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Abstract . In this paper we shall define generalized complex numbers  in the 
generalized function space of new generalized functions  ))(( RSL α

αα , which 

allows us to define and study   ordinary differential equations  (ODE)  and 
partial differential equations(PDE) in the space ))(( RSL α

αα . We shall also  define 

generalized linear and bilinear operations in the space  ))(( RSL α
αα . 
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1. Introduction  

The space of new generalized functions ))(( RSL α
αα is defined [1]as a factor 

algebra  

))((/))(())(( RSNRSGRSL α
αα

α
αα

α
αα = , where  )(RS α

α be Rome- Shilov – Gelfand  

space  [4], and ))((,))(( RSNRSG α
αα

α
αα  be a subsets of ))(( RSG α

α - the set of all 

possible sequences in )(RS α
α  . 

The following results shows the importance of   the space of new generalized 
functions ))(( RSL α

αα : 

Theorem 1.1  The space ))(( RSG α
αα  is a Sub algebra of  the algebra ))(( RSG α

α  , 

and ))(( RSN α
αα  is an ideal of ))(( RSG α

α  . 
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The topology in )(RS α
α  is defined by the system of  semi norms in the following 

way : )(sup ,, tqp mk
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Theorem 1.2.  If )()(),( RSxgxf α
α∈ ,then for each   ln,  there is a constant  

0, >lnC  such that .)(,)()()( ,,,, RSgfgpfpCfgp lnlnlnln
α
α∈∀≤ ( see [1,2,5-8]) 

Theorem 1.3.  The  following embeddings are true [9]: 

⊂)(RS α
α ))(( RSL α

αα  and  [ ] ⊂*)(RSα
α  ))(( RSL α

αα ,where [ ]*)(RSα
α  be the dual of the  

space )(RS α
α  

Now  we can define the associative multiplication for element of  the space  

[ ]*)(RSα
α  as elements of the algebra ))(( RSL α

αα . 

There arise a natural question ; is it possible to define linear and bilinear 
operations on the algebra ))(( RSL α

αα  and is it possible to define tools in this 

space such that the ordinary and partial differential equations will be study and 
correct define ? 

In this paper we will define linear and bilinear operations in the space of new 
generalized function space  ))(( RSL α

αα . Also we will extend the Paily – Winer 

theorem in the algebra ))(( RSL α
αα . 

2. Analysis in The Space  ))(( RSL α
αα  

In order to define the differential equations with initial conditions  in the space 
of new generalized functions ))(( RSL α

αα  in [9] we defined  set of generalized 

complex numbers in the following way:  
suppose { }CzzCG kk ∈= ∞ :)()( 1  be the set of all complex sequences . 

Define the following subsets of the set )(CG : 
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Theorem 2 . 1.  Let ))(()( RSGff k
α
αα∈= , and  ))(()( RSNgg k

α
αα∈= , and 

suppose  Cz ∈0 , then   )())(()( 00 CGzfzf Mk ∈= ,and )())(()( 00 CNzgzg k ∈=  

Proof. the proof  implies directly from the definitions and properties of  the sets 

)(,)()),(()),(( CNCGRSNRSG M
α
αα

α
αα . 

 

Theorem 2.2 . The set )(CGM is a sub algebra of algebra )(CG   , and  

the set )(CN is an ideal in the algebra )(CGM . 

Proof .  Suppose )(,)( kkzz ηη ==   are elements in )(CGM , then  there are  

natural numbers   21 , mm  and a constants  0, 21 >> coc   such that 

)exp(
1

11
αkmCzk ≤  ,   )exp(

1

22
αη kmCk ≤  

since ))exp((
1

2121
αη kmmCCz kk +≤   , then )(CGz M∈η  which means that  )(CGM  

is a sub algebra of algebra  )(CG .  

Now suppose  that )()( CGzz Mk ∈=  , and  )()( CNww k ∈=  Since  

))exp((
1

1
αkmmCdwz kk −≤ , then  )(CNzw ∈  which means that )(CN is an ideal in 

the algebra )(CGM .  

Now we define the generalized numbers in the following way : 

The elements )()(),()( CGCGzz MkMk ∈=∈= ηη are called equivalence ( η~z ) 

If and only if  )()( CNz kk ∈−η . 
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The set of all equivalence  classes )(/)(
~

CNCGC M= is called the set of 

generalized numbers corresponding to the space ))(( RSL α
αα   .It is clear that   

~

CC ⊂ . 

The set of generalized functions allow us to define and study many 
mathematical models for example the differential equation   

bufuDP == )0(,)(  , 

where  

 uauauauauDP n
n

n
n 0

/
1

)1(
1

)( .......)( ++++= −
−  ,  

~

)),((,;0, CbRSLfuaCa ni ∈∈≠∈ α
αα                        

We can solve by applying  the Fourier transform   F  to both  sides to get the 
algebraic system 

kkk bufFuFixP == )0(,)()()( . 

