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Abstract

A graph labeling is a mapping that carries ao$giraph elements onto a set of numbers
called labels(usually the set of integers). In thaper we prove the existence of graph labeling
such as cordial, total cordial, product cordiakakgproduct cordial, primecordial,odd mean
labeling and even mean labeling for extended datigraph of Comb graph by presenting
algorithms .
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1. Introduction

Graph labeling has the origin from a seminal papgrRosa in 1967 [7] . It is defined as

an assignment of integers to the vertices or edgbsth subject to certain conditions.The notion

is italic, which is different from the format ofeh

of cordial labeling was introduced by Cahit[5]. Anf:tionk \: V - {0,1} is said to be cordial,‘/w Comment [r1]: The format of function variable f
following function variables.

labeling if each edgav receives the label f (u) —f (v)| such that the number of vertices labeled
with ‘0’ and the number of vertices labeled with differ by at most one, and the number of
edges labeled with ‘0’ and the number of edgesl¢abeith ‘1’ differ by at most one. Moreover,
it admits total cordial labeling if the number oértices and edges labeled with ‘0’ and the
number of vertices and edges labeled with ‘1’difigrat most one.

Andar et. al., [1] proved that a cordial labgliof G can be extended to a cordial
labeling of the graph obtained from G by attaclingpendent edges at each vertex of G.

The concept of product, total product and primelizdabeling was introduced by



Sundaram et. al,[8]. A functidn: V - {0,1} such that each edge receives the labé{u)xf(v)

is said to be product cordial labeling if the numbgvertices labeled with ‘0’ and the number of
vertices labeled with ‘1’ differ by at most one datihe number of edges labeled with ‘0’ and the
number of edges labeled with ‘1'differ by at mosteoMoreover, it is said to be total product
cordial labelingif the number of vertices and edges labeled wittaf@l the number of vertices

and edges labeled with ‘1’ differ by at most one.

A prime cordial labeling of a graph G with vertest ¥ is a function f: V- {1, 2, 3, .., p}such - c°'-“{,'|'e-"t [r2_]=|_The format for this function
variable is not italic.

that the induced function f E— N defined f(viv)) is assigned the label 1, if gcd ¢J(vi(v;)) = 1 ﬁw&m n.

and 0, if gcd (f(), f(vj)) > 1, then the number of edges labeled with ‘0 a1’ differ by Piease read this article to leam how to write

atmost 1. It was proved that the graphsf@nd only if n> 6: R,if and only if £ 3 or 5; bistars;

dragons; crowns ; ladders are prime cordial.

Nirmala investigated the concept of odd and eveamiabeling.A functiorf is called an odd

mean labeling of a graph G if there exists an ijedunction f:V(G)— {1,3,5,...... ,20-1} such

that when each edgevyreceives a label (f(\f(v;))/2, then the resulting edge labels are distinct.

A graph which admits an odd mean labeling is caléedodd mean graph. A functiéis called

an even mean labeling of a graph G if there emistsjective function f: V- {24,........ ,2q}

such that when each edgejveceives a label (f(v+ f(v)))/2 then the resulting edge labels are

distinct. A graph which admits an even mean lalgei$ called an even mean graph.
Thirusangu et.al,[10] have introduced the conceptegtended duplicate graph.

A Duplicate graph of a path graph G(V,E) is DG£8{) where the vertex set ;\£ VUV' and

VnV'=® and f: V-V' is bijective (for veV, we write f(v) = v' for convenience) and the edmg¢

E: of DG is defined as follows: The edge;vs in E if and only if both v;' and Vv; are edges in

E;. Clearly duplicate graph is disconnected. In ptdenake it as connected, add an edge' v

for any “i'. This graph is called the Extended Dagle Graph of a path graph G.

It was shown that the extended duplicate grapla @ath B admits cordial ,total cordial,

product cordial and total product cordial labeling.

Singh et.al, [9] proved some results on Comiplgraet R, be a path graph.Comb
graph is defined as;P:0 (m+1)K;. It has 2m+2 vertices and 2m+1 edges.

In this paper, we prove that, the extended duggigeaph of Comb graph is cordial, total
cordial, product cordial, total product cordialinpe cordial, odd mean and even mean labeling

by presenting algorithms.



