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CORDIAL AND MEAN LABELINGS
ON EXTENDED DUPLICATE GRAPH OF COMB GRAPH.

Abstract

A graph labeling is a mapping that carries a set of graph elements onto a set of numbers
called labels(usually the set of integers). In this paper we prove the existence of graph labeling
such as cordial, total cordial, product cordial, total product cordial, prime cordial,odd mean
labeling and even mean labeling for extended duplicate graph of Comb graph by presenting
algorithms .

AMS Subject Classification : 05C78
Keywords: Graph labeling, Comb , Duplicate graph.

1. Introduction

Graph labeling has the origin from a seminal paper by Rosa in 1967 . It is defined as an
assignment of integers to the vertices or edges or both subject to certain conditions. Andar
Boxwala and Limaya[1] have shown that a cordial labeling of G can be extended to a cordial

labeling of the graph obtained from G by attaching 2m pendent edges at each vertex of G.

The concept of product, total product and prime cordial labeling was introduced by
M Sundaram, R Ponraj and S Somasundaram [8] . They proved that the following graphs are
prime cordial: Cn if and only if n > 6:P, if and only if n#3or5;bistars;dragons; crowns ;ladders.
Entringer proved that the disjoint union of Cy and C, is prime;the complete graph K, does not
have a prime labeling.
Somasundaram and Ponraj [9] have introduced the notion of mean labeling of graphs.The

notion of odd and even mean labeling was introduced by Nirmala.

K.Thirusangu, et al have introduced the concept of extended duplicate graph and they
proved that EDG(Py,) is cordial and also proved that the extended duplicate graph of a path Py,

admits cordial ,total cordial, product cordial and total product cordial labeling [10].
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In this paper, we prove that, the extended duplicate graph of Comb graph is
cordial, total cordial, product cordial, total product cordial, prime cordial, odd mean and
even mean labeling by presenting algorithms.

2 Preliminaries

In this section, we give basic notions relevant to this paper.
Definition 2.1:

Let P41 be a path graph.Comb graph is defined as Py O (m+1)k;
It has 2m+2 vertices and 2m+1 edges.
Definition 2.2:

Let G(V,E) be a Comb graph. A Duplicate graph of G is DG=(V,E;) where the
vertex set V; = VUV' and VNV'=@ and f: V—V' is bijective (for v € V, we write f(v) = v' for
convenience) and the edge set E; of DG is defined as follows: The edge vivj is in E if and only if

both viv;' and v;'v; are edges in E;. Clearly duplicate graph is disconnected.

Definition 2.3:

A function f: V — {0,1} is said to be cordial labeling if each edge uv receives the label
If (u) — f (v)I such that the number of vertices labeled with ‘0’ and the number of vertices labeled
with ‘1’ differ by at most one, and the number of edges labeled with ‘0’ and the number of edges
labeled with ‘1’ differ by at most one. Moreover, it admits total cordial labeling if the number of
vertices and edges labeled with ‘0’ and the number of vertices and edges labeled with ‘1’differ

by at most one.

Definition 2.4 :

A function f: V — {0,1} such that each edge uv receives the label f{u) X f{v) is said to
be product cordial labeling if the number of vertices labeled with ‘0’ and the number of vertices
labeled with ‘1’ differ by at most one, and the number of edges labeled with ‘0’ and the number
of edges labeled with ‘1’differ by at most one. Moreover, it is said to be total product cordial
labeling if the number of vertices and edges labeled with ‘0O’ and the number of vertices and

edges labeled with ‘1’ differ by at most one.
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Definition 2.5:

A prime cordial labeling of a graph G with vertex set V is a function
f: V- {l,2,3, .. p}such that the induced function f : E — N defined f*(ViVj) is assigned the
label 1, if ged (f(v;), f(vj)) = 1 and O, if ged (f(v;), f(v;)) > 1, then the number of edges labeled
with ‘0’ and ‘1’ differ by atmost 1.
Definition 2.6:

A function f is called an odd mean labeling of a graph G if there exists an injective

function f:V(G) — {1,3,5,...... 2qg-1} such that when each edge v;v; receives a label
(f(vi)+1(v;))/2, then the resulting edge labels are distinct . A graph which admits an odd mean

labeling is said to be an odd mean graph
Definition 2.7:

A function f is called an even mean labeling of a graph G if there exists an injective
function f:V(G) —» {24,........ 2q} such that when each edge v;v; receives a label (f(v;) + f(v;))/2
then the resulting edge labels are distinct. A graph which admits an even labeling is said to be an

even mean graph.

