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Abstract 5 

In this paper the author addresses the nature of upper critical field of magnesium dioxide 6 

(��	
) using  Ginzberg- Landau (GL) approach. Nowadays, Superconducting materials 7 

show promising progress for the technological applications. According to this and previous 8 

studies, magnesium diboride is one of the superconducting materials which has relatively 9 

better critical temperature. The work will focus on determination of critical field and temp. of 10 

the material. 11 
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1. Introduction 14 

Superconductivity was first discovered in 1911 by the Dutch physicist, Heike Kammerlingh 15 

Onnes and he was dedicated his scientific career to exploring `extremely cold refrigeration 16 

[1]. Onnes passed a current through a very pure mercury wire and measured its resistance as 17 

he steadily lowered the temperature. Much to his surprise there was leveling off of resistance, 18 

let alone the stopping of electrons as suggested by Kelvin. At 4.2k the resistance suddenly 19 

vanished. Current was flowing through the mercury wire and nothing was stopping it. After 20 

the fascinating discovery of high temperature superconductivity at 35k in La-Ba-Cu-O by 21 

Bednorz and Muller [2] in 1986, superconductivity was discovered in Y-Ba-Cu-O system at 22 

90k by Wu et al [3]. With the discovery of two new superconductors Bi-Sr-Ca-Cu-O(�� 23 

110k) [4] and Ti-Ba-Ca-Cu-O(Tc 125k) [5] a new dimension has been added to the field of 24 

ever increasing �� materials. Although many of their properties have been studied extensively 25 

during the last few years, the mechanism of superconductivity remains illusive 26 

 27 

2. Model 28 

In this work we use the generalized Ginzburg-Landau equations to solve for the upper critical 29 

field of magnesium diboride and phase transition temperature. The well known 30 
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phenomenological theory of superconductivity, proposed by Ginzburg and Landau[6-7] much 31 

before the microscopic theory of Bardeen, Cooper and Schriefer[8] has been quite successful 32 

in describing the behavior of conventional superconductors. It is based on the general theory 33 

of second-order phase transition [9] assuming the existence of an order parameter which is 34 

non zero in the ordered (superconducting) state and zero in the disordered (normal) state. 35 

maining three terms describing the superconducting effects. In the absence of fields and 36 

gradients, we have   
� − 
� = �|�  |
 + �

 |�  |�   which can be viewed as a series expansion 37 

in powers of or, in which only the first two terms are retained. 38 

      Ginzburg-Landau free energy and its relation to upper critical 39 

 field 40 

 41 

In the presence of two order parameters ��  and �
, in a superconductor, the Ginzburg-42 

Landau free energy can be written as [10] 43 

     
(��, �
� = � ��� (
(��� + 
(�
� + 
�
(��, �
� + � 
!"�.                                    (2.1) 44 

 With  
#$�#% = ℏ 
�'( |(∇ − 
"*+

,- ��#|
 + �#(���#
 + �

 �#�, which means  45 

          46 


�(��� = ℏ 
�'. |(∇ − 
"*+

,- ���|
 + �#(����
 + �

 ��� and  47 



(�
��# = ℏ 
�' |(∇ − 
"*+

,- ��
|
 + �#(���

 + �

 �
,�  these are free energies of the two 48 

separate bands of superconducting MgB2. 49 

 
�
(��, �
� = /(���
∗ + 11� + /�[3∇ + 
"*+
,- 4 ��∗ 3∇ − 
"*+

,- 4 �
 + 11]                     (2.2)    50 

Where  
�
(��, �
� is free energy of the mixed state and /, /�  are the interband mixing of 51 

two order parameters and their gradients respectively. 6778 is the external magnetic field (  52 

6778 = ∇xA,  �# , ;#, <# are the temperature dependent coefficient, temperature - in dependent 53 

coefficient and mass of the carriers in band j(j = 1, 2) respectively. Let’s assume that there is 54 

only magnetic field in the z-direction, 6778 = 6=>    and vector potential is in y-direction,  55 

?8 = 6@Â   that  6 = |6778|   and x is displacement. Equilibrium or the minimum value of the 56 

free energy given in eq. (2.2) with respect to the order parameters     ��∗ and    �
∗     57 

respectively we get [11-20]. 58 

CD
CE.∗ = ℏ 

�'. 3∇ + 
"*+
,- 4 �� 3∇ − 
"*+

,- 4 + ��(���� + /�
+/� 3∇ + 
"*+
,- 4 3∇ − 
"*+

,- 4 �
 = 0,                                                                                    59 