2. Main Result

In this section we present the structure of thereded duplicate graph of a comb graph
and establish the existence of cordial, total @yrgiroduct cordial, total product cordial, prime
cordial, odd and even mean labeling for the extdndeplicate graph of Comb graph by
presenting algorithms.

Definition: (Structure of the extended duplicate graph of a comb graph)

Let G(V,E) be a comb graph. DG(comb)=,(&) is the duplicate graph of congbaph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex set as;=V{Vvi,Va.......... Vom+2 V1, Vo' oeeneen, Voms2} and the edge
set as B {ViVis1'U Vi'Vigr for 1<i<m) U (Vi'Vinsisz U ViVieisd' for 1 <1 < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicaé@lgiof a comb EDG(Comb) is obtained
from DG(comb) by adding the edges (i)vi:1and Vin:2'Vom:Z if m= 1(mod 2).() vivm+1' and
Vm+2Voms2if m = 0(mod 2) .

Thus the extended duplicate graph of comb grapltimst vertices and 4m+4 edges.
Algorithm2.1
Procedur e (cordial labeling for extended duplicate graph afnb graph)
V={vi,Vo..... ¥me2, V', V2L bm+2}
/I assignment of labels to vertices
Ifm=2n
for i=1tom+1do

{ Vi Vel 0

iV, Weisr 1

end for
If m=2n+1

fori=1to2m+2 do

{vi, W — 0if i = 0(mod?2)
{ 1 otherwise

}

end for

end procedure



output : vertex labeled extended duplicate graph of cgrajph.
Theorem 2.1
The extended duplicate graph of comb graph is abrdi
Proof :
From the construction of extended dupéicgraph of comb graph , it is clear that
EDG(comb) (V,E) graph has 4m+4 vertices and 4m-+gesd
In order to label the vertices, definfeiaction f: V. — {0, 1} as given in algorithrn2.1.
Clearly,
The number of vertices labeled with ‘Om=1 +m+1 =2m+2
The number of vertices labeled with ‘I'm=1 +m+1 =2m+2
Thus the number of vertices labeled with ‘0’ aftli$ differ by atmost ‘1'.

In order to get the edge labels, deffiree induced map f*: E—~ N such that
* (vivj) = [f(vi) +f(vj)](mod 2).The edge labels are obtained as follows:

For1<i<m
vivied) = P(vi'vie) =1, P(MVimeie) = P(Vi'Vimsien) = 0
Ifm=2n
*(V1Vmet) = F(Vme2Vomed) =1, P (ViVine2) = F*(Vime1'Voms) = 0
fm=2n+1
*(V 1Vme1) = FF(Vme2Vome2) =1, F*(VneaVome?) = FF(Vmer'Vomsd = 0
Thus the number of edges labeled with ‘0" = m+m-+2ns+2
The number of edges labeled with ‘1’ = m+m+2 = 2m+2
Hence the number of edges labeled with ‘0’ andliffer by atmost one.
Therefore EDG (comb) graph is cordial.
Theorem 2.2

The extended duplicate graph of comb graph ED@&K}pm> 2 is total cordial.
Proof :

By theorem 2.1, the number of vertices labeleth vili' and ‘0’ are same as 2m + 2. The
number of edges labeled with ‘1’ and ‘0’ are sammem + 2. Thus the total number of vertices
and edges labeled with ‘1’ is 4m+4 and the totahher of vertices and edges labeled with ‘0’ is
4m+4. Clearly the total number of vertices and sdgéeled with ‘1" and the total number of

vertices and edges labeled with ‘0’ differ by atinorse.



Hence the extended duplicate graph of comb grafgtascordial.

Example 2.1

Cordial labeling of EDG (comb)for m=5 and m=6 agwen in figure 1 and figure 2
respectively.
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Figure:1lcordial labeling of EDG(congvaph for m =5
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Figure : 2 cordial labeling of EQ@mb) graph for m = 6

Algorithm 2.2
Procedur e :(product cordial labeling for extended duplicategr of comb graph )

V={vi,va..... Vme2, VI V2 Vm+2}



/I assignment of labels to vertices

v, %
fori=3tom+1do
{
}
end for

fori=2tom+1do

{
}

end for

fori=1tomdo
{
}

end for

fori=2tomdo

{
}
end for
if m=2n
\bm+2 —
if m=2n+l
¥m+2 “—
end for

end procedure

output :vertex labeled extended duplicate graph of corably

Theorem 2.3

The extended duplicate graph of comb graph ED@&K3pm= 2 is product cordial.

