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The Numerical Study of Efforts from the 4r
Symmetrical Spherical Quadrilateral Mecanism

ABSTRACT

The 4R spherical quadrilateral mechanism, where by R is notated the rotation kinematic pair,
from which is obtained the cardan mechanism, is of third family , as consequence, multiple
statically indeterminate and for calculating the reactions from the kinematic pairs it is applied
the elastic linear calculation, using the relative displacements method noted in plukerian
coordinates. By using this method and numerical calculation, allows one to determine the
reactions from the kinematic pairs, as the method can be applied to different types of spatial
or plane mechanisms. The results of the numerical solving of this problem will be presented
under the form of a diagrams and will be commented.

Keywords: quadrilateral mechanism; elastic calculation; cardan joint .
1. INTRODUCTION

Being statically undetermined [1,2], for the 4R symmetrical spherical quadrilateral
mechanism is necessary to be used the elastic linear calculation for calculating the
reactions.The obtained results allow us to conclude the influence of geometrical and
mechanical parameters over the unitary efforts that appear in the kinematic pairs of the
mechanism.

é. MATERIAL AND METHODS

The mechanically speaking (static) , the 4R mechanism has unknown the reactions from the
kinematic pairs A, 2, 3, 5, 6, 8 and also the moment from the joint A (see Fig. 1), in total
6+5x5=31 unknowns and 3 elements x 6=18 equations, 31-18=13 times statically
undetermined [3,4].

Fig. 1. The 4r Symmetrical Spherical Quadrilateral Mechanism
For determining these components a linear elastic calculation is used.In the following, a
mathematical model with be elaborated for the linear elastic calculation of reactions, model
that has as basis the method of relative displacements, presented in paper [5]., with the
notation in pluckerian coordinates.
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2.1 Mathematical Model

In the elastic calculation the joint from A is blocked (see Fig. 1), thing that explains the
apparition as unknown of the axial moment in that point.The pivotal points 1, 4, 7, have the
displacements{Al} , {A4} , {a,} , and the pivotal points with the cinematic couples 2, 3, 5, 6

have left-right displacements with {Asz} {Adz} {Asé} : {A%} {AZ} ,{A%},{A%} ,{A%}. Pivotal
point 8 has the displacement to Ieft{AZ} and to right{A‘g}:{O} .So the relations are written
under the form:

|
}

{#}={g}+ &lus) &)
}

From the pivotal points balance [Kij] = [Kji].

koot -{a)+ [ fal-{a)+ kafal- (s} =1

kafl}-fal eIt} -ta)=o

[kalfs}- 4}} [kseffa}-{a} =10

[K42]{{A4} {4}} [K43]{{A {4}}+[K45]{A4 { }}+[K46]{{A4}‘{A2}}={0} (2)
[KM]{{@} {41} [K57]{{ } A7} {o}

[Km]{{ﬁg} {4‘4} [K67]{{ } 47} {o}

(ko lksliad-{ah+ ko) -lah =10,

Are noted

[Kua]= [Kaal# [Keo]+ [Kya]

[Kao]= K]+ [Ka] 5 [Kaa]=[Ka]+[Kad]

[Kaa] = [K o]+ [Kaa] +[K s ]+ [K] ®)
[Kes] = [Ksa]+ [Ker] i [Kes]= [Koa] +[Ker]

[Ko7]= [Kas]+ [K76] + [K 76

and taking into account the relations (1) it results
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[Kll]{A.'L} - [K12]{A3}_ [Kls]{ﬁz} = {0}
[KZl]{Al}+[K22]{Ag}_[K24]{A4}+9(2[K24]{U : O}
[K3l]{Al}+[K33]{A§;}_[K34]{A4}+E3[K34]{U O}

_[KM]{A4}+[K66]{ } [K67]{A7 +56[K67]{U

The notations are made as

(@ =[ta) {a] {a] far {af &) ta)|
{5} = [52 1$3:65,$6 !58]

