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Abstract

This paper gives a brief discussion on the Multinomial coefficients. Using this notion, we
obtain generalizations of the Vandermonde’s and the Chu Shih-Chieh’s identities for the Binomial
coefficients, respectively. This is done through the use of two known principles in Combinatorics,
namely, the Addition and the Multiplication principles. Some examples of generating functions of a
sequence involving the multinomial coefficients are also derived and presented.
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1 Introduction

For a set A of n distinct objects, a combination of A is simply a subset of A. More precisely, for
0 < r < n, an r-combination of A is an r-element subset of A (see Chen and Kho (1992)). From
here, the binomial coefficients (:f) read as “n taken r”, is defined to be the number of r-combinations
of the set A. Appearently, the numbers (2) play an important role in enumerative combinatorics and
other field of discipline. One may see the books by Chen and Kho (1992) and Comtet (1974) for a
more detailed discussion on the binomial coefficients. We note that () can be expressed explicitly

as
AN n! _ (n)r
(r) Torlln—r)! T ol (1.1)

where (n), = n(n—1)(n—2)...(n—r+1) is the falling factorial of n of order r and ! = r(r —1)(r —
2)...(3)(2)(1). The term “binomial coefficients” comes from the fact that the numbers (') appear as
coefficients in the expansion of the binomial expression (z + y)" as seen in the well-known Binomial

theorem
n __ n T n—r
(x+y) Z(T)xy . (1.2)

r=0
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When y = 1, (1.2) becomes
(z+1)" = (:}) a, (1.3)
r=0

which is the ordinary generating function of the binomial coefficients. Other basic properties and
identities involving the binomial coefficients are the following:

e the triangular recurrence relation

()=0) ()
()= (m)
()

Combinatorially, the binomial coefficients (:f) is interpreted as the number of ways to distribute r
identical objects into n distinct boxes such that each box can hold at most one object. In 1772, A. T.
Vandermonde obtained the next identity which is now popularly known as the Vandermonde’s identity

given by
m-+n " m n
() -2 0)(n)

where n, m, and r are positive integers. Other known results are the Chu Shih-Chieh’s identities

(o) () () e (), 0o

for all positive integers r and n with n > r; and

r+k+1 r r+1 r+k
(=) () e () 19

for all positive integers r and k, discovered by Chu Shih-Chieh in 1303. Equations (1.9) and (1.8) are
often referred to as the Hockey-Stick identities. The equations (1.7), (1.9) and (1.8) can be found in
the book of Chen and Kho (1992).

On the otherhand, the Multinomial coefficients

( " ) (1.10)
ni,n2,...,Nm

is an identity which generalizes the binomial coefficients (™). The multinomial coefficients count the
number of ways to distribute n distinct objects into m distinct boxes such that n: of them are in box
1, no of them are in box 2, ..., and n,, of them are in box m, where n, m, n;, : = 1,2,...,m, are
non-negative integers such that ny + n2 + ... + n,, = n. Using this interpretation, it is easy to show
that the multinomial coefficients satisfy the explicit form

|
n = L. (1.11)
N1, N2, e e vy Mo, nilna! ... nm!

o the identities

and
(1.6)
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Clearly, when m = 2in (1.11),

n n! n
:7' T = , N =N — N1,
ni,n2 n1na: ni

n
M1,M2,5.,Mm

which is the binomial coefficients. The multinomial coefficients (
following combinatorial interpretations:

) are known to have the

e the number of ways to partition an n-element set X into m parts P, P, ..., P, such that
|Pi| = na, |P2| = na, ..., [Pm| = nm With n1 4+ n2 + ... 4 nyn; and

e the number of permutations of n objects (not necessarily distinct) taken all at a time. This is
equivalent to the number of ways to arrange n objects in a row.

The study of the binomial and the multinomial coefficients as well as their different extensions and
applications is popular among mathematicians (e.g. Tauber (1963); Carlitz (1963); Bender (1971);
Evans (1978); Sulanke (1981); Jiang (1996); Warnaar (1996); Chu (1998); Mansour (2002); Sprugnoli
(2006); Corcino (2008); Lundow and Rosengren (2010); Vinroot (2012) and some of the references
therein). Among the known properties of the multinomial coefficients are the following:

e the Multinomial theorem

e n ni .n2 Nm 1.12
(1 +z24+ ...+ 2m) angn (m,m,...,nm)xl TH2 T, (1.12)

for positive integers n and m and >~ | n; = n;

