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Linear Continuous Operatorsand Generalized Complex Numbersin The
Generalized Function Spaces L, (S?(R))

Abstract . In this paper in order to define ordinary diffetial equations ODE
and partial differential equations PDE in the nesneralized functions space
L,(X) we will define generalized complex numbers cgposding to this

space, also we will define the generalized lingrarators in the spade (X).

Key Words: Gelfand — Shilov spaces, Generalized Functions.
1. Introduction

Now, let X be a separated complete locally conugglaa [1] with topology
defined by the family of semi norngs, such that for eackeil there exisf €1

and a constard, = o for which
pOY)<Cp,(Mp;(y) Ox yOX (*)

if we denote by G ( x) the set of all possibletsstres:,) in X, then G ( X)
Is an algebra with operations of coordinate wisdiplication.

Let a>1 be positive real number , define the followingsqé{ :

G (X)={x=(x)€G(X):3m Wi €13C, > 0,B(x,) = Cexp(mk=|vk}.

N (X)={x=(x) € G(X):¥, ¥v,[3C, =0: P(x)=C exp(- rrki)vk} :

Theorem 1.2 The spac@. (X)is a Sub algebra of the algels&) , and
N.(Xlisanideal oG, (X).

Define the spack..( X )as a factor space in the following way

G (X)/

L.(X)= N (x)

Now if o andp be a nonnegative real numbers and k yqDefine the
following sets [4] :
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SE={f(x)eC* (R:3A=0,3B>0vk ¥qg 3C=> 0 : [« f'¥ (x)| = ca® BIKK%qIP)
Ifec = 0 and B = o ,then the space S% (R ) is said to be Rome — Helfand — Shilov Space

The topology irsg (R} is defined by the system of semi norms in th¥ahg

el el |

B P Fap———
*ER akpmpak, om

way : p,, =supg,.(t) whereq,,, = sup
k<n

m<l|
The following theorem is true see [1,2 , 5-8] .

Theorem 1.1. If f(x),g(x) OS?(R),then for each n,I there is a constant
C,, >0 such thatp,, (fg)<C,, p, (f)p, (9) Of, gOSI(R

Since, s (R} is a complete separated locally convex Algebdaran(e)
satisfy (*)the new generalized functions spacengefin the following way[1]:

y— G« (82 (RJJ/
’.ll_ ! o i)

=
= Iar feom Y
F8% e LB

L.(5% (R)
The embeddings of spac&s (R)and |s?(R)|’ in to the Algebra.. (5% (R))
have been defined [6]. Therefore, we can weite(R ) L L. (SZ (R)) ,

ISR/ U LL(s3 (R)).
2.Generalized Complex Numbers Corresponding to The Space L_(s* (R))

Now our aim is to construct tools in the space( sz (Rr)). For example we

need set of complex generalized numlezr® study mathematical models as
Cauchys one:

[ Df = fg [ Df = §°F
: f(0) =Z* Q) , f(a) = b a,besc (n)
Lu,vELx[fs:: (R)) L fel.(sZ (R))

We define the generalized complex numbers cooredipg to the space of the
ultra generalized functions spate( si (R))in the following way :

Let K(C) be the set of all sequences of complexivers . Define KC) as
the set of all sequenceés)OK(C) such that there is a natural numbenNm

2
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and a constant € o, such thajz | = Cexp( m k?) , for each k. Define"(C) as
the set of all sequencesg ) 0K (C) such that for each &N and for each k

1

there is a constant:do such thaty,|<dexpmk<), for each k in the domain
of the sequences(, ).

Theorem 2.1 . a) The set K(C) is an algebra,
b) The set’l( C ) be an ideal in KC) .
Proof . a)Supposez, =(z,), z, =(z) are elements in KC) , then there are
natural numbers  m, m, and a constantg, >0, C, >0 such that
1 1
|z]<C expmke) , |z]<C,expmk?)
1

Consideliz,z|<C,C, exp((n, +m,)k*) , that iszz, K" (C).

b) Now suppose that=(z )OK"(C) , then there is a natural numkegrand a

1

constant C- 0 such that|z|<Cexpmk*), for each k . Ify =n, €1" (¢) then
for each nz N there is a constantdo such that

Inl= In.|<dexp( —mk=) for each k .