Proof :

0 ;VL o, e
v — 1
i'v — 1
m¥i+1 — 0
mMist’ — 0
1 ¥mZ & 0

0: Y2 «— 1



Clearly, EDG (comb) (V,E) has 4m + 4 vertices dmnd + 4 edges. In order to label the
vertices, define a function f: \.. {0, 1}, using algorithm 2.2.
It is evident that the number of vertices labeléthW)’ = 2+m-1+m+1 = 2m+2.
Number of vertices labeled with ‘1’ = 2+m-1+m#2m+2.
Hence the number of vertices labeled v@ittand ‘1’ differ by atmost one. In order to get
the edge labels, define the induced mapE — N such that “fvivj] = [f(vi) x f(v)] .
Thus the edge labels are obtained as follows :
(v 1vo)) = R (Vavme?) = 1 1 F*(vi'vo) = F*(vavs) =0
Forl<i<m
*(Vi'Vm+i+) = 0
For2< i< m

Fvivie) =1 0 PF(MVmeisd) =0

For3<ism ; fX(vivi)=1

If m=2n

PV meiVams2) = 0, *(ViVmet) = F(Vmer'Vomed) = P (Ve Vamad) = 1
If m=2n+1

*(Vme1'Vams2) = 0, F*(ViVimer) = PF(VimsVoms?) = (Va2 Vome?) = 1
Thus the number of edges labeled with ‘0’ = 2+m+i-+ 2m+2.
Number of edges labeled with ‘1’ +n21+m-2 + 3 = 2m+2.

Hence the number of edges labeled with ‘0’ andliffer by atmost one.
Therefore EDG (compgraph is product cordial.
Theorem 2.4 :

The extended duplicate graph of comb graph , E€Enb) m= 2 is total product cordial.
Proof :

By theorem 2.3, the number of vertices labeletth i’ and ‘1’ are same as 2m+ 2 .
The number of edges labeled with ‘0’ and ‘1’ armeaas 2m+2. Thus the total number of
vertices and edges labeled with ‘0’ is 4m + 4 dmeltotal number of vertices and edges labeled
with ‘1" is 4m + 4. Hence the total number of wees and edges labeled with ‘0" and ‘1’ differ
by atmost one.

Therefore EDG (comb) graph is total product cdrdia
Example 2.2



Product cordial labeling of EDG(comb) graph for= and m=6 are given in figure 3 and

figure 4 respectively .
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Figure:4 product cordial labeling of EDG(comb) drdpr m = 6

Algorithm 2.3
Procedure :(prime cordial labeling for extended duplicate draf comb graph )

’

V={vi,Vo..... Vme2, VI Voo L \bm+2}
/I assignment of labels to vertices
¥ — am-2 2 — 4m+2



for i=2tom-1do

{ v « 2i if i=0(mod 2)

{ 2m+2i-2 otherwise

}
end for
for i=1tom-1do

{w — 2i if £1(mod 2)

{ 2m+2i-gtherwise

}
end for
for i=2tomdo

{  Wnin — 2i-1 if i=1(mod 2)

{ 2m+2i-8therwise

}
end for
for i=2tomdo

{ Vitis1<— 2i-1 if # O(mod 2)

{ 2m+2i-3hetwise

}
end for
if m=2n
Vm «—  2m, ¥ «— 1 V2~ 4Mm+3, W1 <«  4m+l
Vel —  4M, Yme2 <« 4M+4 | Yoo «—  4m-1
if m=2n+l
Vm am+3 , W — 2m ;M — 4m W1l — 4m+l,
Vome2!  «—  4Am+4 | Mo —  4Am-l, e «— L
end procedure
output: vertex labeled extended duplicate graph of coralplyr
Theorem 2.5
The extended duplicate graph of comb grapk, 2radmits prime Cordial labeling.

Proof :



The EDG (comb)(V,E) graph has 4m+4 vertices and4tedges.Label the vertices
of EDG( comb ) graph by defining a function f:V{1,2,3,4,...,4m+ 4}, as
given in algorithm 2.3. Thus all the 4m + 4 vezare labeled.