" = " : (1.13)
niy,n2,...,Nm Mo (1)) Ma(2)y -« -+ s Na(m)

where {a(1), a(2),...,a(m)} ={1,2,...,m},

n n—1 n—1
= +
N1,N2, ..., m ni—1l,ne,....,nm ni,ne —1,...,nm

+...+< n-1 ); (1.14)
n17n27'“7n'm_1

3 < n )—m". (1.15)
ni,n2,...,Mm

0<ni,ng,....,nm<n

Note that the binomial identities (1.2), (1.5), (1.4), and (1.6) can be obtained from the multinomial
identities (1.12), (1.13), (1.14), and (1.15), respectively when m = 2. This motivates us to establish
more properties and identities involving the multinomial coefficients that will generalize the results in
the binomial coefficients. In order to achieve some of the main results of this paper, we will make us
of the Addition and the Multiplication principles stated as follow:

o the identities

and

e Addition Principle (Chen and Kho (1992)). Assume that there are n, ways for the event E;
to occur, ne ways for the event Es to occur, ..., n, ways for the event Ej, to occur, where k > 1.
If these ways for the different events to occur are pairwise disjoint, then the number of ways
for atleast one of these events E1, Es, ..., or E} to occur is

k
n1+n2+---+nkzzni-
i=1
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o Multiplication Principle (Chen and Kho (1992)). Assume that an event E can be decomposed
into r ordered events F1, Eo, ..., E, and that there are E; to occur, ne ways for the event E»
to occur, ..., n,, ways for the event E, to occur. Then the total number of ways for the event E
to occur is given by

s
TL1XTL2><..,XTLTZH7’L¢.
=1

The Addition and the Multiplication principles are two of the many fundamental tools used in proving
combinatorial identities. One may see the book of Chen and Kho (1992) for a more detailed discussion
on these principles.

The results of this paper are organized as follow: in section 2, a formula that will generalize the
Vandermonde’s identity in (1.7) is derived in terms of the multinomial coefficients; in section 3, some
identities that will generalize the Chu Shih-Chieh’s identities in (1.9) and (1.8) are presented; and in
section 4, the generating functions of a sequence involving the multinomial coefficients is examined.

2 Generalized Vandermonde’s Identity

In this section, we will derive a generalization of the Vandermonde’s identity in (1.7) in terms of the
multinomial coefficients. To achieve this, we first let E be the event of distributing » distinct objects to
k distinct boxes such that box 1 contains n, objects, box 2 contains n, objects, ..., and box k contains

ny, objects so that
n
()
1,N2,...,NE

For a non-negative integer r, where r» < n, event E occurs if the two succeeding events E; and E>
occur:

E; := the event of distributing the first » objects to the k& boxes so that box 1 contains at most n;
objects, box 2 contains at most n2 objects, ..., and box k contains at most n;, objects. That is,
box 1 contains r1 objects, box 2 contains r, objects, ..., and box k contains r; objects, where
r, <mn;fori=1,2,...k;and

E> := the event of distributing the remaining n — r objects to the k boxes so that n, — 1 objects
will be placed in box 1, no — r2 objects will be placed in box 2, ..., and n, — r objects will be
placed in box k.

Now, given a k-ary sequence (r1, 72, ..., r,) of non-negative integers with Z?Zl r; =, the event E;
occurs in (. " ) ways while the event E» occursin (,, . " " ) ways. Moreover, by

Multiplication principle, the two succeeding events occur in

T n—r
T1,72,. .3 Tk ny —7ri,Ne —7re,...,Ng — Tk

ways. Note that event E occurs for any k-ary sequence (r1,72,...,r%) of non-negative integers with
S*_r; = r. Hence, by Addition principle,

j=1
T n-—r
E|l = . 2.1
‘ ‘ Z (7"1,7"2,~--,7‘k> <n1—7”17n2—7’27...7nk—7ﬂk> ( )

r1+rot... ="

We will state this result in the following theorem.
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Theorem 2.1. Letn and r be positive integers such that Z?Zl nj; =n. Then

n r n—r
<n n n>_ Z (r r r><n —7ri,Ne — 7T n —r)’ 22)
1,N2,..., Nk r1tratpreer \T1 T2 5Tk 1 1,N2 —T2,...,Mk — Tk

where the sum is taken over all k-ary sequences (r1,r2,...,rr) of non-negative integers, where
k

E L Ti=T.
j=1"J

Remark 2.1. When k = 2in (2.2), we have

() =2 () ()

This is exactly the Vandermonde’s identity in (1.7). Also, when n = r +m (m is a positive integer),
then (2.2) becomes

r+m T m
<n n n>_ Z <r r r><n —71,N2 — 7T n —7’)’ (2:3)
1,N2,...,Nk ot r=r 1,72y« Tk 1 1,72 2y K k

where Zle n; = r + m. (2.3) is actually identical to the formula which was earlier considered by
Tauber (1963) and Carlitz (1963).

