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ABSTRACT  7 
 8 
The 4R spherical quadrilateral mechanism, where by R is notated the rotation kinematic pair, 
from which is obtained the cardan mechanism, is of third family , as consequence, multiple 
statically indeterminate and for calculating the reactions  from the kinematic pairs it is applied 
the elastic linear calculation, using the relative displacements method noted in plukerian 
coordinates. By using this method and numerical calculation, allows one to determine the 
reactions from the kinematic pairs, as the method can be applied to different types of spatial 
or plane mechanisms. The results of the numerical solving of this problem will be presented 
under the form of a diagrams and will be commented. 
 9 
Keywords: quadrilateral mechanism; elastic calculation; cardan joint . 10 
 11 
1. INTRODUCTION  12 
 13 
Being statically undetermined [1,2], for the 4R symmetrical spherical quadrilateral 14 
mechanism  is necessary to be used the elastic linear calculation for calculating the 15 
reactions.The obtained results allow us to conclude the influence of geometrical and 16 
mechanical parameters over the unitary efforts that appear in the kinematic pairs of the 17 
mechanism. 18 
.  19 
2. MATERIAL AND METHODS  20 
 21 
The mechanically speaking (static) , the 4R mechanism has unknown the reactions from the 22 
kinematic pairs A, 2, 3,  5, 6, 8 and also the moment from the joint A (see Fig. 1), in total 23 
6+5x5=31 unknowns and 3 elements x 6=18  equations, 31-18=13 times statically 24 
undetermined [3,4]. 25 

 26 

.  27 
 28 

Fig. 1. The 4r Symmetrical Spherical Quadrilateral Mechanism 29 
For determining these components a linear elastic calculation is used.In the following, a 30 
mathematical model with be elaborated for the linear elastic calculation of reactions, model 31 
that has as basis the method of relative displacements, presented in paper [5]., with the 32 
notation in pluckerian coordinates. 33 
 34 
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2.1 Mathematical Model  35 
 36 
In the elastic calculation the joint from A is blocked (see Fig. 1), thing that explains the 37 
apparition as unknown of the axial moment in that point.The pivotal points 1, 4, 7, have the 38 
displacements { }1∆  , { }4∆  , { }7∆  , and the pivotal points with the cinematic couples 2, 3, 5, 6 39 

have left-right displacements with { }s
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point 8 has the displacement to left { }s
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and to right { } { }08 =∆d  .So the relations are written 41 

under the form: 42 
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 45 
From the pivotal points balance [ ] [ ]KjiKij = . 46 

 47 
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 49 
Are noted 50 
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 53 
and taking into account the relations (1) it results 54 
 55 
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 57 
The notations are made as 58 

 59 
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 61 
and then 62 
 63 

[ ]{ }.Vii ξζ =          (6) 64 
 65 
and [ ]{ } [ ]{ }[ ]{ }ξζ 22242242 VUKUK =  , and the analogue. 66 
Also, the notations are made 67 
 68 
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 72 
and then the equations (4) are combined into the equation 73 
 74 

[ ]{ } [ ]{ } { }.KK 021 =+ ξ∆        (9) 75 
 76 
equivalent with 42 scalar equations. 77 
Isolating the left side of the pair 2, (see Fig. 1) results that 78 
 79 

{ } { } [ ]{ } { }{ }.KER ss
122122 ∆∆ −==       (10) 80 

 81 

 

82 
 83 

Fig. 2. The isolation of kinematic 2 84 
 85 
 86 

and the analogue 87 
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 90 

as  [5].,{ } { } 0
~ =i

T

i RU  and { } { }888 Us ξ−=∆  the equations are obtained 91 
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 94 
With the notations 95 
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 100 
the equations (11) are combined in the matrix equation 101 
 102 

