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Abstract

A graph labeling is anapping that carries a set of graph elements ostt af numbers
called labels(usually the set of integers). In thaper we prove the existence of graph labeling
such as cordial, total cordial, product cordiatatgroduct-cordial, primecordialodd mean
labeling and even mean labeling for extended damigraph of Comb graptby presenting

algorithms.
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1. Introduction

Graph labeling has the origin from a seminal papgmRosa in 1967 [7] . It is defined as
an assignment of integers to the vertices or edgdsoth subject to certain conditioriEhe
notion of cordial labeling was introduced by CabjitfA functionf : V - {0,1} is said to be
cordiallabeling if each edgav receives the label|f (u) —f (v)| such that the number of vertices
labeled with ‘0’ and the number of vertices labelgith ‘1’ differ by at most one, and the
number of edges labeled with ‘0’ and the numbezdges labeled with ‘1’ differ by at most one.
Moreover, it admits total cordial labeling if thember of vertices and edges labeled with ‘0’
and the number of vertices and edges labeled Witliffer by at most one.

Andar et. al., [1] proved that a cordial labgliof G can be extended to a cordial

labeling of the graph obtained from G by attaclingpendent edges at each vertex of G.

The concept of product, total product and primelizdabeling was introduced by



Sundaram et. al,[8]. A functidn: V - {0,1} such that each edge receives the labé{u)xf(v)

is said to be product cordial labeling if the numbgvertices labeled with ‘0’ and the number of
vertices labeled with ‘1’ differ by at most one datihe humber of edges labeled with ‘0’ and the
number of edges labeled with ‘1'differ by at mosteoMoreover, it is said to be total product
cordial labelingif the number of vertices and edges labeled wittaf@l the number of vertices

and edges labeled with ‘1’ differ by at most one.

that the induced function f E— N defined f(viv)) is assigned the label 1, if gcd ¢J(vi(v;)) = 1
and 0, if ged (f(¥), f(vj)) > 1, then the number of edges labeled with ‘Gd al’ differ by
atmost 1. It was proved that the graphsf@nd only if n> 6: R,if and only if £ 3 or 5; bistars;

should be unified. Please double check the forat o

A prime cordial labeling of a graph G with vertext ¥ is a function[ f:\V>{1,2,3, .., plsuch W Comment [r1]: The format of the variables
all variables in this manuscript.

dragons; crowns ; ladders are prime cordial.
Nirmala investigated the concept of odd and eveamiabeling.A functiorf is called an odd
mean labeling of a graph G if there exists an ijedunction f:V(G)— {1,3,5,...... ,20-1} such
that when each edgevyreceives a label (f(f(v;))/2, then the resulting edge labels are distinct.
A graph which admits an odd mean labeling is caléedodd mean graph. A functiéis called
an even mean labeling of a graph G if there exists injective function
f:V(G) — {24,........ .20} such that when each edge; veceives a label (f(v+ f(v))/2 then
the resulting edge labels are distinct. A graphcitadmits an even mean labeling is called an
even mean graph.

Thirusangu et.al,[10] have introduced the conceptegtended duplicate graph.
A Duplicate graph of a path graph G(V,E) is DG8{) where the vertex set 1\ VUV' and
VnV'=® and f: V-V' is bijective (for veV, we write f(v) = v' for convenience) and the edmg¢
E: of DG is defined as follows: The edge;vs in E if and only if both v;' and Vv; are edges in
E;. Clearly duplicate graph is disconnected. In pkdemake it as connected, add an edge' v
for any “i'. This graph is called the Extended Dagle Graph of a path graph G.
It was shown that the extended duplicate grapla @ath B admits cordial ,total cordial,

product cordial and total product cordial labeling.

Singh et.al, [9] proved some results on Comiplgraet R, be a path graph.Comb
graph is defined as;P:0 (m+1)K;. It has 2m+2 vertices and 2m+1 edges.



In this paper, we prove that, the extended duggigeaph of Comb graph is cordial, total
cordial, product cordial, total product cordialjnpe cordial, odd mean and even mean labeling
by presenting algorithms.

2. Main Result

In this section we present the structure of thereded duplicate graph of a comb graph
and establish the existence of cordial, total @ygiroduct cordial, total product cordial, prime
cordial, odd and even mean labeling for the extdndeplicate graph of Comb graph by
presenting algorithms.