Define the induced map fE — N such that
1 ifg.c.d. (f(vi), f(v]-)) =1
0 ifg.c.d. (Fvp), f(v;)) > 1

By the above induced function, the edge label®htained as follows :

f'(viv) =

For 1<i<m-2

f5(vivisr) = f*(Vi'Vier) = 0

For 1<i<m; f(Vi'Vimsiva) = 1

For2<i<m ; f(ViVmis1) = 1

If m=2n

*(V 1Vme1) = P(VaVme2) = (Ve Vomed) = (V2 Vome2) = P (Vma Vi) =F*(V mVim+1)=0
*(V m-1Vm') = F(Vim'Vine1) = PF(Vimevoms?) = 1

fm=2n+1

5V Vi) =F*(V 2Vine2) = P (Vmevoms?) = PV me2 Vome2) = F¥(Vim-1vim') = F(Vin'Vime1)=0
PV m-2'Vim) = F(VmVm+1) = PF(Vmed'Vomed = 1

Thus in both the above cases,

The number of edges labeled with ‘1’ =m+m-1+3 =2m+

Number of edges labeled with ‘0’ = m-2+m-2+6=2m+2.

Hence the number of edges labeled with ‘1’ anddiffer by atmost ‘1’

Therefore EDG (comb) graph is prime cordial .

Example 2.3
Prime cordial labeling of EDG(comb) graphs for mabd m=6 are given in figure 5 and

figure 6 respectively.
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Figure: 5 prime cordial labeling of EDG(comb) grdphm =5
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Figure: 6 prime cordial labeliogEDG(comb) graph for m = 6
Algorithm 2.4
Procedure:( odd mean labeling for extended duplicate graptoafib graph)
V={vi, vo..... ¥me2, VI, Vo' L. ¥m+2}
/I assignment of labels to vertices
fori=1tom+ldo
{ e 2i-1 if #£0(mod 2)
{ 2m+2i+1 otheswi

11



Ve { 2i-1  if £1(mod 2)
2m+2i+1 otherais

}
end for
fori=2tom+2do

{ Ve { Am+2i+1  if % O(mod 2)

6m+2i+3 otherwise
Wi — { 4m+2i+1  if % 1(mod 2)
6m+2i+3 otherwise

}
end for
end procedure
output :vertex labeled extended duplicate graph of coralplyr
Theorem 2.6

The extended duplicate graph of EDG (gpgraph admits odd mean labeling.

Pr oof:

Clearly EDG (comb)(V,E) graph has p = 4m+4tiees and g = 4m+4 edges.
To label the vertices , define a function f+¥ {1,3,5,......... 20-1} as given in algorithm 2.4.
Thus all the 4m+4 vertices are labeled.

To get the edge labels, define the induced map
f*:E—>{123....... ,20-1} such thatf*(w;) = f(w)+f(v;)/2 for all vvje E
By the induced function , the edge labels areinbthas follows:
Forl<i< m
(Vivied') = 2i if i=0 (mod 2)

{ 2m+2i+2  otherwise
*(Vi'vis1) = 2i if i=1 (mod 2)

{ 2m+2i+2  otherwise
For1<i< m+1
*(V iVimsis1)) = 2m+2i+1  if E0(mod 2)

{ 4m+2i+3  otherwise

12



*(Vi'Vinsirg) = 2m+2i+1 if E1(mod 2)
{ 4m+2i+3  otherwise
Ifm=2n
PV 1Vme1') = 2mM+2 | P (Vne2'Vome2) = 6M+6.
Ifm=2n+1
*(ViVmer) =2m+2 | (2 Vome2) = 6M+6.
Thus all the labeled edges are distinct .
Hence EDG (comb) graph admits odd mean labeling .
Example 2.4
Odd mean labeling of EDG(comb) graphs for m=5 amd mre given in figure 7 and figure 8
respectively.
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Figure : 7 odd mean labeling of EDG(comb) graphnfior 5

13



Ve =25 ve=21

41 E 37 EE

L L & & _ d e @
Wia=55Wa=53 yi-51 Vu = Vo =d 7 Yo=43 v =43 v:‘_ﬁ'l".l'.'F 5‘91;:‘:3? Wi =3