                                                                                                                                     (2.3) 60 
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CD
CE ∗ = ℏ 

�' 3∇ + 
"*+
,- 4 �
 3∇ − 
"*+

,- 4 + �
(���
 + /��+/� 3∇ + 
"*+
,- 4 3∇ − 
"*+

,- 4 �� = 0                                                                                      61 

                                                                                                                                      (2.4) 62 

 63 

where    GH  is the quantum flux. Mathematically it can be represented by  GH = 
"ℏ�
I . For one 64 

dimensional case the above two equations that are equation(2.4) and (2.5) can be reduced to 65 

     
ℏ 

�'. ( J 
JK − K 

LM ) �� + ��(���� + /�
 + /�( J 
JK − K 

LM ) �
 = 0                                  (2.5) 66 

 67 

     
ℏ 

�' ( J 
JK − K 

LM ) �
 + �
(���� + /�
 + /�( J 
JK − K 

LM ) �� = 0                                  (2.6) 68 

 69 

Where  N� = ℏ�

�I    and the field is 6�
. Now, after some simple calculations we arrive to :- 70 

 71 

   6�
 =
PQ-R .

 S. TU .
 S  U V

S.  W±(Y PQ-R .
 S. TU .

 S  U V
S.  W ZT�$�T[ %.\ P  

Q-   R .
S. S  T .

S.  W�.  ⁄
 P  (.^V �

Q-   
                        (2.7)   72 

Which is equal to  73 

  6�
 = ,-
"(�T[ � 3 �

_. − + �


_  + [
_.  4 ± ,-
"(�T[ � (`3 �


_. − + �

_  + [

_.  4
a − (1 − =
� 3 �
_. _  −74 

�
_.  4�� 
⁄                                                                                                                              (2.8) 75 

Equation (2.8) has two terms in square root that we can make the approximation by 76 

considering these two terms. It can be considered in to cases 77 

Case I  when ̀3 �

_. − + �


_  + [
_.  4
a ≫ (1 − =
� 3 �

_. _  − �
_.  4.  78 

Now let’s apply important application of the Taylor and Maclaurin expansions is the 79 

derivation of the binomial theorem for negative and/or non integral powers .i. e  is let 80 

d(@� = (1 + @�',  in which m may be negative and is not limited to integral values. Then, 81 

                               (1 + @�' = 1 + <@ + '('T��

! @
+…                                             (2.9) 82 

 83 

By using the approximation in case I, we can write equation (2.9) as follows 84 

  85 6�
 =86 

,-
"(�T[ � 3 �

_. − + �


_  + [
_.  4 ±  ,-
"(�T[ � (`3 �


_. − + �
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                                                                                                                                          (2.10)      88 

 89 

 By substituting eq.(2.8) in eq.(2.10):- 90 

6�
 = ,-
"(�T[ � 3 �

_. − + �


_  + [
_.  4 ±  ,-
"(�T[ � (`3 �


_. − + �

_  + [

_.  4
a (1 − (1 − =
� 3 �
_. _  −91 

�
_.  4 �

R .
 S. TU .

 S  U V
S.  W + ⋯ 92 

Therefore we have two values of   6�
   that are   6�
(−�   and   6�
(+� , i.e. 93 
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6�
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  ,-
" (`3 �
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_. \ 4
a �
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 S. TU .
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                                                                                                                            (2.11) 95 

     96 

and    6�
(+�    will have 97 

 98 

 99 

 100 

     6�
(+� =
.  Q- PR .

S. S  T .
S. \ W

R .
 S. TU .

 S  U V
S.  W                                                                                      (2.12) 101 

 102 

 103 

Case II for  3 �

_. + �


_  + [
_.  4
 ≪ (1 − =
� 3 �

_. _  − �
_.  4, when we use this case the term in the 104 

square root becomes complex.  Therefore we can conclude that the second case is in valid 105 

because we don’t have complex field rather it is real 106 

6�
(−� = ,-
"(�T[ � 3 �

_. − + �


_  + [
_.  4 − ,-
" 3 �

_. \ − �
_. _  

�
(�T[ �4�� 
⁄ +…                            107 

(2.13) 108 

 109 

Now, from case I and case II we have obtained two equations for the upper critical field (6�
) 110 

that are equations (2.12) and (2.13). Next step, we will check the conditions to get physical 111 

solution of (6�
). We have the critical field of one band model as  6�
 = ,-
"_ . Just to obtain  112 

6�
 = ,-
"_  from two-band model we have used �
 = / = /� = 0 so, from the above 113 

mentioned equations only equation(2.12) is reduced to 6�
 = ,-
"_  that means this equation 114 

can be the solution of two band model. Finally, the analytical equation of upper critical field 115 

can be written as: 116 

6�
 = ,-
"_.  3_.  
_. + _.  

