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ABSTRACT

The 4r spherical quadrilateral mechanism is made of three mobile elements and one fixed
(the basis) connected through the four revolute kinematic pairs, whose axes intersect at the
same point. It is multiple statically indeterminate and for calculating the efforts from
kinematic pairs it is using the elastic linear calculation, in which the mechanism elements
are considered deformabile rigid.The displacements in the local systems of reference,
produced by external requests are small and defined by the vectors of small rotations, which
act similarly to the angular velocity and small displacements, defined by displacement
vectors.The use of the relative displacements method, with the expression of displacements
under the form of a column matrix in plukeriane coordinates, makes possible the calculation
of efforts and reactions in the kinematic pairs of this mechanism.The results of the numerical
solving of this problem will be presented under the form of a diagrams and will be
commented.

Keywords: quadrilateral mechanism; elastic calculation; cardan joint .
1. INTRODUCTION

This mechanism presents interest because it reproduces, cinematically speaking, the
movement of a system with a cardan joint [1,2]. Being statically undetermined [3,4], for the
4R symmetrical spherical quadrilateral mechanism is necessary to be used the elastic linear
calculation [5,6], for calculating the reactions. In mechanism, the elements are found in
different systems of reference [7,8].The equations of elastic balanced are written in the
chosen general system of reference [9,10].The physical type of these reactions is perceived
by expressing them in the local reference systems .The reactions will be calculated and in
local references systems, will be expressed under the form of a diagrams and will be
commented.The obtained results can lead to conclusions referring to the influence of
geometrical and mechanical parameters over the unitary efforts that appear in the kinematic
pairs of the mechanism [11,12].

é. MATERIAL AND METHODS

The mechanically speaking (static) , the 4R mechanism has unknown the reactions from the
kinematic pairs A, 2, 3, 5, 6, 8 and also the moment from the joint A (see Fig. 1), in total
6+5x5=31 unknowns and 3 elements x 6=18 equations, 31-18=13 times statically
undetermined [7,8].
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Fig. 1. The 4r Symmetrical Spherical Quadrilateral Mechanism

For determining these components a linear elastic calculation is used.In the following, a
mathematical model with be elaborated for the linear elastic calculation of reactions, model
that has as basis the method of relative displacements, presented in paper [13]., with the
notation in pluckerian coordinates.

2.1 Mathematical Model

In the elastic calculation the joint from A is blocked (see Fig. 1), thing that explains the
apparition as unknown of the axial moment in that point.The pivotal points 1, 4, 7, have the
displacements{Al} , {A4} , {a,} , and the pivotal points with the cinematic couples 2, 3, 5, 6
have left-right displacements with { 52} {Adz} { Sé} : {A‘é} { %} {A‘é}{ %} ,{A%}. Pivotal
point 8 has the displacement to Ieft{A%} and to right{Ad}:{O} .So the relations are written
under the form:

{a}={a}+efu.)
{a}={a}+efus)
{a}={a}+&fus) )
{a}={a}+&due)
o ={a}+&{u))
From the pivotal points balance [Kij] = [Kji].
ke ffad-{af+ [ fad - {80+ ki a}-{£) =10
[Kzl]{{lg} {Al} [K24]{{4g} {4} }: {0}
ko ffe}-{ad}+ ke ) -{a)} = ol
Kool -{af+ ko fa) - {Ag}}+[»<451{a4 {ehkfat-la)=d @
[keiffe}-{a}+ ks e} -1a )} = ol
keslfe}-{al}+ ke e} -{2}} = (0
[k fia {2 ]+ koo fiad -+ [k} -{2) =10
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Are noted

[Kua]= [Kaal# [Keo]+ [Kya]

