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Abstract . In this paper we shall define generalized complembers in the
generalized function space of new generalized fonst L,(S?(R)), which

allows us to define and study ordinary differahtquations (ODE) and
partial differential equations(PDE) in the spacgs? (R)) . We shall also define

generalized linear and bilinear operations in fhecs L, (S (R)) .
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1. Introduction

The space of new generalized functian$s? (R)) is defined[1]as a factor
algebra

L, (SJ(R)=G,(S{(R) /N,(S!(R), where S¢(R) be Rome- Shilov — Gelfand
space[4], andG, (S?(R)),N, (S?(R)) be a subsets @(S? (R)) - the set of all
possible sequences 8§ (R) .

The following results shows the importance of gpace of new generalized
functionsL, (S? (R)):

Theorem 1.1 The spaces, (S?(R)) is a Sub algebra of the algel@és? (R))
and N, (S/(R) is an ideal ofG(S{ (R)) .



The topology ins? (R) is defined by the system of semi norms in thio¥ahg

way : p,, =supqg,.(t) where g —sup—xkf(m)(x)
- Mol T m mk —
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Theorem 1.2. If f(x),g(x) OS?(R),then for each n,I there is a constant
C,, >0 such thatp, (fg)<C, p, (f)p, (9) Of, gUS(R).(see [1,2,5-8])

Theorem 1.3. The following embeddingsre trug9]:

S;(R O L, (S7(R)) and |srr*o0 L,(S?(R) ,where|s:r)|+ be the dual of the
spaces? (R)

Now we can define the associative multiplicatian élement of the space
ls7(r)] as elements of the algebira(s; (R)).

There arise a natural question ; is it possibledédine linear and bilinear
operations on the algebng, (S{(R)) and is it possible to define tools in this

space such that the ordinary and partial diffeagém@guations will be study and
correct define ?

In this paper we will define linear and bilineareogtions in the space of new
generalized function space, (S?(R)). Also we will extend the Paily — Winer

theorem in the algebrg, (S? (R)) .

2. Analysisin The Space L,(S!(R))
In order to define the differential equations wirtitial conditions in the space
of new generalized functions, (S?(R)) in [9] we defined set of generalized

complex numbers in the following way:
supposes(C) ={(z)7 : z OC } be the set of all complex sequences .

Define the following subsets of the S&KC):

G, (C)={(zk);° 0G(C): MON,[EOR Tk |z]<ce™ }
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N(C) ={(Zk)i° 0G(C) :0k,OmON,(E0R :|z|<ce™ }

Theorem 2. 1. Let f =(f,)0G,(S!(R)), and g=(g,) ON,(S!(R)), and
supposez,0C, then f(z,) =(f,(z)) 0G, (C),andg(z,) =(g,(z) ) ON(C)

Proof. the proof implies directly from the definitionscaproperties of the sets

G, (87 (R), N, (S7 (R), Gy (C), N(C).

Theorem 2.2 . The seG,, (C)is a sub algebra of algeb&{C) , and
the setN(C) is an ideal in the algeb&g, (C).
Proof . Suppose =(z), n=(n,) are elements i, (C), then there are
natural numbersm , m, and a constantg >0, c, >0 such that
1 1
|z <C expmk?) , |7,]<C,expmk?)

1
since |z,| <C,C, exp((m +m,)k?) , thenz;OG,, (C) which means thatG,, (C)
IS a sub algebra of algebra(C).
Now suppose that=(z)0OG,, (C) , and w= (w,) ON(C) Since

1

|z, w, | <Cd exp((m, - mk<), then awON(C) which means thai(C)is an ideal in
the algebrs,, (C).

Now we define the generalized numbers in the falhowvay :

The elementg =(z)0G,, (C), n=(.)U0G,, (C)are called equivalence (- )

If and only if (z.-7,)ON(C).



The set of all equivalence classes G,, (C)/N(C)is called the set of
generalized numbers corresponding to the spa® (R)) .lItis clear that

coc.