3. Main Result
In this section we prove the existence of cordial, total cordial, product cordial, total
product cordial, prime cordial, odd and even mean labeling for the extended duplicate graph of
Comb graph by presenting algorithms.
Definition:
Let DG(comb)= (V,E) be the duplicate graph of comb graph.The extended duplicate
graph of comb graph is obtained as follows:(1)Add the edges viVp+1 and Vi Vome2' if m=1(mod

2) (2) Add viVme1" and Vimao'Vomes to DG(comb) if m= O(mod 2).

Where Ej= {viviy1' U vi'vig for 1<i<m) U (Vi'Visisr U Vivingis for 1 <i<m+1)}.
Eo={ ViVms1, Vms2'Vome2'} if m=1(mod2).
={ ViVms1" 5 Vms2'Vomsz} if m=0(mod2).

Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m+4 edges.
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It is denoted by EDG( comb).

Algorithm : 1
Procedure : (cordial labeling for extended duplicate graph of comb graph ).

// assignment of labels to vertices
If m=2n
for i=1tom+l do
{ Vi, Vmgisl) 0

b
Vi, Vmsier — 1

end for
if m=2n+1
fori=1to2m+2 do
{ Vi, Vi {Oifi = 0 (mod?2)

1 otherwise

end for
end procedure
output : Vertex labeled extended duplicate graph of comb graph.
Theorem 3.1:
Extended duplicate graph of comb graph is cordial

Proof :

From the construction of extended duplicate graph of comb graph , it is clear that
EDG(comb) graph has 4m+4 vertices and 4m+4 edges

In order to label the vertices, define a functionf: V. — {0, 1} as given in algorithm 1.
Clearly

The number of vertices labeled with ‘0’ = m+1 +m+1 =2m+2

The number of vertices labeled with ‘1’ = m+1 +m+1 =2m+2

Thus the number of vertices labeled with ‘0’ and ‘1’ is differ by atmost ‘1°.
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In order to get the edge labels, define the induced map f*: E — N such that
£ (vivj) = [f(vi) +f(v;)](mod 2).

The edge labels are obtained as follows:

For1<i<m
FE(vivigr) = F*(vi'vig) =1
*(Vivimgis1) = I (Vi'Vingiz1) = 0
If m =2n
4(Vivma) = (Ve Voms2) = 1
£(V1Vm+2) = F*(Vine1'Vame2) = 0

Ifm=2n+1

4 (V1Vme1) = (Va2 Vame2) = 1

4 (Vm+1Vame2) = F*(Vine1'Vams2) =0
Thus the number of edges labeled with ‘0’ = m+m+2 = 2m+2
The number of edges labeled with ‘1’ = m+m+2 = 2m+2
Hence the number of edges labeled with ‘0’ and ‘1’ differ by atmost one .

Therefore EDG (comb) graph is cordial.
Theorem 3.2 :

Extended duplicate graph of comb graph EDG (comb), m > 2 is total cordial.
Proof :

By theorem 3.1, we have that the number of vertices labeled with ‘1’ and ‘0’ are same as
2m + 2. The number of edges labeled with ‘1’ and ‘0’ are same as 2m + 2. Thus the total number
of vertices and edges labled with ‘1’ is 4m+4 and the total number of vertices and edges labled
with ‘0’ is 4m+4. Clearly the total number of vertices and edges labeled with ‘1’ and the total
number of vertices and edges labeled with ‘0’ differ by atmost one.

Hence the extended duplicate graph of comb graph is total cordial.

Example 3.1:
Cordial labeling of EDG (comb) for m=5 and m=6 are given below.
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156  Algorithm : 2
157  Procedure : (product cordial labeling for extended duplicate graph of comb graph ).
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V={vi,va..... Vom+2 s Vi, Vo o ... Vom+2 }
// assignment of labels to vertices
Vi, Vp — 0 VL, Ve — 1

fori=3to m+1 do

{ Vi — 1

}
end for
fori=2to m+1 do

{ vy’ — 1

}
end for
fori=1tomdo

{ Vintit+l — 0

}
end for

fori=2tomdo

{ Vinsiel «— 0
}
end for
if m=2n
Vom+2 — I vomed — 0
if m=2n+1
Voms2 0: vome — 1
end for

end procedure
output :Vertex labeled extended duplicate graph of comb graph.
Theorem 3.3 :

Extended duplicate graph of comb graph EDG (comb), m > 2 is product cordial.