[Kao]= K]+ [Ka] 5 [Kaa]=[Ka]+[Kad]
[Kaa] = [K o]+ [Kaa] +[K s ]+ [K]
[Kes] = [Ksa]+ [Ks7] 5 [Kes] = [Kea] +[K7]
[Ko7]= [Kas]+ [K76] + [K 76

and taking into account the relations (1) it results

[Kll]{Al} - [K12]{A§}_ [Kls]{lg} = {0}
[K21]{Al}+[K22]{A§}—[K24]{A4}+{2[K24]{U }={d
~[Kafad+ [kalal-[kafal+ sla ot =(0
[Ksl]{Al}+[K33]{4§}_[K34]{A4}+53[K34]{U }={d}
‘[K54]{A4}_[K55]{ } [Ke; {4} + &[Kg Jus} = {}

_[KM]{A4}+[K66]{ } [Ker {47} + &Ko fUsl =1

kst figh R} &lkosfue)- sﬁ[Km]{ue}ws[Km]{us}={o}

The notations are made as

T

(4 =[{a) (] {af {ay {af {af ()]

{5}:[52:53’55156’58]
[v.1=[10000] ; [vs]=[02000] ; [ve]=[00100]
[Ve] =[00010] ; [Vs]=[00001].

and then
§i = [V, ]{5}

and 52[K24]{U2} = [K24]{U 2}[\/2]{5} , and the analogue.
Also, the notations are made
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[ku] -kl -[kg]  fol o] ol
- [Kzl] [Kzz] [O] - [K24] [O] [0]
‘[K31] [O] [K33] [K34] [O] [0]
[Kl]: [0] ‘[K42] ‘[K43] [K44] ‘[K45] _[K46]

Pl ol ol ket [Kes] [o]

o [ o -[Ke] [o] [Kel

Lol ol o] ol -[ke] -kl
lo]
[KaafU-MV, ]
[KauKUSHv]

[Kz]: _[K24]{U2}[V2]‘[K34]{U3}[V3]
K7 {ushival
[Ke7 {U 6}Vl
|~ [Ksr JUstive] - [Ke KU 6lVe] + [Kos fUgHVe]

and then the equations (4) are combined into the equation
[K. {4} +[K Ke} ={a}

equivalent with 42 scalar equations.
Isolating the left side of the pair 2, (see Fig. 1) results that

(R ={Es}=[kalfas}-{al}

o ]
[o]
[o]

[o] |

_[K57]
_[K67]

k7] ]

Fig. 2. The isolation of kinematic 2

and the analogue
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(11)

2} [K21]{AZ} {JZ} [K21]{4I.}

3} [<al}- 0} [kafia} =0

5} [K54]{4§> { 5} [Kssf4}=0 : (12)
% Gf

}-
of [Keah ] 106} ke =
8 [K87]{A7}+58{ 8} [K87]{U8 ={ S}T[F]

With the notations
_[JzT[Kn] _{~2}T

~ 17
U3 [K31] 0
[K]=| o 0
0
0

0
0
0 (13)
0

0
0

o O O

(14)
0

SN TA] {0} [F]
the equations (11) are combined in the matrix equation
[Kafa+[KaKet ={F}. (15)

equivalent with 5 scalar equations.
The equations (7), (15) can be narrowed with the notations

K] =[[K1]1 [Kz]]_ 6

[a] [K.]

0000
0000
[K,=|0 0 0 0
0000
0000
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in the equation
g

equivalent with 47 equations with 47 unknowns from which results {A} and {f} , and the
reactions and efforts are calculated with the relations (10), (11) in which {Asg} = —Es{Us} :

2.2 Calculation Algorithm

1. The indexation of bars is done from 12,...,14and the lengths are noted with
[,12,...14and |, =1,; 1, =1 ; 1, =11, =1, ; 1 ,=1,;1,=1,.

Fig. 3. Indexing bars

2. The inertia moment is calculated:

o4 2
=] =— ;/ileiy+|iz 1A| =T|. (18)

3. The rigidity matrixes are calculated in the local reference system:

0 0 0 l—EA 0 0
6El; 12El;
0 0 IZ'Z 0 |—3'Z 0
6El; 12El
- Iz'y 0 0 0 |—3'V
[ki]= Glix : (19)
- 0 0 0 0 0
4El,, o o o _CGEly
| |2
0 0 —4EI"Z 0 —6:52'” 0
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160
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164
165
166
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168