Figure : 8 odd mean labeling of EDG(comb) graphnfior 6
Algorithm 2.5

15

L] @ -
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Procedur e :(even mean labeling for extended duplicate graptooib graph )

V={vi,Vo..... Yme2, Vi, Vo' ... ¥m+2}
/I assignment of labels to vertices
fori=1tom+1ldo
{ VY — 2i if £0(mod 2)
{ 2m+2i+2 otherwise
Vo~ 2i if i=1(mod 2)
{ 2m+2i+2  othesei
}
end for
fori=2tom+2do
{ Vil Am+2i+2 if £ 0(mod 2)
{ 6m+2i+4 otherwise

Vi 4Am+2i+2  if £ 1(mod 2)
6m+2i+4otherwise

}

end for

14



end procedure
output :vertex labeled extended duplicate graph of coralplyr
Theorem 2.7
The extended duplicate graph of comb graph, E@&fggraph admits even mean labeling.
Pr oof:
Clearly EDG (comb)(V,E) graph has p = 4m+#tiges and q = 6m+4 edges.
To label the vertices , define a function
f:V— {246,......... , 20} as given in algorithm 2.5.
Thus 4m+4 vertices are labeled.
To get the edge labels, define, the induced fhag — {1,2,3........ ,2q} such that
(viv)) = [f(vi)+f(v;)] /2 for all vivj € E
By the induced function , the edge labels are abtaias follows:
Forl<i< m
*(Vivied') = 2i+1 if E0(mod 2)
{ 2m+2i+3  otherwise
(Vi'Visg) = 2i+1 if E1 (mod2)
{ 2m+2i+3 otherwise
For1<i< m+1
*(ViVvmeisd) = [ 2m+2i+2  if i=0 (mod 2)
{ Am+2i+4 otherwise
F5(V 'Vinsira) = { 2m+2i+2 if E1(mod 2)
4m+2i+4  otherwise

Ifm=2n

*(V 1Vm+1') = 2mM+3 ; (W2 Vome2) = BM+7.
Ifm=2n+1

5V Vme1) = 2M+3 ; P (Ve Vome2') = 6M+7.

Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits even mean labeling .

Example 2.5

Even mean labeling of EDG(comb) graph for m = 8 em= 6 are given in figure 9 and figure
10 respectively.

15
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Figure : 9 even mean labeling of EDG(comb) grapinfo= 5
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Figure : 10 even mean labeling of EDG(comb) grapmi = 6
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In this paper we have presented algorithms andegrdliat the extended duplicate graph of

Comb graph admits cordial, total cordial, prodaetdial,total product cordial,prime cordial,

odd mean labeling and even mean labeling.

16



‘Refe’ ences. _= ‘{Comment [r3]: Please unify the format of all

references.

1. Andar.M, Boxwala.S and Limaye.N. New families of cordial graphs,
J. Combin.Math.Combin.comput.,53(2005) 117-154.

2. Bala.E, Thirusang. KSome graph labelings in extended triplicate graph of a path P,,.
International Review of Applied Enginiegr Research (IRAER).(2011); 1:81-92.

3. Baskar Babujee. J and Shobana. grjme cordial labeling,Int.Review on Pure and
Appl.Math.,5 (2009) 277-282.

4. Bondy J.A and Murthy U.S.R5raph theory with applications 1976.

5. Cabhitl,Cordial graphs ;Weaker version of graceful and harmonious graphs, Ars
Combin,Vol.23(1987) pp.201-207

6. Gallian J.A.A Dynamic survey of graph labeling. The Electronic Journal of combinatories.
(2014); 17: # DS6.

7. Rosa. A, on certain valuations of a graph, Thedyraphs, International symposium, Rome,
Gordon and Breach N.Y. at Dunod Paris, (1967): 389-

8. Sunadaram.M ,Ponraj. R and Somasundaranir8ne cordial labeling of graphs, J. Indian
Acad.Math.,Vol.27(2005) pp.373-390 .

9. Singh G.S and Varkey T.K.M, Some results on priabeling of graphs, preprint.

10.Thirusangu.K, Selvam. B and Ulaganathan. Edpdial labeling in extended duplicate twig
graphs, International Journal of Computer , MathematicalcieSces and
Applications,Vol.4,Nos 3-4 (2010) pp.319-328.

17