To illustrate (2.3), we consider the following basic problem in distribution.

Example 2.2. Suppose that a college professor wanted to form 3 teams from a group of 5 top female
and 2 top male students coming from different basic Math classes. In how many ways can this be
done if the said professor added a condition that the first team should have 2 members, the second
team should have 4 members and the third team should have 1 member only?

To solve this, note that from (2.3), we have

5+2 5 2
= E . 24
(274,1> <7‘1,T2,T3> (2—7’1,4—7”2,1—7“3) ( )
rit+r2+r3=>5

Observe that in order for the coefficient (,,_, 4_27”2’1_?3

Hence, the possible values of r1,r2,rs for which (
the following:

) to exist, we must havery < 2,75 < 4,r3 < 1.
> .,) is conformable with ( ? ) are

T1,72,T 2—-r1,4—r2,1—-r3

5 5 5 5 5
2,2,1/°\2,30/°\1,4,0/°\1,3,1)"\0,4,1 /)
Furthermore, we have

542\ 5 2\ (5 2\, ® 2
2,4,1) — \2,2,1)\0,2,0 2,3,0/\0,1,1 1,4,0)\ 1,0,1
(5 2\ (5 2
1,3,1)\1,1,0 0,4,1)\2,0,0

= 30+20+10+40+5
= 105.

Thus, there are 105 ways.
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3 Generalized Chu Shih-Chieh’s Identities

The theorems in this section contain a generalized version of the Chu Shih-Chieh’s identities in (1.9)
and (1.8) in terms of the multinomial coefficients.

Theorem 3.1. Let r and m be non-negative integers. For any k-ary sequence (ri,rs2,...,r%) Of
non-negative integers with Zle ry=r,

r+m+1 - i T+m—i
= 3.1
<7‘17r2,...7rk,m—|—1> ;Z<i1,i2,...,ik,0> (7'1—il,rz—ig,...mk—ik,m)’ ( )

where the inner sum is taken over all k-ary sequences (i1, 12, ...,i,) Of non-negative integers with
Sk iy =idandi; <rjforj=1,2,.. .k

Remark 3.1. When k£ = 1, (3.1) becomes

<r+m+1> . " <r+m—i>

r T r—i ’
1=0

This is identical to the first Chu Shih-Chieh’s identity in (1.9).

Proof of Theorem 3.1. Let S = {1,2,...,r +m + 1} with |S| = r +m + 1 and let E be the event of
distributing the elements of S to k + 1 disjoint subsets S1, .52, ..., Sk+1 of S so that |S1| = 71, |S2| =
r2,...,|Sk| =i and |Sk41| = m + 1. Hence

r+m+1
1,72, .., Tk, m+1
We may also count |E| as follows.

Note that event E occurs if any of the r + 1 disjoint events Fy, E1, F>, ..., E,. occur, where

E; := the event of distributing the elements of S to k£ + 1 disjoint subsets as stated in E, where
1,2,...,1¢ Spr1andi+ 1€ Siyqfori =0,1,2,...,7.

Now, consider a k-ary sequence (i1, i, . . ., ix) of non-negative integers with Z;?:l i;j=4andi; <r;
forj =1,2,...k, we may decompose each of the events E;’s into the following events:

E;, := the event of distributing the elements 1,2,... 4 to the k + 1 subsets so that i; of them is
placed in Si, i of them are placed in Sy, ..., i;, of them are placed in Sk, and none is placed

in Sk4+1 so that
7
Ei | = .
| B (ihig,...,ik,O)

E;, := the event of placing the element i + 1 in Sy so that |E;,| = 1.

E;, := the event of filling up the subsets with the remaining elements i + 2,s +3,..., 7+ m + 1
so that |S1| = 71,|S2| = 72,...,|Sk| = 7 and |Sk41| = m + 1. That is, from the remaining
r+m —1 elements, we place r1 —i1 elements in S1, r2 —i2 elementsin Sa, ..., 7 —ix elements
in S, and m elements in Si1. Thus,

\Es, | r+m—1
8 T — 1,72 —12,..., Tk — 1k, M
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Hence, by Multiplication principle, the number of ways of distributing the elements of S to the & + 1
subsets so that |S1| = r1,|S2| = 72,...,|Sk| = rx and |Sk4+1| = m + 1, where 1,2,...,i ¢ Sxy1 and
i+ 1 € Siy1 for the k-ary sequence (i1, iz, . ..,) of non-negative integers with Zle i; = i and
1; <71y forj=1,2,...kis