169
170

0 0 0 0 0
GIix
12 |
0 0 0o — 0
2El;, Ely
12 |
0o - 0 0 0
[h]= 0| 2El, Eli, | (20)
— 0 0 0 0 0
EA
13 |2
0 0 0 0o -
3El, 2El,
13 12
0 0 0
3El;, 2El;,

4. The matrix [Gi ];[R] are calculated, with the relations from (Table 1) and then the

product[Gi][R]
0 -z X
Gl=lz o -x| (20)
-Y, X, O

5. The position matrixes are calculated:

TROB L[ RT M
[Ti]_[[Gi][R] [RJ [l [[ar[em [ar}' “

6. The matrixes [HF], [KF] are calculated:
[H iD] =[mInInl™ [K iD] =[]k ]m]™ (22)
7. The matrixes [H 253] [Hfs] [Hlﬂln],[Hfm] are calculated:

Hal=lslene] s il= ]l ne]

o]l sl el = bzl o] @)

8. ltis identified:
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188

kial=lkil s [kgl=lmal™ [kal=[ral
ksil=lkel s [kal=[kd] k] =[xs]
kal=lks]: (ke )=l [ke]= Mg

Ker|= H1D213]_1? [KES]:[Kﬂ].

(24)

9. 4,is calculated with the formulas:

1 V4

arctg(—tgé, );0< g, < —

g(ca g6,) 155

Vid V4

_,g =
2 1

6,={ mr+arctg(——196, )

ca 2

3r., 31

=0 ===

2 2
2+ arctg(itge1 );3—ﬂ< 6 <2m
ca 2

2
Esel<3?”. (25)

10. [TAB],[TBC],[TCD] are calculated with the formulas:

s ]

[Reo] [0]}
o [Reol

(26)
[Tco]zl

where
1 0 0 co,ch, +sbsb,ca sasd, O
[RAB]= 0 c6 -s6,|; [RBC]= -cG,s6,sa cd, -—-s6
0 s cg -s@,;s6,sa casd, c6;

(27)
ca sas@, sach,

[RCD]= 0 co, -s6, |.

-sa casb, cach,

11. Are calculated:
[KlA],[Kn],[KB] with the formula

[K]= [TAB][K DITAB]_l' (28)
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12.

13.

14.
15.

16.
17.

18.

Table 1.

[K, LK. [K o L[K ., ] with formulas type

[K]= [TBC][K DITBC]_l' (29)

[K57],[K67],[K78] with formulas type

[K] = [TCD][K EI][TCD ]_1- (30)
Are calculated:
{u,}={us}=[0-s6,,c6,000[
{us} ={ue} =[s6,s0,c6,,56,ca 000" (31)
{Ug} =[ca0,-sa000]".
{0,}={0.}=[0000-56,co]
{0.}=106}=[000.56,57.¢6, s6,cal (32)
{~8} [000,ca0-sal .
{F}=M[000,ca0-sa|" ; {Jg}{F}: M. (33)

Are calculated the matrixes [Kl],[Kz],[K3],[K4],{F},[K] with the formulas (7), (8),
(13), (14), (16).

It is solved the matrix equation (17).

The reaction from A is calculated with the relation

{Ra} =-[K:aKa}. (34)

and expressed in local coordinates.
The reactions are caIcuIated{Rz} {R3} {RE} {Rs} } with the relations (10), (11).

R
The reactions are expressed under { } { } {RS} { } { }ln local system

coordinates.
The graphs

52"(3’55’;(6’58’Rlx’Rly’Rlz’,\/le’l\/lly’l\/llz’ R2x’R2y’R21’M2x’M2y’M
R3x’R3y’R3Z’M3x’M3y’M3Z’ RSX’RSy’RSZ’MSX’MSy’MSZ’ RGX’RBy’RBZ’MGX’MGy’M
Rsx’Rsy’Rsz’MBX’Mé}y’M

are made taking into account 6, .

