm+2'}

/[ assignment of labels to vertices

Y — am-2 2 — 4m+2
for i=2tom-1do
{ v « 2i if i=0(mod 2)
{ 2m+2i-2 otherwise
}
end for

for i=1tom-1do
{w — 2i if £1(mod 2)
{ 2m+2i-@therwise
}
end for
for i=2tomdo
{ Vmsint — 2i-1 if = 1(mod 2)
{ 2m+2i-8therwise
}
end for
for i=2tomdo
{ Vit { 2i-1  if £ O(mod 2)
2m+2i-3hetwise
}
end for
ifm=2n
Vin <« 2m , ¥ — 1 V2 — 4Am+3, W1 «—  4m+l
Vel —  4m, ¥me2 — 4dm+4 | Vol —  4m-1

if m=2n+1



Vi 4m+3 , — 2m ., Ma — 4m el — 4m+l,
Vome2! <«  4Am+4 . ¥ —  4Am-1, e — 1.

end procedure

output: vertex labeled extended duplicate graph of conaplyr

Theorem 2.5

The extended duplicate graph of comb grapk, 2radmits prime Cordial labeling.

Proof :

The EDG (comb)(V,E) graph has 4m+4 vertices and4ledges.Label the vertices

of EDG( comb ) graph by defining a function f:V{1,2,3,4,...,4m + 4}, as

given in algorithm 2.3. Thus all the 4m + 4 vesSare labeled.

Define the induced map fE — N such that

1 ifg.c.d. (f(vi), f(vj)) =1

0 ifg.c.d. (f(vi), f(vj)) > 1

By the above induced function, the edge label®btained as follows :
For 1<i<m-2

*(vivis') = F*(Vi'vie) = 0

For 1<i<m; f(Vi'Vmsir1) = 1

f(vivy) =

For2<i<m ; f*(ViVm+is1) =1

If m=2n

*(V 1Vm+1) = P (ViVins2) = F(Vime1'Vomed) = PF(Vme2Voms2) = PV m1'Vin) =F*(V mVm+1)=0
f*(V m-1vm') = FF(Vm'Vime1) = F(VmsaVome?) = 1

fm=2n+1

F(V 1Vm+)=F(V 1Vm+2) = F(Vmeavams2) = F(Vme2Vome2) = F(Vmavm’) = F(Vin'Vime)=0
*(Vm-a'Vim) = PF(ViVim+1) = F(Vime1'Vome) = 1

Thus in both the above cases,

The number of edges labeled with ‘1’ =m+m-1+3 =2m+

Number of edges labeled with ‘0’ = m-2+m-2+6=2m+2.

Hence the number of edges labeled with ‘1’ anddi€fer by atmost ‘1’

Therefore EDG (comb) graph is prime cordial .
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Example 2.3

Prime cordial labeling of EDG(comb) graphs for mabd m=6 are given in figure 5 and

figure 6 respectively.
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Procedure :( odd mean labeling for extended duplicate graptoafb graph)
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V={vi, vo..... ¥mez, V1, Vo' .. m+2}
/[ assignment of labels to vertices
fori=1tom+1do

{ Ve { 2i-1 if #0(mod 2)

2m+2i+1 otheswi

Ve { 2i-1  if £1(mod 2)
2m+2i+1 otheraiis

}
end for
fori=2tom+2do

{ Ve { Am+2i+1  if £0(mod 2)

6m+2i+3 otherwise
Wi { Am+2i+1 if £ 1(mod 2)
6m+2i+3 otherwise

}
end for
end procedure
output :vertex labeled extended duplicate graph of conaplyr
Theorem 2.6

The extended duplicate graph of EDG (opgraph admits odd mean labeling.

Proof:

Clearly EDG (comb)(V,E) graph has p = 4m+4tices and q = 4m+4 edges.
To label the vertices , define a functionf =¥ {1,3,5,......... 20-1} as given in algorithm 2.4.
Thus all the 4m+4 vertices are labeled.