Proof :
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Clearly, EDG (comb) has 4m + 4 vertices and 4m + 4 edges. In order to label the vertices,
define a functionf: V. — {0, 1}, using algorithm 2.
Clearly the number of vertices labeled with ‘0 = 2+m-14+m+1 = 2m+2
Number of vertices labeled with ‘1’ =2+m-14+m+1 = 2m+2
Hence the number of vertices labeled with ‘0’ and ‘1’ is differ by atmost one. In order to
get the edge labels, define the induced map f :E — N such that f*[vivj] = [f(vi) x £(vj)]
Thus the edge labels are obtained as follows :
fE(vive) = ¥ (vivm) = 1 1 5 (vi'v2) = £¥(v2v3) =0
For1<i<m
*(Vi'Vinsis1) = 0
For2<i<m
FvivieD =1 ¢ P*(Vivimsis) =0
For3<i<m
f*(vivigl) = 1
If m=2n
f*(Vms1Vome2) = 0
V1V ) = (Va1 'Vame2) = (V2 Vomsz) = 1
If m=2n+1
f*(Vms1 Vome2) = 0
*(Vivime1) = (Va1 Vamen") = ¥ (Vi Vomeo) = 1
Thus the number of edges labeled with ‘0’ = 24+m+m-1+1 = 2m+2
Number of edges labeled with ‘1’ = 2+m-14+m-2 + 3 = 2m+2
Hence the number of edges labeled with ‘0’ and ‘1’ differ by atmost one.
Therefore EDG (comb ) graph is product cordial.
Theorem 3.4 :
Extended duplicate graph of comb graph , EDG (comb) m > 2 is total product cordial.

Proof :
By theorem 3.3, we have the number of vertices labeled with ‘0’ and ‘1’ are same as

2m+ 2 . The number of edges labeled with ‘0’ and ‘1’ are same as 2m-+2.



218
219
220
221
222
223
224

225
226

227

Thus the total number of vertices and edges labeled with ‘0’ is 4m + 4 and the total
number of vertices and edges labeled with ‘1’ is 4m + 4.
Hence the total number of vertices and edges labeled with ‘0’ and ‘1’ differ by atmost one.

Therefore EDG (comb) graph is total product cordial.

Example 3.2 :
Product cordial labeling of EDG(comb) graph for m =5 and m=6 are given below.
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230  Algorithm : 3
231  Procedure : (prime cordial labeling for extended duplicate graph of comb graph ).
232 V= { Vi,Vo..... Vom+2 V1’, V2’ ..... V2m+2’}

233 // assignment of labels to vertices

234 \| — 4m-2 ; Vine2 «— 4m+2
235 for i=2tom-1do

236 (v - { i if i =0(mod 2)
237 2m+2i-2  otherwise

238 }

239  end for

240 for i=1tom-1do

241 { vi' — 2i if 1=1(mod 2)
242 {2m+21—2 otherwise

243 }

244  end for

245

246
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for i=2tomdo
{
Vintic] — 2i-1 if i = 1(mod?2)
2m+2i-3  otherwise
}
end for

for i=2tomdo

{ Vintitl — {Zi—l if i = 0(mod?2)
2m+2i-3  otherwise
}
end for
if m=2n
Vm — 2m ., Vn <« 1 ,Vpo <« 4m+3, Vo «— 4m+1

Vil < 4m, Vomer < 4m+4 , vy <« 4m-1

if m =2n+1
Vi — dm+3 , vy — 2m ,  Vme — 4dm
Vm+1’ «— 4m+1 s, Vom+2 ! «— 4m+4 s Vome2 «— 4m—1, Vmt2 < 1.

end procedure
output :Vertex labeled extended duplicate graph of comb graph.
Theorem : 3.5
Extended duplicate graph of comb graph, m > 2 admits prime Cordial labeling.
Proof :

The EDG (comb) graph has 4m+4 vertices and 4m+4 edges.Label the vertices of
EDG( comb ) graph by defining a function f:V — {1,2,3,4,...,4m + 4}, as
given in algorithm 3. Thus all the 4m + 4 vertices are labeled.

Define the induced map f : E — N such that

1 ifg.c.d. (f(vi),f(v]-)) 1

f'(vivy) =
(Vivj) 0 ifg. c.d. (f(Vi);f(Vi)) > 1

11
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By the above induced function, the edge labels are obtained as follows :
For 1 <i<m-2
*(vivis1) = £*(vi'vie) =0
For1<i<m
*(Vi'Vinsie1) = 1
For2<i<m
F*(Vivmsin) = 1

If m=2n

*(Vivine1) = ¥ (Vivine2") = (Ve 'Vome2) = (Vi Vomeo) = 5 (Vint Vi) = (vinVims1)=0

f*(Vm-1Vm) = (Vi Vine1) = (Ve Vame') = 1
Ifm=2n+1
Vivine) = P*(Vivin2) = FVmavome) = Ve Voame) = F(Vinavm)
£*(Vin'Vine1)=0

(V1" Vi) = F*(VmVme1) = £ (Vimr1 Voms) = 1
Thus in both the above cases,
The number of edges labeled with ‘1’ =m+m-143 =2m+2.
Number of edges labeled with ‘0’ = m-2+m-2+6=2m+2.

Hence then number of edges labeled with ‘1’ and ‘0’ differ by atmost ‘1’

Therefore EDG (comb) graph is prime cordial .