Definition: (Structure of the extended duplicate graph of a comb graph)

Let G(V,E) be a comb graph. DG(comb)=,(&) is the duplicate graph of congbaph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex set as;=V{Vi,Vo.......... Voms2a V1 Vo oo, Voms2} @and the edge
set as = {ViVis1'U Vi'Vieg for 1<i<m) U (Vi'Vinsivz U ViVieisd' for 1< i < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicaé@lgiof a comb EDG(Comb) is obtained
from DG(comb) by adding the edges (i)vi:1and Vi:2'Voms2 if m = 1(mod 2).(i)) YVm+1' and
Vm+2Voms+2if m = 0(mod 2) .

Thus the extended duplicate graph of comb grapltimst vertices and 4m+4 edges.
Algorithm2.1
Procedur e (cordial labeling for extended duplicate graph @it graph)
V={vi,Vo..... ¥m+2, VI, Vo' bm+2}
/[ assignment of labels to vertices
Ifm=2n
for i=1tom+1do

{ Vi, Mneiel 0

iV, Vmeisn 1

end for

If m=2n+1

fori=1to2m+2 do

{vi, v <—{ 0if i = 0(mod2)

1 otherwise



}

end for
end procedure
output : vertex labeled extended duplicate graph of cgrajph.
Theorem 2.1
The extended duplicate graph of comb graph is abrdi
Proof :
From the construction of extended dupéicgraph of comb graph , it is clear that
EDG(comb) (V,E) graph has 4m+4 vertices and 4m-gked
In order to label the vertices, definfiaction f: V. — {0, 1} as given in algorithn2.1.
Clearly,
The number of vertices labeled with ‘Om=1 +m+1 =2m+2
The number of vertices labeled with ‘I'm=1 +m+1 =2m+2
Thus the number of vertices labeled with ‘0’ aftlis differ by atmost ‘1'.
In order to get the edge labels, deffiree induced map *: E— N such that
* (vivj) = [f(vi) +f(v;)](mod 2).The edge labels are obtained as follows:
For1<i<m
fvivied) = P(vi'Vie) =1, P(WVmeier) = PV Vimeie) = 0
Ifm=2n
*(V 1Vmet) = PF(VmedVomsn) =1, F(VVme?) = FF(Vimer'Vomsd =0
fm=2n+1
PV 1Vme1) = (Ve Vome?) = 1, F(Mnevome2) = PF(Vimer'Vomed) = 0
Thus the number of edges labeled with ‘0" = m+m-+2ns+2
The number of edges labeled with ‘1’ = m+m+2 = 2m+2
Hence the number of edges labeled with ‘0’ andliffer by atmost one.
Therefore EDG (comb) graph is cordial.
Theorem 2.2
The extended duplicate graph of comb graph ED@&K}pm> 2 is total cordial.
Proof :
By theorem 2.1, the number of vertices labeleth vili' and ‘0’ are same as 2m + 2. The

number of edges labeled with ‘1’ and ‘0’ are sammem + 2. Thus the total number of vertices



and edges labeled with ‘1’ is 4m+4 and the totahher of vertices and edges labeled with ‘0’ is
4m+4. Clearly the total number of vertices and sdagbeled with ‘1" and the total number of
vertices and edges labeled with ‘0’ differ by atinorse.

Hence the extended duplicate graph of comb grafgtascordial.

Example 2.1

Cordial labeling of EDG (comb)for m=5 and m=6 agi&ven in figure 1 and figure 2
respectively.
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Algorithm 2.2
Procedur e :(product cordial labeling for extended duplicategr of comb graph )
V={vi,Vva..... Vme2, VI V2 m+2}

/[ assignment of labels to vertices

v, % — 0 3 VL, Ve — 1
fori=3tom+1do
{ iV — 1
}
end for

fori=2tom+1do
{ i'v — 1
}
end for
fori=1tomdo
{ i+l — 0
}
end for

fori=2tomdo

{ nMi+1 — 0
}
end for
if m=2n
bm+2 — 1 ¥md 0
if m=2n+l
Vmi2 0 ¥ — 1
end for

end procedure

output :vertex labeled extended duplicate graph of coraply



Theorem 2.3

The extended duplicate graph of comb graph ED@&K3pm= 2 is product cordial.
Proof :

Clearly, EDG (comb) (V,E) has 4m + 4 vertices dmnd + 4 edges. In order to label the
vertices, define a function f: \&. {0, 1}, using algorithm 2.2.
It is evident that the number of vertices labeléthW)’ = 2+m-1+m+1 = 2m+2.
Number of vertices labeled with ‘1" = 2+m-1+m=2m+2.