.1 =10000] ; ] =[o000] : ve]=[o020d
el =[00010] : ] =[o0001)

and then
§i = [V, ]{5}

and ZZ[K24]{U2} = [K24]{U 2}[\/2]{5} , and the analogue.
Also, the notations are made

| [Kll] _[KlZ] _[K13] [0] [O] [0]
[kl k] o] -[ka] [o] o]
“[Ka] o] [Ke] k] [ [d]
[K1]= [0] _[K42] ‘[K43] [K44] _[K45] ‘[K46]
O ol ol -k [Ke] o]
Ol ol -lKe) [ [Ke]
Ll Pl ol fol kel (K]

~[kafiat+ Kl -[Kaa) + &K aHuat =0

‘[K54]{A4}_[K55]{ } [K57]{A7}+55[K57]{U} {}
}={

[K75]{A§}_[K76]{ } [K77]{A7} 55[K75]{U} 56[K76]{U6}+9(8[K78]{U8}:{0}

o] |

[o]
[o]

ol |

_[K57]
_[K67]

[K7] |

(4)

(5)

(6)

(7)
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lo]
[KaafUoliva]
[KaafUalive]
7 [Kz] = ‘[K24]{U2}[V2]‘[K34]{U3}[V3] . (8)
[Ke7 {ushiva]

[Ker{uelivel

|~ [Ksr fUsHVs] - [Ker U lVe] + [K s {U Vel

;g and then the equations (4) are combined into the equation
74
75 [K. {4} +[K,{é} ={a} 9)
;g equivalent with 42 scalar equations.
78 Isolating the left side of the pair 2, (see Fig. 1) results that
79
80 {Rz} = {ES} = [K21]{{A§}—{4}}. (10)
81
/—EF (R,
82 {Q’}
83
84 Fig. 2. The isolation of kinematic 2
85
86
87 and the analogue
88
(Rt ={Es}= Ikl -Hal}
N (re={d)= [k fia)-{al o
(R} ={eet=Icaffa}-1a}
(R} = {e2) = e} = [or -}
90
91 as [5].,{~i }T{R} 0 and {A } —Es{UB} the equations are obtained
92
o Ikl [K211{4} 0
{ 3} [Ksl]{As} {Gs} [KauKa}=
93 U ks g} -oF [K54]{A4} 0 - (12
{ 6} [K64]{453} { } [Keafu} =0
Ul Tkl

of [Kerla, +fs{as} [KerJUe} = { B}T[F]
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With the notations

_[JZT[Ku] LOfk] o 0 0 0 o |
U, [K.] 0 -Uf[k,] o 0 0 0
[K]=| o 0 o {0fIk] 0fik] o )
0 0 0 0.1 [K.] 0 —{UG}T[KM] 0
0 0 0 0 0 0 {Us}T[K78]_
[0 000 0 | [0 ]
0000 0 0
[K,=|0 0 00 0 {F}=| o (14)
0000 0 0
0000 {J8}T[K78]{U8}_ _{~8}T[F]_

the equations (11) are combined in the matrix equation
[Ko[a}+ (K Jeé}={F}. (15)

equivalent with 5 scalar equations.
The equations (7), (15) can be narrowed with the notations

k] [Ks]
[K]'[[u [m]]' oo
in the equation
{47 g
[K][{f}H{FJ' 0

equivalent with 47 equations with 47 unknowns from which results {A} and {f} , and the
reactions and efforts are calculated with the relations (10), (11) in which {Asg} = —fs{Us} :

2.2 Calculation Algorithm

1. The indexation of bars is done from 12,...14and the lengths are noted with
[,12,...14and |, =1,; 1, =1 ;1. =11, =1, ;1 ,=1,;1,=1,.
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Fig. 3. Indexing bars

2. The inertia moment is calculated:

o m?
iy_liz:G_:l_ ;/ileiy+|iz;Ai=Tl- (18)
3. The rigidity matrixes are calculated in the local reference system:
0 0 0 l—EA 0 0
6El; 12El;
O 0 I 2IZ I 3 1Z O
6El; 12EI
0 = 0 0 0 —
[ki]= Gl ! ! (19)
l—'x 0 0 0 0 0
0 4El;, 0 0 0 6El;,
| |2
0 0 4El, 0 6El,, 0
| 12 |
0 0 0 ! 0 0
Gl
2 |
0 0 0o — 0
2El;, Elyy
12 |
0o - 0 0 0
=0 =~ 2% Elie (20)
A 0 0 0 0 0
13 12
0 0 0 0o -
3El;, 2El,
1 |2
0 0 0 0
3El;, 2El;, |