 
Also we can define and study the Lebesgue’s  integral in our space ))(( RSL α

αα  : 

let ))(( RSLf α
αα∈ , and let  K  be a compact set in  R . Now let )( kf  be any 

representative  of  f  , then   

α
1

)()()( mk

K

k

K

k

K

ecdxxfdxxfdxxf ≤≤= ∫∫∫  

 
which means  )()( CGdxxf M

K

∈∫  . Now if  )( *
kf  be other representative of   the 

generalized function f , then  

≤−=− ∫∫∫ dxxfxfdxxfdxxf k

K

k

K

k

K

k ))()(()()( ** α
1

mkec −  

 
Which means that the Lebesgue’s  integral is independent on representative of 
f . 

Remark. It is easy to check  that  the extended Lebesgue’s Integral defined 
above in the space ))(( RSL α

αα  satisfies many properties of usual one for example 

the linearity property  
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~

,,))((,,)()()]()([ CRSLgfdxxgdxxfdxxgxf
KKK

∈∈∀+=+ ∫∫∫ βαβααβα α
αα  

Similarly we can extend any linear continuous  functional   
CRSf →>< )(:, α

αϕ  

to   
~

* ))((:, CRSLf →>< α
ααϕ  

since   ))(())](([* RSGRSGf α
αα

α
αα ⊂ , and ))(())](([* RSNRSNf α

αα
α
αα ⊂ . 

 
 
3. Linear and Bilinear Continuous Operators in ))(( RSL α

αα  

 
Now let )()(: RSRSA α

α
α
α →  be a linear continuous operator and let   

)()()(: RSRxSRSB α
α

α
α

α
α →  be a bilinear continuous operation , then  [3] 

 for each    Ii ∈   there exist Ij ∈  and a constant 0>c   such that 

)(,))(()))((( RSuxuPcxuAP jii
α
α∈∀≤ , 

and  for each  I∈α there is   I∈β  and  constant 0>c   such that  

)(,)()(),(( RSgfgPfPcgfBP α
αββα ∈∀≤  

We extend  A , and B   in the space   ))((( RSGB α
αα  by the following  : 

If ))(()( RSGff k
α
αα∈=  , and ))(()( RSGfg k

α
αα∈= ,then define  

))(()(*
kfAfA = , and ))(,)((),(*

kk gBfBgfB =  

Theorem 3.1.  let )()(: RSRSA α
α

α
α →  be a linear continuous operator and let   

)()()(: RSRxSRSB α
α

α
α

α
α →  be a bilinear continuous operation , then: 

a) ))(()))(()),((( RSGRSGRSGB α
αα

α
αα

α
αα ⊂   ; ))(())]((),(([ RSNRSNRSNB α

αα
α
αα

α
αα ⊂  

b) ))(())](([ RSGRSGA α
αα

α
αα ⊂ , and ))(())](([ RSNRSNA α

αα
α
αα ⊂ ; 

c)  The operator  *αA   is independent on a representative; 
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d) The bilinear operation  *αB  on representatives . 

Proof. the  proof of  parts  a  and b  follows immediately from the definitions 
and properties of  the sets   ))(( RSG α

αα , and ))(( RSN α
αα . 

c) suppose ))(( RSLf α
αα∈  , and let  )( kf  and )( kg be are two representative of  f. 

Consider ( ) α

ααα

1

))(())()(( *** mk
kkjjkkikki ecgfPcgfAPgAfAP −≤−≤−=−  which means 

that   ))(())()(( ** RSNgAfA kk
α
αααα ∈−  

d) let  )( kf  and )( kg  be are representatives of ))((, RSLgf α
αα∈ , and let )( *

kf  and 

)( *
kg  be are other  representatives  consider   

=−+−≤− )),(),(()),(),(()),(),(( *****
kkkkikkkkikkkki gfBgfBPgfBgfBPgfBgfBP

α

ββββ

1

)()()()()),(()),(( **
0

*
0

*** mk
kkkkkkkkkikkki ceggPfPcgPffPcggfBPgffBP −≤−+−≤−+−

that is ))(()),(),(( ** RSNgfBgfB kkkk
α
αα∈− . 

 

Now we can lift  *A  ,  and  *B   to our space  ))(( RSL α
αα   

))(())((:* RSLRSLA α
αα

α
ααα →  

and   

))(())(())((:* RSLRSxLRSLB α
αα

α
αα

α
ααα →  

 

Conclusion  

In this  paper ,we have defined generalized complex numbers and generalized 
linear  and bilinear  continuous  operators to define ordinary differential 
equations and partial differential equations in the new generalized function 
space   ))(( RSL α

αα . 
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