3 . .
H|E | A r+m-—z1
e 7 11,82, ... ,0k, 0 Ty — 11,72 —%2,...,Tk — ik, M

Now, considering all k-ary sequences (i1, 12,...,%) Of non-negative integers with Zle i; = ¢ and
i;j <rjforj=1,2,...k, by Addition principle,

|E,| ( 7 >< r+m—1 >
21,22, ... ,1k, 0 Ty — 121,72 —2,...,Tk — 1k, M
i1 it ip=i \ 12 » Uk 1 1,72 2, y Tk K,

Applying the Addition principle,

T

Bl =" |Eil

=0
Hence, the proof is done. O

IfS=1{1,2,...,r+m+ 1} is a set with |S| = r + m + 1 and E is the event of distributing the
elements of S to k£ + 1 disjoint subsets S1, Sa, ..., Sk+1 0f S sothat |Si| =71, |S2| =72,...,|Sk| = 7%

and |Sk+1| =m + 1, that is,
r+m+41
- )
1,72, ..., TE,m+ 1

then may also count |E| in the following manner:
Note that E occurs if any of the m + 2 disjoint events Ey, E1, Es, ..., En4+1 Occur,

E; := the event of distributing the elements of S to k£ + 1 disjoint subsets as stated in E, where
1,2,...,i€Spp1andi+1¢ Spyyfori=0,1,2,...,m+1.
It can be observed that each event E; occurs if any of the k disjoint events FE;1, Ei2, ..., E; occur
where

E;; .= the event of distributing the elements of S to the k + 1 disjoint subsets as stated in E, where
1,2,...,i € Skr1andi+ 1€ S;forj=1,2,...,k so that

|| r+m—1
ij| = . .
T1,72, .y Tj—1,.. ., Tk, m—1+1

Hence, by Addition principle,
k
|Ei| = > |Eyl
j=1
. r+m—1 n r+m-—1
- ri—1Lro,...,re,m—14+1 ri,r2—1,...,7,,m—1+1
+

n r+m—1
ri,Tr2,..., Tk —1lm—1+4+1 ’

T

Bl = _|Eil.

=0

Moreover, we have

This result is embedded in the next theorem.
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Theorem 3.2. For non-negative integers r and m, and for a k-ary sequence (r1,rz,...,ri) of non-
negative integers with -5, r; =,

r+m+1 3 ”f r4i—1 N r4i—1
1,72, ..., Tk, m + 1 - = ri— 1,79, .., Tk, 2 ri,re — 1,00 Tk, 1

+...+< r+i-l ﬂ (3.2)
1,72, ..., Tk — 1,2

Remark 3.2. Clearly, it can be verified that when & = 1 in (3.2), we recover the second Chu Shih-
Chieh’s identity in (1.8).

Note that the famous Pascal’s Triangle in Figure 1 can be expressed via multinomial coefficients
as seen in Figure 2.

(o) (1)

() () ()
(4) 4 4 4 4
() (3) ()

Figure 1: Pascal’s Triangle

D 0.0 & (20)
(03 (1) (1) (50)
3) (2) (51)

% ) (5) (52) (41)

Figure 2: Pascal’s Triangle (in multinomial coefficients)

(50)

Notice that Figure 3 gives a simple illustration of (3.2) since

)= (00)+(05) (2 +05)

is the case when r = 2, m = 2 and k£ = 1. Similarly, it can be seen in Figure 4 that

)= () ) ) () + ()

which is precisely (3.1), wherer =4, m =0and k = 1.
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Figure 4: lllustration of (3.1)

4 Generating Functions

Let (ar) = (ao,a1,...,ar,...) be a sequence of numbers. The (ordinary) generating function for the
sequence (a,) is defined to be the power series
A(z) = Zarmr. (4.1)
r>0

For instance, the generating function for the sequence

OO0 ()

where n is a non-negative integer is (1 + z)". This is obtained throught the use of the Binomial
theorem which is the case y = 1 in (1.2) given by

142)"= Z (:) x".

r>0
Note that this coincides with (1.3). On the otherhand, the exponential generating function for the
sequence (a,) is defined to be the power series
2

T T " z"
ao—l—alﬁ+a2§+...+a,.ﬁ+...:Zarﬁ. (42)

r>0
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Now, combining (1.1) and (1.3), we have

This means that (1 + =)™ is the exponential generating function for the sequence

((n)o, (n)1,(n)2,...,(N)n,0,0,...).