UNDER PEER REVI EW

139
140
141

142

143
144
145

146

147
148
149
150
151
152

153

154

155

156
157

158

159
160

161

162

163

. The matrix [Gi ];[R] are calculated, with the relations from (Table 1) and then the

product [Gi ][R ]

0 -z

Y,

I
[Gi]= Z, 0 =X
=Y. X 0

. The position matrixes are calculated:

TRB] L[ RF @
“lemm mﬁ [l LRFhF mr}

. The matrixes [HF], [KF] are calculated:

[H iD] =mhInl™ s Hl=mhm]™

. The matrixes [H;], [H 455], [H o ],[H - ] are calculated:

10,11 12,13

al=lslene] s nil= ]l ne]

)=l il [HEs]=[RE] ]

. Itis identified:

kipl=lka]: [kgl=hal kel=lal?
k5l=lks] : [kal=[cs] s [kisl=[ks]
kial=kd] s [ke)=lHgal™ [ka)=[raal

Kal= Mol kal=[kel

0, is calculated with the formulas:

1 V4
arctg(—tgé, );0< g, < —
g(cagl) 155

g7

2"t 2 .

1 T 7T
6, =< m+arctg(—tgf,);—<6,<— .
2 g(cagl)Z 1575

3_]T-01:3_7T

2 2
2+ arctg(itgel);g—ﬂ< 6 <2m
ca 2

(20)

(21)

(22)

(23)

(24)

(25)
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164 10. [TAB],[TBC],[TCD] are calculated with the formulas:
165
ABl = v Llecl=
0] [Ree! o [Rec]
166 (26)
col= .
o [Reo]
167 where
168
1 0 0 co,co, +s6sf,ca sasd, O
[RAB]: 0 c -s6,|; [RBC]: -cg;sb,sa cd, -s6
0 s c@ -s@,;s6,sa cas@, c6;
169 (27)

ca sas@, sach,

[RCD]: 0 ct, -—sb, |

-sa casf, cach,

170

171 11. Are calculated:

172 [K,J[K,L[K..] with the formula

173

174 [K]= [TAB][K DITAB]_l' (28)

175

176 [K, LK. [K o L[K . ] with formulas type

177 [K]= [TBC][K DITBC]_l' (29)

178

179 [K57],[K67],[K78] with formulas type

180

181 [K] = [TCD][K EI][TCD ]_1- (30)

182

183 12. Are calculated:

184
{U,}={us}=[0-s6:,c6,000

185 U ={ue} =[s6,sa,c6,,56,ca 000[" (31)
{Ug} =[ca0-sa000]".

186

0.}
187 (G}
}=

{Go}=[000.ca0-sa .

{ } [0000-s6,,c6]
Y

} [000,56,50,c6,,50,cal" (32)
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14.
15.

16.
17.

18.

Table 1.

The
elem
ent

{F}=M[000.ca0-sa]" ; {T){F} =M. (33)
Are calculated the matrixes [Kl],[Kz],[Kg],[K4],{F},[K] with the formulas (7), (8),
(13), (14), (16).
It is solved the matrix equation (17).
The reaction from A is calculated with the relation
{Ra} =-[Kia a1} (34)

and expressed in local coordinates.
The reactions are caIcuIated{RZ},{RS},{RE},{RG},{RB} with the relations (10), (11).

The reactions are expressed under {Rz},{RS},{RE},{RG},{Rg} in local system

coordinates.
The graphs

52’53’55’66’58’R1x’R1y’Rlz’Mlx’Mly’Mlz’ R2x’R2y’R21’M2x’M2y’M21’
R3x’R3y’R3Z’M3x’M3y’M3Z’ RSX’RSy’RSZ’MSX’MSy’MSZ’ RGX’RBy’RBZ’MGX’MGy’MGZ’
RBX’RBy’RBZ’MBX’MéSy’MéSZ'

are made taking into account 6, .

