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DYNAMIC PROGRAMMING METHOD FOR OPTIMIZINGSTOCK
ALLOCATION USING CHEBYSHEV POLYNOMIAL
APPROXIMATION
ABSTRACT

Stock allocation is a system used to enghet goods and services reach the ultimegers
through efficient stocking in warehouses cldase the consumers . The dire need for optimum
distribution of goods to both retailers and constamiegas cost a reasonable drift from ordinary
allocation to developing a mathematical model #redures efficient allocation of goods and services.
This paper presents a method of optimizing stadlocation using the Chebyshev polynomial
approximation of an n- warehouse inventory moddie. Teatures of Chebyshev polynomial are
enumerated and used on stock allocation environneemibtain good approximation that would
ensure high yield to the firms. It has been shomat this method is efficient, stable and provides
quick access to obtaining optimal allocation. Thedel of the method is given, relevant algorithm

and theorems are included while illustrative exasre provided.

.Keywords: Dynamic Programming, Stock Control, Rtatlocation,Optimal decision. Chebyshev

polynomial, polynomial approximation.

1.0 MOTIVATION

The quest for optimal distribution of goods to bodtailers and consumers has given rise to
reasonable drift from ordinary allocation to dey#hy a mathematical model that enhances steady
and efficient allocation. Stock is the supply gnods for sale kept in the store for ibess.The
growing global economy has caused a dramatic shgtock management in the twentieth century
from a mere approach to scientific approach.“Ohthe related problems is that as the complexity
and specialization in an organization increasebedomes more difficult to allocate rationally and
reasonably the available resources to varimgions of the organization” [1]. The proper
allocation of resources in both manufacturing aistkidution industries is of paramount significance
to the society since the chain of distributiomasnplete only when the goods get to consumers. The
allocation process that minimizes cost and maxismpefit is always the desire of every organization
The need to obtain such a process is the aim ef wlrk. In this regard, a lot of methods in
Operations Research are available. Methods sulihieas programming model; integer programming,
goal programming, dynamic programming models dmused to ascertain optimum allocation of
goods. This work will use the dynamic programmingdal to obtain an optimum allocation of

resources that would provide the solution to th&rdeof any organization.
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The dynamic programming is a linear optimizatiorthme that obtains optimum solution of a
multivariable problem by decomposition of the peghlinto sub problems [2]. Dynamic
programming is an approach of optimizing multistdgeision processes with a recursive equation.
DP is based on the observation by Bellman (195@j an optimal policy has the property that
whatever the initial state and initial decision,dh& remaining decisions must constitute an cgdtim
policy with regard to the state resulting from fiist decision.” This reduces multi-period sequent
decision problems to a sequence of one-perioagnaptontrol problems. We examine only finite
horizon problems in this paper but the numericah&lalso apply to infinite-horizon problems. The
recursive principle of DP implies that the solutican be characterized by value functidh$x),
defined by the Bellman equation

V. (x)=max U, (x, a) + BE{V,,, (x+)/ x, a}, },
aeDy(x)
fort =0, 1, . . . , T =1, wherel is finite, x is the state and is the action choice (x and a

can be vectors), {0x, a) is the utility function at timet < T, and UW(x) =V,(x) is the terminal

utility function,
B is the discount factof,(x) is a feasible set of at timex+

is the (possibly random) state at timer1 if the state ix at time¢ and actionz is chosen at time

t ,andH} is the expectation operator [14].The differeagss of the problem are linked such that

the optimum feasible solution of each stage is gjuiged to be the optimum feasible solution for the
entire problem. The dynamism of demand makes gssary to keep goods in stock and the act of
maintaining stock has its associated costs. Thefatbcking goods to satisfy future demand gives
rise to the problem of designing a very efficielid@ation technique that minimizes cost and
maximizes profit. This involves minimizing an appriate cost function that balances the total cost
resulting from overstocking or under-stocking. B}namic Programming was first used by Richard
Bellman in 1940 to describe a process of solvilm@pl@ms where one needs to find the best decisions
one after the other [7]. This work uses the dyngmagramming method to develop a stock
allocation model that ensures optimum allocatiogadds and services for maximum returnsr;{f);)

is the total return from thi¢h activity with the resourcewe seek to maximize.

R(Q1, Qz,-..,Qn) = 1(Qq) + 12(Q2) + - + 1,,(Q)
Giventhat Q=0Q; =0, i=1, 2,..,,
2 INTRODUCTION

A polynomial function is a function that can befided by evaluating a polynomial. A functigrof
one argument is called a polynomial function gatisfiesf (x) = a,x" + a,x* 1+ a,_,x"" %2+
-+ + ax + a, for all argumenk wheren is a non-negative integer an{d/i =0,12..,n are
constant coefficients. [2]. Polynomial functiong #énose functions whose values can be calculated by
putting the value of the independent variable polnomial . If f is continuous or{a, b], then a
best approximation tg from B, exists [9] Approximation is the act of estinngtia number or an
amount. The approximate is almost correct and nohpe exact [1]. It is a number which is taken as
a close estimate of another number or the methdiddihg such approximate number [4].
Approximation arises due to the difficulty in obteig the exact area/volume or dimension of some
objects. In addition, the inability of man to faet the future accurately as a result of hisidity
gives birth to estimation of quantities.