[ ]{ } [ ]{ } { }.FKK =+ ξ∆ 43       (15) 103 
 104 

equivalent with 5 scalar equations. 105 
The equations (7), (15) can be narrowed with the notations 106 
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 109 
in the equation 110 
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 113 
 114 

equivalent with 47 equations with 47 unknowns from which results { }∆ and { }ξ  , and the 115 

reactions and efforts are calculated with the relations (10), (11) in which { } { }888 Us ξ−=∆  . 116 
 117 
2.2 Calculation Algorithm  118 
 119 

1. The indexation of bars is done from 14,...,2,1 and the    lengths are noted with 120 

il , 14,...,2,1 and 42 ll = ; 53 ll =  ; 76 ll = ; 98 ll =  ; 1210 ll =  ; 1311 ll = . 121 
 122 
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 124 

Fig. 3. Indexing bars 125 

 126 

2. The inertia moment is calculated: 127 
 128 
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 130 
3. The rigidity matrixes are calculated in the local  reference system:

 

  131 
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4. The matrix [ ] [ ]ii RG ; are calculated, with the relations from (Table 1) and then the 139 

product [ ][ ]ii RG  140 
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 143 
5. The position matrixes are calculated: 144 
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 147 
6. The matrixes [ ] [ ]∗∗

ii KH ,  are calculated: 148 
 149 
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                                           151 
7. The matrixes [ ] [ ] [ ] [ ]∗∗∗∗

13,1211,104523 ,,, HHHH  are calculated: 152 
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8. It is identified: 156 
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  159 
9. 2θ is calculated with the formulas: 160 
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10. [ ] [ ] [ ]CDBCAB TTT ,,  are calculated with the formulas: 164 
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170 
11. Are calculated:  171 

[ ] [ ] [ ]13121 ,, KKK A  with the formula 172 
 173 
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[ ] [ ] [ ] [ ]46453424 ,,, KKKK  with formulas type 176 
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[ ] [ ] [ ]786757 ,, KKK  with formulas type 179 
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 190 

13. Are calculated the matrixes [ ] [ ] [ ] [ ] { } [ ]K,F,K,K,K,K 4321  with the formulas (7), (8), 191 
(13), (14), (16). 192 

14. It is solved the matrix equation (17). 193 
15. The reaction from A is calculated with the relation  194 

 195 
{ } [ ]{ }.KR AA 11 ∆−=        (34)         196 

                                                       197 

               and expressed in local coordinates. 198 
16. The reactions are calculated{ } { } { } { } { }86532 ,,,, RRRRR  with the relations (10), (11). 199 

17. The reactions are expressed under { } { } { } { } { }86532 ,,,, RRRRR in local system 200 
coordinates. 201 

18. The graphs 202 
  ,,,,,,,,,,, 11111186532 zyxzyx MMMRRRξξξξξ
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zyxzyx MMMRRR 333333 ,,,,, , ,,,,,, 555555 zyxzyx MMMRRR
 

,,,,,, 666666 zyxzyx MMMRRR
 

204 

.,,,,, 888888 zyxzyx MMMRRR
 

205 

are  made taking into account 1θ . 206 

 207 
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3. RESULTS AND DISCUSSION 211 
 212 
It is considered the 4r symmetrical spherical quadrilateral mechanism from Fig. 3.Elements 213 
of the mechanism, have been indexed with the numbers 14,...,2,1i =  and are considered to 214 

have the lengths il , the diameter id  , the elasticity modules ii G,E , the sections iA  and the 215 

main central inertial moments iziy I,I  , iziyix III +=  , 1421 ,...,,i = .So: 216 

   
m05,0lli == ; m02,0ddi == ; 14,...,2,1i = ; 217 

   
211 m/N101,2E ⋅=  ; 210 m/N101,8G ⋅= ; NmM 1

~ =  218 
To solve this problem may use any conventional method of calculation numerical [7].On the 219 
basis of a calculation program realized  in Excel with the algorithm presented in this paper, 220 
where obtained, in the case where o0=α  , for the reactions from the kinematic pair A 221 