1
Considerizn,| <Cd exp((m —-m)k<), thatis z7017(C).

Theorem2.2 a)lfh=((h)) e G.(s% (R))andu, eR, then h ;)=
( hye (g ) EK*(C)

b) If n=(mne ) €N, ((sZ (R) andu, €R, them (u,) e (C).

Proof . The Theorem is proved by using definitions of
G.( 8% (R)),N, ((s* (R),K'(C)andr (c).

Definition. The space of generalized complex numbers is edfas a factor
algebras
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c: =K' (C) /1( €.

The definition ofc; and Theorem 2 . 2 play important role when weysthe
models like Couchy’s in the space of new genegdlizinctions..( sz ( r ).

Moreover, we define embeddings of the set of @l nambers R and the set of
all complex numbers C into the space of germdlcomplex numbeis. by

the following mappings :
jjrxeR = (x=01)e C, ,wherex,=x vk
iz EC = (z, )€ C. ,wherez, =z ¥k

3. Linear Continuous OperatorsinL_( 8% (R))

Let A:sZ (R )— SZ ( R Jbe alinear continuous operator , then [3] foheac
i1 there exisj and a constare, = 0 such that

P(A(e(x)=CGPR (p(x)) ¥ o(x)ess (R).

The operator A is lifted coordinate wise to a mdpal we denote by
A:G(S: (R))=G(S:(R)).

Theorem3.1. a) A[G,(S;(R)IOG,(S;(R),b) AN, (S7(R)ITN,(S;(R)

Proof. The proof of this theorem follows from the defiomn of sets
G. (8% (R)), N, (sZ (R)),and by using the continuity of the operator A .

Now, the operator A can be lifted to a map whighwill denote by

AL: Lo(S% (R)) = L.(sX (%\7)]

Theorem 3. 2. a) The operatox;, is independent on a representative,
b)If A:sX (R)— s ( R)Iisisomorphismof: ( R}, then
A L (8% (R)) = L.(sZ (R)]Isanisomorphism of,(S; (R)).



92 Proof. a) Letf £ L.(sI (R)))and let (f, ) and(g,) are two representative of f
93 , then(f, — g,) ON,_(S?(R) . Since Ais continuous , then

94 P [AZ(f)- Az (g)]=FR (A (fi—g)) = GPR(fi—g.) =

95 ¢ C exp(—mk=)vk,thatis[A; (f.)— A2 (g,)] € N. (5% (R)).

96 b) The proof follows immediately from the defimiti of 4. and by the fact
97 A:s5; (R} —=3. ( R })isanisomorphysmofS, ( R J,

98 Now, if h be linear continuous functional: s (R ) = C, then itis lifted
99 coordinate wise toh:G(S!(R)) - C andh; :L_.si ( R ) = c;, and the
100 functionalk; well defined by virtue of the following results :

101 Corollary.a) hi [Cx (S¥ ( R))]OK'(C), b) hi [N; (SX ( R ))] OI'(C),
102 c) The functionah; is independent on a representative .
103

104 Now we can define the Lebegéntegral onL,(S?(R)) as a linear continuous
105 functional by the following way .

106 Let K< R be any comptact set angllL,(S?(R), then define
107 ([, ¢ (x))de=] @, (x)du), where ¢,(x) - be any representative of.

108 Definition . The generalized complex numlzemwith representative
109 ([, @, (x) du)is called the generalized integral of new geneealifunction

110 ¢ £ L.(sX (R))) overthe compactK thatis = [ o (x)du=[ o, (x)dn)
111 where ¢,(x) - be any representative @f.

112 The generalized integral defined above preserveymesperties of usual

113 Labegues integral defined i8¢ (R), for example, the following properties are
114 preserved :

115 1) Lo [A(x)2 n(xdlde =[ A(x)ddat [ n(x)]de,
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2) fk ail(x)dy =a J:,c A(x)de DaOC,
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