The general approximation problem states that fifis an element an§j a subset of a

normed linear spacg, then approximation theory seeks to find an eleémehS which is as close as
possible to f; i.e. to find an elemerft* of Ssuch thdt f —=S* I< I f—SII VseS S*is called
the best approximation of from S relative to the given normWeierstrass approximation
theorem states that if f is a continuous function on an interval [a; b] and >0 is given,

then there exists a polynomial p(x) such that
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Sup |f(x) - p(X)[ < &

X€ [a,b]

Determination of polynomial coefficients requikgdution of complicated system of equations. It is
possible to avoid such problems by using orthogQtebyshev polynomials. This is a method of
approximation where the maximum difference betwesne of function and value calculated from
polynomials is minimized [6].

The Chebyshev polynomial(X) is a basis function and one of the specieakgal class of
polynomials refered to as orthogonal polynomialcérding to [15], the approximation oéth
function f requires the value of f at the zeroshef (n+1' Chebyshev polynomial. The Chebyshev
polynomial T, and U} are polynomials of degree n and the sequence @by3mev polynomials of
either kind composes a polynomial sequence.Thepag@momials with the largest possible leading
coefficient but subject to the condition that theddsolute value is bounded on the interval by Je On
of the unique properties of the Chebyshev polyabieithat on the interval -¥ x < 1 all the
extrema have values that are either -1 or 1. These polynomials have only two finite critical
values.The Chebyshev approximation was chosen because of its superior convergence
properties).

3 The Chebyschev's Polynomial Approximation

3.1 Chebychev’'s polynomial is a sequence of oxhaypolynomials which are related to De-
Moivre’s formula and which can be defined recursiveThe Chebyshev's polynomiald;, are

polynomials of degree n. The Chenyslev's polynorofathe first kind are defined by the recursive

relation.
T,(x) = 1
Ti(x) = x
Tyt (0) = 2% Fooy () = Toos (). [4]

The Chesyshev’s approximation in particular stéties
If B, is the collection of all polynomials whose degieeat most andf be a continuous
function on the intervdla, b]. The polynomial P is said to be the best approximatiorf fmom p,
if pe P, and
oy [f00 =P < 285, (00 —a)| vaeR,  [5]
3.2 Properties of Chebyshev's Polynomial
i. Recursion formulal,(x) = 1, T;(x) = x = xT,(x),
Th1 () = 2XTp(x) = Ty (%) =1
ii. The leading coefficient ig"~! forn > 1 and1 for n = o
iii. Symmetric propertyT,(—x) = (—1)T,(x)
iv. T,,(x) hasn —zerosin [-1,1] given byx, = cos (an—ﬂ )

k=o0,1..n—1.

1
v. Orthogonality property; Set(f,y) = f_11 f(x) g(x) (1 —x%)" 2, then

0ifi# |
(T, T,) = %n ifi=j #0 i.e continuous case
mif i=j=0

(f g) = Yk=of (xK) g(xx) Where{x,} are the zeros o‘l‘m(j?
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o ifi # j
Then for 0 <i<mo<j <m, (T,T)={sm+1) ifi=j #0
m+1ifi=j=0
(Discrete case)
vi. Minimax property; Of allnth degree polynomials with leading coefficidn2!~"T, has
the smallest maximum norm in [-1, 1]. The valué®maximum norm is21 =",
The strength of the Chebyshev polynomial agpmation is on the fact that it has
recursive properties which makes it adaptthe dynamic programming method and
stock allocation processes. It is an orthogopalynomial whose extrema lie in the
interval [-1,1]
4 REVIEW OF RELATED LITERATURE
Many researchers have worked on stock allmtaand inventory models and some of
them are cited in this section. Stock allamatis an important part of any manufacturing
organization and the availability of goods as at aen due is a sign of preparedness and efficient
stock management which retain customers [11]. Ogitistock allocation policy generally require
comprehensive knowledge of the nature of deimaf goods in an environment[4]. Dynamic
Programming is one of the numerous linear optinoramethods. It is a method for solving complex
pSroblems by breaking it down into simpler sub-feots [3]. It determines the optimum solution of
a multivariable problem by decomposing it into s&gvith each stage comprising a single variable
sub-problem. It is a recursive equation that litlies different stages of the problem in a manner tha
guarantees that the optimal feasible solutioneath stage is also optimal and feasiblether
entire problem [5]. According to [6], the work oEBman implies that the process refers to the fct o
supplying a decision through breaking down the f@mmbinto a sequence of decision steps which is
doneby defining a sequence of value functionw. . ., W with an argumeny representing the state
of the system at timedrom 1 ton. Dynamic programming is guaranteed to give a nméieally
optimal solution and the equations for the stageswitten as follows:
Let f;(x) be the shortest distance to noglat stags;
Define d(x;_4,%;) as the distance from nodg_; to x;.