Hence the number of vertices labeled v@ittand ‘1’ differ by atmost one. In order to get
the edge labels, define the induced mapE — N such that “fviv] = [f(vi) x f(v;)] .
Thus the edge labels are obtained as follows :
(v 1vo') = PH(Vavime?) = 1 1 5 (vi'vo) = F*(vavs') =0
Forl<i<m
*(Vi'Vm+is) = 0
For2< i< m
F(vivie) =1 ¢ A (MVmeisr) =0
For3<i<m ; ff(vivii)) =1
If m=2n
*(V meaVomeZ) = 0, F*(VaVm+1') = FF(Vmar'Vomed) = F(Vme2Vomed) = 1
If m=2n+1
PV met'Vamsd) = 0, F(ViVinea) = F(VimeaVome) = (Ve Vama2) = 1
Thus the number of edges labeled with ‘0’ = 2+m+1d-+ 2m+2.

Number of edges labeled with ‘1’ +n21+m-2 + 3 = 2m+2.

Hence the number of edges labeled with ‘0’ andliffer by atmost one.
Therefore EDG (compgraph is product cordial.
Theorem 2.4 :

The extended duplicate graph of comb graph , E€Enb) m= 2 is total product cordial.
Proof :

By theorem 2.3, the number of vertices labeletth i’ and ‘1’ are same as 2m+ 2 .

The number of edges labeled with ‘0’ and ‘1’ armmeaas 2m+2. Thus the total number of
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vertices and edges labeled with ‘0’ is 4m + 4 ameltbtal number of vertices and edges labeled
with ‘1’ is 4m + 4. Hence the total number of wees and edges labeled with ‘0’ and ‘1’ differ
by atmost one.

Therefore EDG (comb) graph is total product cdrdia
Example 2.2
Product cordial labeling of EDG(comb) graph for= and m=6 are given in figure 3 and
figure 4 respectively .
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Figure:4

Algorithm 2.3
Procedur e : (prime cordial labeling for extended duplicate draj comb graph )
V={vi,Vva..... Vme2, VI V2 m+2}

/[ assignment of labels to vertices
Y — 4am-2 2 — 4m+2
for i=2tom-1do
{ v « 2i if i=0(mod 2)
{ 2m+2i-2 otherwise
}
end for
for i=1tom-1do
{w — 2i if #£1(mod 2)
{ 2m+2i-gtherwise
}
end for
for i=2tomdo
{  Wnsin — 2i-1 if i=1(mod 2)
{ 2m+2i-8therwise
}
end for
for i=2tomdo
[ Vit { 2i-1  if # O(mod 2)
2m+2i-3hetwise
}
end for
if m=2n
Vi 2m , ¥ < 1 Vo — 4Amt3, W1 «—  4m+l
Vi <~  4M, ¥m2 <« 4m+4d | Yt «— 4m-1

if m=2n+1



Vm <« Am+3 , — 2m ., M+ — 4m M1 — 4m+l,
Vome2!  «—  4Am+4 | Mo —  4Am-l, e «— L

end procedure

output: vertex labeled extended duplicate graph of coralplyr

Theorem 2.5

The extended duplicate graph of comb grapk, 2radmits prime Cordial labeling.

Proof :

The EDG (comb)(V,E) graph has 4m+4 vertices and4ledges.Label the vertices

of EDG( comb ) graph by defining a function f:V{1,2,3,4,...,4m+ 4}, as

given in algorithm 2.3. Thus all the 4m + 4 vesi@re labeled.

Define the induced map fE — N such that
1 ifg.c.d. (Fvp), f(v;)) = 1
0 ifg.c.d. (Fvp), f(v;)) > 1

By the above induced function, the edge labelohtained as follows :

f'(viv) =

For 1<i<m-2

*(Vivisa") = F¥(Vi'visr) = 0

For 1<i<m; f*(Vi'Vmsir1) =1

For2<i<m | f(Vivmein) =1

If m=2n

*(V 1Vma1) = F*(VVme2) = (Va1 Voms2) = (V2 Vom+2) = PV m1' Vi) =F*(V mVim+1)=0
*(V m-aVim') = FF(Vm'Vime1) = PF(Vimevoms?) = 1

fm=2n+1

*(V 1Vme1) =F*(V 1Vm+2) = FF(VmeVome2) = FF(Vme2 Vome?) = FF(VmaVim') = P (Vin'Vine) =0
PV m-1'Vi) = F(ViVim1) = P (Viner'Vamed) = 1

Thus in both the above cases,

The number of edges labeled with ‘1’ =m+m-1+3 =2m+

Number of edges labeled with ‘0’ = m-2+m-2+6=2m+2.