To get the edge labels, define the induced map
*:E—{123....... ,20-1} such thatf*(w;) = f(v)+f(v;)/2 for all vivje E
By the induced function , the edge labels areinbthas follows:
For1<i< m

f*(V Vi) = { 2i if i=0 (mod 2)

2m+2i+2 otherwise
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*(Vi'Vis1) = 2i if i=1 (mod 2)
{ 2m+2i+2  otherwise
Forl<i< m+l
*(ViVm+i+) = 2m+2i+1  if E0(mod 2)
{ 4m+2i+3  otherwise
POV Vineie1) :{ 2m+2i+1  if E1(mod 2)
4m+2i+3  otherwise
Ifm=2n
*(V1Vm+1) = 2mMm+2 |, *(n+2'Vome2) = 6M+6.
Ifm=2n+1
*(V1Vms+) = 2m+2 | F*(+2'Vome2') = 6M+6.
Thus all the labeled edges are distinct .
Hence EDG (comb) graph admits odd mean labeling .
Example 2.4
Odd mean labeling of EDG(comb) graphs for m=5 amb rare given in figure 7 and figure 8
respectively.

m=5

] # ¢ r ¢ a3 4 ] 4 ] * '
V=87 yu=45  Vu=43 V=41 V=39 =37 yp=38 Vu=33 yeeyy VR wvi=y3 wi=ps

Figure : 7
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Figure: 8

Algorithm 2.5
Procedure :(even mean labeling for extended duplicate graptoafb graph )
V={vi,vo..... V2, Vi, Vo' L. bm+2}
/[ assignment of labels to vertices
fori=1to m+1do
{ v — 2i if £0(mod 2)
{ 2m+2i+2 otherwise
Vo~ 2i if i=1(mod 2)
{ 2m+2i+2  otheswi
}
end for
fori=2tom+2do
{ i+l <— 4m+2i+2 if #0(mod 2)
{ 6m+2i+4 otherwise
Vo { Am+2i+2  if £ 1(mod 2)
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6m+2i+4otherwise
}
end for
end procedure
output :vertex labeled extended duplicate graph of coraplyr
Theorem 2.7

The extended duplicate graph of comb graph, E@@&)graph admits even mean labeling.

Proof:
Clearly EDG (comb)(V,E) graph has p = 4m+#iges and q = 6m+4 edges.
To label the vertices , define a function
f:V—o {246,......... , 2q} as given in algorithm 2.5.
Thus 4m+4 vertices are labeled.
To get the edge labels, define, the induced fhag — {1,2,3........ ,2q} such that

f*(viv)) = [f(vi)+f(v;)] /2 for all vv; € E
By the induced function , the edge labels are abthias follows:
Forl<i< m
*(Vivis') = 2i+1 if E0(mod 2)

{ 2m+2i+3  otherwise
*(Vi'Vis1) = 2i+1 if E1(mod 2)

{ 2m+2i+3 otherwise
For1l<i< m+l
*(Vivm+is) = [ 2m+2i+2  if i=0 (mod 2)

{ 4m+2i+4 otherwise

(Vi 'Vinsist) = { 2m+2i+2 if E1(mod 2)

4m+2i+4 otherwise

If m=2n

*(V1Vm+1) = 2m+3 s F¥(Vh+2'Vome2) = 6M+7.
Ifm=2n+1

f*(V 1Vm+1) = 2M+3 ; P (We2'Vams2) = 6M+7.

Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits even mean labeling .
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Example 2.5
Even mean labeling of EDG(comb) graph for m = 8 em= 6 are given in figure 9 and figure

10 respectively.

wi=2
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Figure: 9
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Figure: 10
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Conclusion:

In this paper we have presented algorithms andeprdlat the extended duplicate graph of

Comb graph admits cordial, total cordial, prodoetdial,total product cordial,prime cordial,

odd mean labeling and even mean labeling.
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