The set of generalized functions allow us to defind study many

mathematical models for example the differentialagmpn
P(D)u=f,u(@=b ,

where

P(D)u=au® +a_u™ +...+au +au , alCa #0;u fOL,(S°(R) bOC

We can solve by applying the Fourier transform to both sides to get the
algebraic system

P(ix)F(u,) =F(f,) ,u(0) =h,.

Also we can define and study the Lebesgue’s iategrour space., (S (R)) :
let fOL,(S7(R), and let K be a compact set inR. Now let (f,) be any
representative off , then

j f(X) d><4:

K

j f, (X) d><4 < j|fk(x)| dx <c emk%

which meansj’ f(x)dx OG, (C) . Now if (f,) be other representative of the

generalized functiorf , then

j f, (x) dx— j f, (x) dx

[(F ()= 1,09 )dx‘ < ce™

Which means that the Lebesgue’s integral is indeéeet on representative of
f.

Remark. It is easy to checkthat the extended Lebesgue’s Integral defined
above in the spack, (S? (R)) satisfies many properties of usual one for example

the linearity property



[laf (9 + Bg(¥)] dx=a| af (Ydx + B[ g(x) dx , Of, g OL, (S (R)) ,a,f0C

Similarly we can extend any linear continuous fioral
<f,¢> S/(R) - C
to

<t .$> L(SI(R) - C
since 1[G, (SZ(R)] 0 G,(SS(R), and f [N, (S¢(R)I T N, (S (R).

3. Linear and Bilinear Continuous Operatorsin L, (S (R))
Now let A:S/(R) - S/(R) be a linear continuous operator and let
B:SY(R)xS? (R) — S7(R) be a bilinear continuous operation , thigh
for each i0l there existjO! and a constant >0 such that
R (Au(x)) =c P (u(x), Ouds7(R),
and for eachaOlthereis g0l and constantd >0 such that
R, (B(f.g)sc PBy(f)P;(g) Cf,g0S/(R)

We extend A, andB in the space B(G,(S?(R)) by the following :
If f=(f)0 G,(S!(R) ,andg=(f)0 G,(S!(R),then define

A'(f)=(A(f,)), andB'(f,g) = (B(f,), B(g))

Theorem 3.1. let A: S/ (R) —» S7(R) be a linear continuous operator and let
B:SJ(R)xS?(R) — SZ(R) be a bilinear continuous operation , then:

a) B(G,(S7(R)).G,(S7(R)) UG, (S7(R) ; BIN,(S7(R).N,(S7(R)I O N,(S7(R)
b) A[G,(S7(R)ITG,(S7(R), and AN, (S7(R)]I TN, (S;(R);

c) The operatorA, is independent on a representative;
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d) The bilinear operatiors,, on representatives .

Proof. the proof of parts a and b follows immediateom the definitions
and properties of the sets,(S/(R)), and N, (S (R)) .

C) supposef L, (S!(R)) , and let (f,) and(g,)be are two representative of f.

ConsiderP (A, (f,) - A,(9,) = P(A(f —g))<c, P(f,-g,)<c e™ which means

that (A, (f)-A.(9))0N,(S;(R)
d) let (f,) and(g,) be are representatives 6fg0L,(S?(R)), and let(f,) and
(g,) be are other representatives consider

P.(B(f,,9.)~ B(fc,9)) <R (B(f,,9)~ B(f,9.)) +R(B(f,,9,)~ B(f,9,)) =

1

P(B(f, - ., 9))+P(B(f, .9~ 9.))< C Py(fe = £, )Py(9i) + CoPs (f,)P,(0y — 0)) < ce™”

that is (B(f, ,g,)- B(f,,9;)) DN, (S (R)).

Now we can lift A", and B" to our spaceL,(S?(R))

A, L (ST (R) - L, (S (R)
and

B, : L, (S7 (R)XL, (S7 (R) - L, (S7(R)

Conclusion

In this paper ,we have defined generalized complaxbers and generalized
linear and bilinear continuous operators to reefordinary differential

equations and partial differential equations in tlew generalized function
space L,(S?(R).
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