The espressions of the position and rotation matrixes [Gi],[R]

The local reference  The The position matrix ~ The rotation matrix
system coordinates [Gi ] [Ri ]
Ox;y; z of the local
reference
system
XY, Z,
z - Xy ==l +15 0 o0 0 1 0 0
T/y" V Y=o al=sfo o 14| [R]=|0 1
A X 0 [ 0 (|1+|3) 0 0 0 1
Z,=0 B

[R]=

[~
|m:“" , 3
PN
LN
o
e
S X NS x
e, v,
— 9@, o o
W_ w_
1 I
)
T~ o o o o
o L o o
w w O
L
I
cor 'k oo
~ o o

o O

T
o ©
T

[R]=

O Fr O O Fr O

X, =, 0 0 0 0 01
Y,=0 [G]=|0 o 1, [R]=|0 1 0
z,=0 0 -1, 0 -1 00
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3. RESULTS AND DISCUSSION

It is considered the 4r symmetrical spherical quadrilateral mechanism from Fig. 3.Elements
of the mechanism, have been indexed with the numbers i =12,...,14 and are considered to

have the lengths |;, the diameter d; , the elasticity modules E;,G;, the sections A and the
iy liz +lix =1y +1, ,i=12,..14 So:

l; = =005m;d; =d =002m;i =12,...,14;

E=2100"N/n? ; G=8100"N/n?; M =1Nm

To solve this problem may use any conventional method of calculation numerical [7].0n the
basis of a calculation program realized in Excel with the algorithm presented in this paper,

where obtained, in the case where a=0° , for the reactions from the kinematic pair A

main central inertial moments |

ROAX,RgY,ROAZ and for the moments ng.ng,Mgz, the results from diagrams from Fig.
4(a). and Fig. 5(a). and for the reactions Ray,Ray,Raz ;M ax M ay,M sz, from the own
reference system, the results are in the diagrams from Fig. 4(b). and Fig. 5(b).

Reactio foree[N] Reaction force [N]

1 1
05 0,5

[ I []
, Rux? R0 Ray . Rax Bay Raz
0 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

a5 05

-1 1

o=0° Angle of rotation ) [degrees] a=0° Angle ofrotation 6 [degrees]

Fig. 4. The variation of reaction forces in joint A, for a=0° a) in general reference
system b) in local reference system

Reaction moment [N-m] Reaction moment [N -m]

0,2 M % 0.2 My Maz

o 0
02 0 100 150 200 250 300 350 400 || ., ¢ 50 100 150 200 250 300 330 400
04 0.4
05 0,6
0,8 :

g My 0.8 M

-1 -1
1,2 1,2

0=0° Angleof rotation 8 [degrees] o=0° Angle of rotation 8, [degrees]

Fig. 5. The variation of reaction moments in joint A, for a=0° a) in general reference
system b) in local reference system

It is found as expected that in the local reference systems the reactions, forces of moments,
are constant and this is due to the invariable positioning towards these systems.For the
reaction from the joints 2, in general reference systems, are obtained the values presented
in Fig. 6(a). and Fig. 7(a). and in own reference systems values presented in Fig. 6(b). and
Fig. 7(b).
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Reaction forcs [N] Reesction force [N]
s 7 Py
& = — - E______________
. N7 ~ RO R..0 - .
/ N % /£

2 a
0 S R N /

J 7/ 3
-2 1 150 \l’\ 200 2

\ . 7 /7
4 < A — 1
% . 1K Rz
—— = a
-B 1 5 100 [ 240 250 a0 330 Ada
=0 Angle of rotation 8;[degrees] =" Angle of rotation 8, [deses]

Fig. 6. The variation of reaction forces in joint 2, for a=0° a) in general reference
system b) in local reference system

Fesaction moment [N-1m]

01

INLy

N

a

-0.1

-0.2

-0.3

-04

My

-05

25
o=0"

Anglaof rotation §; [dazreas)

Feaction moment [N-m]

M

002
a

0,02 5 U

-0.04

-0.08

-0,08
01

-012

-0.14
-0,16

24
o)

-0.138

22
o=0"

Angla of rotation B [desreas]

Fig. 7. The variation of reaction moments in joint 2, for a=0° a) in general reference
system b) in local reference system

Analogue, for the reactions from the other joints, in the own reference systems, are obtained

constant values. For the case where a =10° are obtained the reactions RgX,RR ,ROAZ,

MXX,MR\(,MXZ, and the representations are in Fig. 8. and Fig. 9.