0
AZ

0
AY

0
AX R,R,R  and for the moments 0

AZ
0
AY

0
AX M,M,M , the results from diagrams from Fig. 222 

4(a). and Fig. 5(a). and for the reactions AZAYAXAZAYAX M,M,M,R,R,R , from the own 223 

reference system, the results are in the diagrams from Fig. 4(b). and Fig. 5(b). 224 
 225 

    226 
 227 
Fig. 4. The variation of reaction forces in joint A, for α=0° a) in general reference 228 

system b) in local reference system  229 
 230 

 231 
 232 

Fig. 5. The variation of reaction moments in joint A, for α=0° a) in general reference 233 
system b) in local reference system  234 

 235 
It is found as expected that in the local reference systems the reactions, forces of moments, 236 
are constant and this is due to the invariable positioning towards these systems.For the 237 
reaction from the joints 2, in general reference systems, are obtained the values presented 238 
in Fig. 6(a). and Fig. 7(a). and in own reference systems values presented in Fig. 6(b). and 239 
Fig. 7(b).   240 
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 241 

 242 
 243 

Fig. 6. The variation of reaction forces in joint 2, for α=0° a) in general reference 244 
system b) in local reference system  245 

 246 

 247 
 248 

Fig. 7. The variation of reaction moments in joint 2, for α=0° a) in general reference 249 
system b) in local reference system  250 

 251 
Analogue, for the reactions from the other joints, in the own reference systems, are obtained 252 

constant values. For the case where o10=α  are obtained the reactions 000 ,, AZAYAX RRR , 253 
000 ,, AZAYAX MMM , and the representations are in Fig. 8. and Fig. 9. 254 

 255 

 256 
 257 

Fig. 8. The variation of reaction forces in joint A, for α=10° a) in general reference 258 
system b) in local reference system  259 

 260 
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 261 
 262 

Fig. 9. The variation of reaction moments in joint 2, for α=10° a) in general reference 263 
system b) in local reference system  264 

  265 

In the own reference system, the components 000 ,, AZAYAX RRR , 000 ,, AZAYAX MMM , aren't 266 

constant and have a variation depending on the angle 1θ .  267 

Then, when the angle α  increases, oo 30,20 == αα , the solution for the components 268 
000 ,, AZAYAX RRR , 000 ,, AZAYAX MMM , are represented in Fig. 10. and Fig. 11. 269 

 270 

   271 
 272 

Fig. 10. The variation of reaction forces and moments in joint A, for α=20°  in local 273 
reference system  274 

 275 

 276 
 277 

Fig. 11. The variation of reaction forces and moments in joint A, for α=30°  in local 278 
reference system  279 

   280 
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It is noticed that the variation period of the axial reaction AXR  increases from 0N ( o0=α ) to 281 

1.4N ( o10=α ), to 4N ( o20=α ) and to 6N ( o30=α ), the reaction having also negative 282 
values. 283 
 284 
4. CONCLUSION 285 
 286 

The elastic calculation and the relative displacements method makes possible the 287 
determination of the reactions from the kinematic pairs of the 4R spherical quadrilateral 288 
mechanism, that is multiple statically indeterminate.Following the numerical simulations 289 
made with the program realized using the mathematical model from the present paper, the 290 
following conclusions can be taken. 291 

1. For α=0°, in the general reference system 000 ZYOX  the reaction forces and 292 

moments vary with the angle 1θ , and in the local reference system they remain 293 

constant, depending only on the mechanical and geometrical characteristics of the 294 
element. 295 

2. For α≠0°, both in local and general reference systems, th e reactions and moments 296 
vary with the angle 1θ . 297 

3. The forces and moments from the reaction are increasing as the angle of inclination 298 
α increases.  299 

By using this method and numerical calculation, allows one to determine the reactions from 300 
the kinematic pairs, as the method can be applied to different types of spatial or plane 301 
mechanisms.  302 
 303 
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