The espressions of the position and rotation matrixes [Gi],[R]
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X =0 0 0|, 100
Yo =l [GJ=| 0 0 o] [R]=[0 10
z,=0 -1, 00 0 01
11 X, =1y, 00 O 0 0 -1
Yll:o [Gn]: 0 0 _Ilo [Rn]= 10 0
Z,=0 01, O 0 -1 0
12 X, =0 0 0 -l 100
Yo =, [c.J=j0 0 o] [R]=[0 10
Z,=0 I, 0 0 0 01
13 Xy =1, [0 0 0O 0 0 1
Y13=O [Gl3]= 0 0 _|12 [R13]= -1 0 O
Z,=0 ol, 0| 0 -10
14 z ' Xy =l 0 0 0] 1 0 0
Zie Y Y. =0 [Gl4]= 0 0 -l [R14]: 010
| z,=0 01, 0 001

3. RESULTS AND DISCUSSION

It is considered the 4r symmetrical spherical quadrilateral mechanism [1,8], from Fig. 3.
Elements of the mechanism have these geometrical and mechanical parameters: the

lengths I; =1 =005m, the diameters d; =d =002m, the sections A , the elasticity modules
E=2100"N/n?,G=8100"N/n? , the sections A and the main central inertial
moments I;y,l;, , 1 =1y, +1;; , i =12,..,14 . The mechanism is driven by torque M =1Nm.

The solving the mathematical model can be done using any conventional method of
calculation numerical [14,15].Basis of the mathematical model and the algorithm presented
in this paper has been realized a calculation program of the reactions from the kinematic
pairs of the mechanism. The program was realized in Excel and the following results were

obtained. The reactions from the kinematic pair A, Rgx,ng,Rgz and for the moments

ng ,M%Y,MXZ, in the case where a =0°, the results from diagrams from Fig. 4(a). and Fig.

5(a).In local reference systems the reaction Ray ,Ray,Raz \M ax ;M sy, M a7, varies as shown
in Fig. 4(b). and Fig. 5(b).
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Reactio fores[N]

1

0,5
Rax” Raz” Ry’
0
[ 50 100 150 200 250 300 350 400
0.5
-1
o=0° Angle of rotation ) [degrees]

Reaction force [N]

1

0,5

Rax

RAY

100

150

0,5

a=0°

Angle ofrotation 6 [degrees]

Fig. 4. The variation diagrams of reaction forces in joint A, for a=0° a) in general

system of reference b) in local system oo reference

Reaction moment [N-m] Reaction moment [N-m]
0.z M® M7 02 M,y Mz

a 0
e 50 100 150 200 250 300 350 400 || o, ¢ 50 100 1850 200 250 300 380 490
0,4 0.4
0,5 0,5
.8 15 08 Max

-1 -1
a2 1,2

o=0° Angle of rotation 6;[degrees] o=0° Angle of rotation 6 [degrees]

Fig. 5. The variation diagrams of reaction moments in joint A, for a=0° a) in general
system of reference b) in local system of reference

From the variation diagrams it is found that the reaction forces and moments are constant in
the local systems of reference for all kinematic pairs.For the reaction from the joints 2, in
general reference systems, are obtained the values presented in Fig. 6(a). and Fig. 7(a). and

in own reference systems values presented in Fig. 6(b). and Fig. 7(b).

Reaction forcs [N] Rascrion frce [N]
8 7 Ry
Ll P — g — T —r——— T
4 - R0 R0/ B
)
. N M / .
s Ba®l N\ /
0 7 > 3
3 RY,
2t al 1L 150 0 4l a0 ] 400 2
N o] 4

4 A — '
% ~ - PZAEN ) 2% Bz

— . — a
-8 B 5 1 150 200 250 300 330 Ada

a=0 Angle of rotation 8, [degrees] =l Ansle of rotstion 8 [dzsras]

Fig. 6. The variation diagrams of reaction forces in joint 2, for a=0° a) in general
system of reference b) in local system of reference
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Reaction memeant [N-1m] Reaction momant [N-m]
04 M M 002 e | iy

g1 o ] ] o 50 a 50 o -0

-0.2

03

Moy

05

05 12
o=0 Angla of rotation By [dagseas] a=0° Angle of rotation B [degress)

Fig. 7. The variation diagrams of reaction moments in joint 2, for a=0° a) in general
system of reference b) in local system of reference

For the case where a =10° for the same kinematic pair A, are obtained the reactions
RXX,RRY, Rgz, MXX,MXY,MXZ , Who varies as shown in Fig. 8. and Fig. 9.