Hence the number of edges labeled with ‘1’ andliffer by atmost ‘1’

Therefore EDG (comb) graph is prime cordial .
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Example 2.3
Prime cordial labeling of EDG(comb) graphs for mabd m=6 are given in figure 5 and

figure 6 respectively.
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Algorithm 2.4
Procedure :( odd mean labeling for extended duplicate graptoofib graph)
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V={vi,vo..... Ymio, Vi, Vo' ... \bm+2}
/[ assignment of labels to vertices
fori=1tom+1do

{ Ve { 2i-1 if #0(mod 2)

2m+2i+1  otheswi

Ve { 2i-1  if £1(mod 2)
2m+2i+1 otherais

}
end for
fori=2tom+2do

Vi { Am+2i+1  if #0(mod 2)

6m+2i+3 otherwise
Wosi| { Am+2i+1  if % 1(mod 2)
6m+2i+3 otherwise

}
end for
end procedure
output :vertex labeled extended duplicate graph of coralplyr
Theorem 2.6

The extended duplicate graph of EDG (gpgraph admits odd mean labeling.

Proof:

Clearly EDG (comb)(V,E) graph has p = 4m+4tiees and g = 4m+4 edges.
To label the vertices , define a functionf =% {1,3,5,......... 2@1} as given in algorithm 2.4,
Thus all the 4m+4 vertices are labeled.

To get the edge labels, define the induced map
f*:E—-{123....... ,20-1} such thatf*(w;) = f(v)+f(v;)/2 for all vvie E
By the induced function , the edge labels areinbthas follows:
Forl<i< m
(Vivied') = 2i if i=0 (mod 2)

{ 2m+2i+2  otherwise

12



*(Vi'Vis) :{

For1<i< m+1

f*(V iVm+i+1’) = {
F(Vi'Vme+is1) :{

If m=2n

f*(V 1Vm+1') =2m+2

Ifm=2n+1

P*(V1Vm+1) = 2m+2

2i if i=1 (mod 2)
2m+2i+2  otherwise
2m+2i+1 if EO0 (mod 2)
4m+2i+3  otherwise
2m+ 2i+1  if E1(mod 2)
4m+2i+3  otherwise

, P (Vhe2'Voms2) = 6M+6.

, f*(Vn+2'V2m+2') = 6mM+6.

Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits odd mean labeling .

Example 2.4

Odd mean labeling of EDG(comb) graphs for m=5 amd mre given in figure 7 and figure 8

respectively.
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Algorithm 2.5
Procedur e :(even mean labeling for extended duplicate graptooib graph )
V={vi,Vo..... Vme2, VI Vo oL bm+2}
/I assignment of labels to vertices
fori=1tom+ldo
{ V — 2i if £0(mod 2)
{ 2m+2i+2 otherwise
Vo~ 2i if i=1(mod 2)
{ 2m+2i+2  otheswi

}

end for

fori=2tom+2do

{ Vsl — Am+2i+2 if & 0(mod 2)
6m+2i+4 otherwise
Voti' <— 4m+2i+2  if ¥ 1(mod 2)
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6m+2i+4otherwise
}
end for
end procedure
output :vertex labeled extended duplicate graph of coralplyr
Theorem 2.7
The extended duplicate graph of comb graph, E@&fggraph admits even mean labeling.
Pr oof:
Clearly EDG (comb)(V,E) graph has p = 4m+#tiges and q = 6m+4 edges.
To label the vertices , define a function
f:V— {246,......... , 20} as given in algorithm 2.5.
Thus 4m+4 vertices are labeled.
To get the edge labels, define, the induced fnag — {1,2,3........ ,2q} such that
(vivi) = [f(vi)+f(v))] /2 for all vv; e E
By the induced function , the edge labels are abtaias follows:
Forl<i< m
(Vivied') = 2i+1 if E0(mod 2)
{ 2m+2i+3  otherwise
(Vi'Visg) = 2i+1 if E1 (mod2)
{ 2m+2i+3 otherwise
For1<i< m+1
*(ViVmeisd) = [ 2m+2i+2  if i=0 (mod 2)
{ 4m+2i+4 otherwise
F5(V 'Vinsis1) = { 2m+2i+2  if E1(mod 2)
4m+2i+4  otherwise

If m=2n

*(V 1Vims+1) = 2mM+3 ; F*(Vhe2'Vome2) = BM+7.
Ifm=2n+1

5V Vme1) = 2M+3 s P (Whe2'Vams2') = BM+7.

Thus all the labeled edges are distinct .

Hence EDG (comb) graph admits even mean labeling .
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Example 2.5
Even mean labeling of EDG(comb) graph for m = 8 em= 6 are given in figure 9 and figure

10 respectively.
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Conclusion:

In this paper we have presented algorithms andeprdkiat the extended duplicate graph of

Comb graph admits cordial, total cordial, prodaetdial,total product cordial,prime cordial,

odd mean labeling and even mean labeling.
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