12
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Example 3.3:

Prime cordial labeling of EDG(comb) graphs for m=5 and m=6 are given below.
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Algorithm : 4
Procedure : (odd mean labeling for extended duplicate graph of comb graph ).
V={vi,va..... Voms2 > Vi Vo'o oo Voms2'}
// assignment of labels to vertices
fori=1tom+1 do
{ Vi — { 2i-1 if 1=0(mod 2)

2m+2i+1 otherwise

Vi — {21-1 if i=1(mod 2)
2m+2i+1 otherwise
}
end for
fori=2tom+2 do
[ Vmni <« { Am+2i+1 if i=0(mod 2)

6m+2i+3 otherwise

V| {4m+ 2i+1 if i=1(mod 2)
6m+2i+3  otherwise
}
end for
end procedure
output :Vertex labeled extended duplicate graph of comb graph
Theorem : 3.6

Extended duplicate graph of EDG (comb) graph admits odd mean labeling.

Proof:
Clearly EDG (comb) graph has p = 4m+4 vertices and q = 4m+4 edges.
To label the vertices , define a function
f:V—- {1,35,....... 2q-1} as given in algorithm 4.
Thus all the 4m+4 vertices are labeled.

To get the edge labels, define, the induced map

14
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f*:E— {1,23........ 2q-1} such that
£*(viv;) = f(vi)+f(v;)/2 for all viv;e E

By the induced function , the edge labels are obtained as follows:

Forl1<i< m
ﬁ@wMo={ﬁ if i =0 (mod?2)

2m+2i+2  otherwise

£*(vi' vip1) = [2i if 1 =1 (mod ?2)
{2m+2i+2 otherwise
For1 <i< m+1
£*(Vivinsis1) :{2m+2i+1 if 1 =0 (mod?2)

4m+21+3 otherwise

f*(vi' Vingiz1) = [ 2m+ 2i+1 if i =1 (mod?2)
4m+2i+3  otherwise
If m=2n

f>l<(Vle+1’) =2m+2 , f>x<(Vm+2’VZIn+2) = 6m+6

If m=2n+1
*(Vivme) =2m+2 5 (V' Vome ) = 6m+6
Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits odd mean labeling

15



376  Example 3.4:

377 Odd mean labeling of EDG(comb) graphs for m=5 and m=6 are given below.
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Algorithm : §

Procedure : (even mean labeling for extended duplicate graph of comb graph ).

// assignment of labels to vertices
fori=1tom+1 do
{ Vi — 2i if i1=0(mod 2)
{ 2m+2i+2  otherwise
Vi o« 2i if 1= 1(mod 2)
{ 2m+2i+2  otherwise
}
end for
fori=2to m+2 do
{ Vit — 4m+2i+2 if 1=0(mod 2)
6m+2i+4  otherwise
Viti© — | 4m+2i+2 if 1= 1(mod 2)
JL6nn+2i+4 otherwise
}
end for
end procedure
output :Vertex labeled extended duplicate graph of comb graph.
Theorem : 3.7

Extended duplicate graph of comb graph, EDG (comb)graph admits even mean labeling.

Proof:
Clearly EDG (comb) graph has p = 4m+4 vertices and q = 6m+4 edges.

To label the vertices , define a function
f:V—o {246,......... 2q} as given in algorithm 5.
Thus 4m+4 vertices are labeled.

To get the edge labels, define, the induced map

f*:E— {1,23........ 2q} such that
t*(viv;) = [f(vi)+{(vj)] /2 for all viv; € E

By the induced function , the edge labels are obtained as follows:

17
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For1<i< m
t*(viviel) = [2i+1 if 1 =0 (mod 2)
JL2m+2i+3 otherwise
£*(vi’ vizp) = [ 2i+1 if i =1 (mod?2)
{ 2m+2i4+3  otherwise
For1<i< m+1
*(Vivinsis1) = [ 2m+2i+2 if 1 =0 (mod 2)
{4m+2i+4 otherwise

(Vi Vinsin1) ={ 2m+ 2i+2 if i=1(mod?2)

4m+2i+4 otherwise
If m =2n
f*(Vivine) = 2m+3 s T¥(Ving2'Voman) = 6m+7
If m=2n+1
f*(ViVmer) = 2m+3 ; P*(Ving2'Vomen ) = 6m+7

Thus all the labeled edges are distinct .
Hence EDG (comb) graph admits even mean labeling
Example 3.5:

Even mean labeling of EDG(comb) graph for m = 5 and m = 6 are given below.
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Conclusion:
In this paper we have presented algorithms and proved that the extended
duplicate graph of Comb graph admits cordial, total cordial, product cordial,total product
cordial,prime cordial, odd mean labeling and even mean labeling.
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