PRuaction fores [IN]

13

.

By

Bax N

1

—_—

Fzactio forzz[[N]

15

1 E .\ P
. \ ./
=

-85

.- -~

,

\

2N

™

/
N

\

0
25 c'\ 50

400

. -

-1

-15

-2

a=10°

Angla of rotation 8 [dagreaz]

2 fmc 150 ‘z\cc ~ zscf “eoo _ /35(:‘
/ \

-
NS

a=10°

Angla of rotation B [dagmar]

Fig. 8. The variation of reaction forces in joint A, for a=10° a) in general reference
system b) in local reference system
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F.zaction momant [N-m] Fzaction momant [IN-1m1]
oA 0 g
o M,,\—.-f I . __1\.-{?1 uzu e = — | Ma

P s S = —_— Fort . = — = — - 100 150 :r:“;'ﬁ-: ’rlq-‘-_rll ETi ]
a0z b ] h | I'I‘.-_|‘I'| ] 2590 :'I--- 1] A0 2.z
04 e
-0 e
2 M -0a Mo

S Y O O M Y O SR I SV FOUN IR SOV (T
172 -2

o=10° Angls of rotation 8 [dagress] =107 Angla of rotation, 8 [dagrear]

Fig. 9. The variation of reaction moments in joint 2, for a=10° a) in general reference
system b) in local reference system

In the own reference system, the components RXX,ng,ROAZ, MRX,MXY,MXZ, aren't
constant and have a variation depending on the angle 6, .

Then, when the angle & increases, a =20",a =30, the solution for the components
RS ,Rc,iy, ROAZ, MXX,MRY,MXZ, are represented in Fig. 10. and Fig. 11.

Reaction force [N] Faaction momant [N-1m]
: B 4
R Fa\ B N 0z BL ‘_'.‘___h — _“3.{;
: (R — / — \ ﬂ---. / \ ° = T, =~ T
1 ' flh.T f 3 02 ': 180 140 202 She==Fn " afa
o b ~\ J
=~ B -04
-1 g uf%uu—asu%uu—*ﬁ;u’ﬁﬁuu%su—auu s
S 2 —T X
SIS \ 08 ——— Macf ——
: AN 7 4 [ SRR ARRLLT T MR FPPTTIC A Leas
-5 -12
a=20° Angla of rotstion B, [dazress] a=207 Anglsof rotation 8 [dazras:]

Fig. 10. The variation of reaction forces and moments in joint A, for a=20° in local
reference system

Reaction forca [N] PReaction momant [N-m]
E
Rax o
; V- ~ | MmN
a AV Fi PLs P .
2 Raz = - =T ™ ! “ : ‘:' 130 1r|- 1n““| -‘F:-:‘\-. 0 A
NN Y o e
' . -~ -04
20 u%uu;qu{:quu&uu#su_auu a5
— -— 1 N .. Mawl  essie.
-4 -03 = o P e
. \ \ / . L BN
A -1.2 _
a=30° Angle of sotation B [dagrass] o=30° Anglsof sotation B [dagress]

Fig. 11. The variation of reaction forces and moments in joint A, for a=30° in local
reference system
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It is noticed that the variation period of the axial reaction R,y increases from ON (a =0") to

1.4N (a=10°), to 4N (a=20") and to 6N (a =30°), the reaction having also negative
values.

4. CONCLUSION

The elastic calculation and the relative displacements method makes possible the
determination of the reactions from the kinematic pairs of the 4R spherical quadrilateral
mechanism, that is multiple statically indeterminate.Following the numerical simulations
made with the program realized using the mathematical model from the present paper, the
following conclusions can be taken.

1. For a=0% in the general reference system OX,Y,Z, the reaction forces and

moments vary with the angle &, and in the local reference system they remain

constant, depending only on the mechanical and geometrical characteristics of the
element.

2. For a#0° both in local and general reference systems, th e reactions and moments
vary with the angle 6, .

3. The forces and moments from the reaction are increasing as the angle of inclination
a increases.
By using this method and numerical calculation, allows one to determine the reactions from
the kinematic pairs, as the method can be applied to different types of spatial or plane
mechanisms.
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