_  + 2=4 3 �
�T[ 4 − ( S. \

S. S  T��
(S.  

S. US.  
S  U
[�                                                           (2.14) 117 

The effect of anisotropy mass tensor on the upper critical field is included by replacing /  in 118 

equation(2.14) with coherence length tensor { /}. The calculation procedure is as same as 119 

above. Then we get 120 

6�
 = ,-
"_.  (�*� iUj �k� i� 3_.  
_. + _.  

_  + 2=4 ( �
�T[ − R S. \

S. S  T�W
RS.  

S. US.  
S  U
[W �                                  (2.15) 121 
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Where l  is the angle between magnetic field and the layer of superconductor. m = ('
n�� 
⁄  122 

 123 

3. Results and Discussion 124 

We have used the Ginzburg-Landau theory in order to obtain expression for upper critical 125 

field of two band superconducting MgB2. Therefore, in this case we do have two order 126 

parameters, �� and �
 , based on this the field can be written as follows.  127 

          128 

6�
 = ,-
"_.  3_.  
_. + _.  

_  + 2=4 3 �
�T[ 4 − ( S.  

S. S  T��
(S.  

S. US.  
S  U
[�                                                                  (3.1) 129 

             130 

where the parameters have their usual meaning such as the coherence length (/) quantum flux 131 

(GH) and others. Which reduces to   6�
 = ,-
"_     for single band case as expected by using 132 

�
 = / = /� = 0. Since ��	
 is considered as a two-band s-wave superconductor, it shows 133 

the layered property. In the layered superconductors, since the overlap of electron wave 134 

function is larger within the layers than between layers, it can be assumed that the electrons 135 

have a high effective mass formation normal to the layers and a low effective mass formation 136 

with in a layer. If we know the values of anisotropy parameters, we can get the value of Ω  to 137 

simplify, we will consider as Ω a constant parameter. The assumption that the upper critical 138 

field in ab-plane (6o
pq ) and c-axis (6o
� ) can be found by set of the suitable parameters. We 139 

write the magnetic field in the form that  6�
 = 6�
(r�, r
,Ω, k�  where  r� =  ℏ 

't. ,   r
 =140 

 ℏ 

't  .  After fitting the experimental data of upper critical field of single crystal MgB2, the 141 

upper critical field in ab-plane(6o
pq ) is   6o
pq = 6�
(6.5,6.5,0.7,0.5�   and in c-axis(6o
� ) is 142 

6o
� = 6�
(13,13,0.7,0.5�  as shown in fig 1. In fig 2 the ratio of upper critical field 143 

(y = �z {|
�z } = �} (~.�,~.�,H.�,H.��

�} (��,��,H.�,H.�� �  versus temperature is shown. The maximum y at � = 0= is 144 

equal to 2.5.  145 

 146 
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 147 

 Fig. 1   Upper critical magnetic field versus temperature.  148 

As we can see from this figure, the critical magnetic field decays with increasing temperature 149 

i.e. in consistent with previous studies.  150 

 151 

 Fig.2  anisotropic property of magnetic field versus temperature. 152 

In this case also, the figure compares the relationship between anisotropic critical field and 153 

temperature. Therefore, the result is as we expected in line with prior studies. 154 

   155 
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4. Conclusion 156 

In this study, we used two- band Ginzburg-Landau approach in order to determine the upper 157 

critical magnetic field. According to the mathematical calculation, the magnetic field depends 158 

on anisotropy of order parameter. This indicates that the critical field along ab-plane (6�
pq� is 159 

quite different from c-axis 6�
� . In general, the upper critical field relay on temperature and 160 

decreases with when the temperature goes to higher and higher. 161 

Therefore, the coherence length is strongly temperature dependent, so that it can cause 162 

temperature dependency and anisotropy nature on the upper critical field of MgB2. In 163 

addition to this in this study we tried to plot upper critical field versus temperature and 164 

anisotropy critical field versus temperature. The results of this theoretical study more or less 165 

fits with experimental findings.   166 

 167 
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