Theorem 4.1. The exponential generating function for the sequence (a.), where

T
ar = E
T™.,72,....,T
0<r1,rgyeyrp<r \ 1702

is a sum taken over all n-ary sequences (r1,72,...,r) of non-negative integers with >-%_, r; = r, is

2 .3 n
<1+x+f+§...) =e"". (4.3)

Remark 4.1. ltis easy to verify that when n = 1 in (4.3), we get the exponential generating function
of the sequence (1,1,1,...,1,...) which is e”.

Proof of Theorem 4.1. Clearly, we have

Tn T
& = e

>
1! r
r22>0

Tn

i) Zf'

rn 20

Tn

Z
Z T "2 "3 T
n ril o orel eyl T !
>0 O<r1,7‘2, ST <r 1 2 3 n

111 1Y

0<ri,ra,....,rn<r !

where the sum is taken over all n-ary sequences (r1,r2,...,7,) Of non-negative integers, where
>y rj = 1. Now,

T

on r! T
€ = Z Z 1 ol )
T1:,T2%,.

B
r>0 | 0<ry,re,...,rn <7 ’ o

T

Z Z ' 2
T1,725...,Tn ’I“!
n ST

r>0 | 0<ry,re,...,rn <

Thus, the proof is done. O

Remark 4.2. We can also prove Theorem 4.1 using the identity in (1.15). That is, by multiplying both
sides of (1.15) with Iﬂ—? and summing up to infinity yields

PR SV DS R
n! n1,MN2,...,Mm | n!
Mm<n

n>0 n>0 | 0<ni,na2,...

This is precisely the result in Theorem 4.1.
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The next theorem is deduced from Theorem 4.1.

Theorem 4.2. The ordinary generating function for the sequence (a.), where

1
ar = Z rilra! . rn!
0<r1,r2,...,rn <7
is a sum taken over all n-ary sequences (r1,72, ...,rs) of non-negative integers with >-"_, r;
1 z? z3 " _ zn
+x+ oT + ETRE =e .
Recommendations

The authors recommend the following for further research:

1. The binomial coefficient satisfies the orthogonality Relation

S0 (5) (1) =S () (1) =

0,n#1
1,n=1
function in (1.3). Making use of (4.5), the inverse relation

o= i <:>gr < gn = i(_l)n_r (:) frs

r=0 r=0

where 6,; =

=r,is

(4.4)

(4.5)

is called kronecker delta. (4.5) can be obtained using the generating

(4.6)

can be obtained. It would be compelling to establish the orthogonality and inverse relation for

the multinomial coefficients.

2. A g-analogue of the multinomial coefficient is often defined as

n _ [n]q!
n1,n2, N | [n1]g!m2]q! - - - [m]q!

q" -1
q—1

n _ n | _ [n]q!
n,n2 | ml [n1]q![n — nalq!

is the g-binomial coefficients and

where [n],! =TI, [il is the g-factorial of n, [n]q =

is the g-integer n,

. n n

lim = .

q—=1 N1, N2,...,Nm N1,MN2, ..., Mm
4q

(4.7)

(4.7) is called as gq-multinomial coefficients (see Vinroot (2012); Warnaar (1996)). It is known
that the g-binomial coefficients [}] . satisfy the ¢g-binomial inversion formula (see Comtet (1974))

fn = Z |:Z:| gk = gn = Z(_l)n_kq(n;k) |:Z:| fx

k=0 k=0

(4.9)
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and the g-binomial Vandermonde convolution

k
_ r(m—k+4r) | T n
=> gt [T} [k:—r:| (4.10)

r=0

m-+n
k

q

introduced by Bender (1971) and further studied by Evans (1978) and Sulanke (1981). One
may investigate the possibility of establishing a ¢g-multinomial version of (4.9) and (4.10) as
well as the g-analogues of (3.1) and (3.2).

3. Corcino (2008) defined the p, g-binomial coefficients as
n_ n—itl _  n—itl
{k = H %’ (4.11)

i i
dpg =1 e

where p # q. It is easy to verify that (4.11) satisfies

—n _ [7]pq! 4.12
_k [Klpq![n — K]pg!’ #412)

where [n],, = 22=2" and [n],e! = []7_, [j]p4. Moreover, Lundow and Rosengren (2010) used
the p, g-binomial coefficients in (4.11) to describe the magnetization distribution of the Ising
Model. 1t would be compelling to define a p, g-analogue of the multinomial coefficients and

study its properties and possible applications.
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