Reeactio forca[N] Reaction fora [IN]
15 15
1 EB..F f\h ‘(n.\ 1R — P IEP‘_: Rax N
N7 S ARTN /N
. 1 j . . 1\\2 l‘:ﬂ__z 7/ ] -—\ e i fz/ -\\% N }f \‘
n ‘i 5 1da _1:-: i 230 3-‘-:_ ) 330 ago a -:.\ 50 » f100 150 0g 2s0f Moo s 4
-3 T 05 Fd B g
El -.L --..RM'J — L -1 el j \ S IJL o~
15 \"'/ 15 \"‘/
-2 -2
o=10° Anglz of sotation 8y [dasress] a=10° Angla of rotation B [dasseas]

Fig. 8. The variation diagrams of reaction forces in joint A, for a=10° a) in general
system of reference b) in local system of reference

Fzaction momant [N-1m1]
0z Wi
S i Y e L Maz
— _— T ¥ T Ll
g2t b 1 h | 20 2 T A
04
-0.5
-08 3w
PR AU PP POV DR DURYY P
12
oa=10" Angla of sotation B [dazrass]
of

Fig. 9. The variation diagrams of reaction moments in joint 2, for a=10° a) in general
system of reference b) in local system of reference

It is noticed that, the components RRX,ng,RRZ, MXX,MXY,ME\Z, in the local reference
system aren't constant.Theirs variation depends on the angle 4, .In Fig. 10. and Fig. 11. are

represented the variation of the components RXX,RR RS, MXX,MXY,ME\Z for
a=20",a=30°".
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4 A h .
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S A\ V. LA e TS
: ot g2 * 5 180 140 240 SHre==Tn " = aga
: ' Y o J j
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2 — =T e o on
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a=20° Angls of totstion B [dagress] a=207 Angla of sotation B [dagrass]

Fig. 10. The variation diagrams of reaction forces and moments in joint A, for a=20° in
local system of reference

Fezaction forez [N] PReaction momant [N-m]
a
Rax o4 ]
§ - - Mk —- | M
4 / \ Blav ,l/ \ “i "_P.-" h‘.’df .
2z Rﬂz = - - = f “ _-‘. -‘:' 130 1 "' 1*““! .n"f"‘\._ 4
A j/"\ i \ N J 1.2 =
. -04
2 0 -:?7L-:-:_15-:J<:-:_"'95-’:r &-:-: 7 5o am e
— = e . Man
- 03 -
s L\ \_/ 2 = o
-8 -12
=307 Angla of rotation By [dagmas] a=30" Angla of rotation &) [degres:]

Fig. 11. The variation diagrams of reaction and moments in joint A, for a=30° in local
system of reference

It is observed that the maxim value of the axial reaction R,y from kinematic pairs A,
increases from ON (a =0°) to 1.4N (a =10°), to 4N (a =20°) and to 6N (a =30°).

4. CONCLUSION

The elastic calculation and the relative displacements method makes possible the
determination of the reactions from the kinematic pairs of the 4R spherical quadrilateral
mechanism, that is multiple statically indeterminate Following the numerical simulations the
following conclusions can be taken

1. For a=0% in the general system of reference OX,Y,Z, the reactions force and

moments after axes directions OY, and OZ; vary with the angle 4,, and in the
local system of reference they remain constant.The axial forces (after axe direction
OXO) from all kinematic pairs in general system of reference have the zero value

(they are balanced), in contrast to the 4r asymmetrical spherical quadrilateral
mechanism where in all kinematic pairs appears an unbalanced axial force[11,12].
2. For a#0° both in local and general reference systems, th e reactions and moments
aren't constant and have a variation depending on the angle 6.
3. The forces and moments from the reaction are increasing as the angle of inclination
a increases.
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