Thef; is computed frorfa_;,by the following recursive equation

f _ min{d(xi_l,xi)+fi_1(xi_1)} i=1,2,3.... 8
i(Xi) = All feasible ((x,_y, xpynodes [8]

The computation in dynamic programming is doreurgively so that the optimum solution of
one sub-problem is used as an input to the nexpsuram and by the time the last sub-program is
solved, the optimum solution for the entire probierascertained [10].

The Chebyshev polynomial of degreeisndenotedr,(x), and is given by

the explicit formulaT,(x) = cos(harccos)

This may look trigonometric at first glance (andrénis in fact a close relation
between the Chebyshev polynomials and the des€retirier transform);
however can be combined with trigonometric idesgito yield explicit
expressions for

n(X)
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To(X) =1

T1(X) =X

To(x) = 2x%-1

Ta(x) = 4x3-3x

Thea(X) = 2XTr(X) — Tna(X)
The Chebyshev polynomials are orthogonal in therwati[-1; 1] over a weight
(1 —x%-1=2. In particular, the polynomiall,(x) has n- zeros in the interva[-1; 1] and
they are located at the points

x=cos(mr(kk-12)) k=12,....,n

In this same interval there amet+ 1 extrema (maxima and minima), located at
X = cos(zmk) k=0;1;::5n
n

At all of the maximal',(x) =1, while at all of the minima,(x) = -1;
it is precisely this property that makes the Chabyspolynomials so useful in
polynomial approximation of functions. The Chebgghpolynomial satisfies the discrete and

continuous orthogonal relations.The Chebyshevisbgmlynomial vyields an extremely well
conditioned equation that can be accuratehy @fficiently solved even with high degree
approximation.The chebyshev polynomial is ogthmal with Euclidean norm condition

number 2This implies that the basis coefficiefif can be computed quickly and

accurately

5 ALGORITHM/THEOREM
51 ALGORITHM  [19]

The Remez algorithm is a successive approximation technique for computing the
coefficients of the polynomial in P, which provides the best Chebyshev approximation to a
given continuous function f. The general approach is to find the best approximation to f on
a set of n+2 points in such a manner that the successive best approximation on the finite
sets approaches the best approximation over the whole interval.

Before stating the algorithm the following assers /theorems  will be stated as they
preclude it.
i). Letxg < x; < - < xp41 be n + 2 distinct numbers. Then the system of equations.
fO) —¥Mpa;x) = (D% k=0,1,2,..,n+1 has a unique solution imq,a,, a,,
e Ap A
ii). Supposge cla, b], f! exists on(c, b) anda,, < a, < -+ < a,, are points ofa, b].
If (=1)* f(ax) = 0,1 <k <m,then f has at least m -1 zeros fiy, a,y,]
ii). Suppose = {xg,xq, X, ... Xp41}iS a set of n+2 points indexed, so thef < x; < -+ <
xn4+1 andf is a function defined ofi.
Let ag,ay,a; ..., an, 4 be the unique solution $(x;) — X7, a; x,{ = (—=1k 2, and define
p by p(x) =%, a; x/
ThenP is unique best approximation foon the seT.
iv). Letf be continuous ofu, b], and letl = {x,, ... < x,4+1 be a set of n+2 distinct points in

[a, b] indexed so thatey < x; < ... < Xp4q-

5



205 Supposepe p,, and f — p alternates sign at the pointg, x;,.. < xp41-
206  Then

Ea(f) 2 En’ 2§, [f() = ()]
207  The algorithm now proceeds as follows [19]
208 i)  Choose asél, = {x, x,... x2,.;} ofn+1 points in[a, b]

209 i)  Solve the system of equations

n
£ — Z a® (20 = (1)1, k=0,1,..,n+1

j=o
210 i)  Forad, a?,....al andl, (if A,,= 0 choose a new set of points for T,),

211 Now proceed inductively having chosen a set of {3oin

212 T = {2 27 o x0hq b

213 Let Ay, = f(x3") — By, (39,

214 Let B, be the best approximation éfonT,, and

215  Then

216 Choose a new set

217 Trg1 = (x0T . x™ .} so that the following conditions are satisfied.
218 i) xFL < < <L

219 i) |f it — pr (e +1)| Il f — B, Il for somek,

220 iii) f — B, alternates sign at the points @f,,; and

221 V) |FEY) = o ()| = 1Al k=0,1,...n+1

222 if |Anl= Il f—pm |l,then B, isthe bestapproximation.

223

224 52 THEOREMS

225 In problems of approximation, the convergenceuniction play important role. This is because

226  the approximate value must be very close (almoatt®® to the actual solution. The uniqueness ef th
227  solution is also important. This section will catesi theorems that assert the quality, unbiasedmesds
228  consistency of the approximates if it exists.

229 521 . Lefe[-1,1]and letS, be the best approximate ftofrompB, relative to

1
230 I =12, r (’?d"] then
231 n—gg ”f —Sull=o0 [6]
232 Proof
233 Let| |l andll I, be the norms defined k|| above and
1
234 7Nl = [f_”n%]z Respectively.
235 LetS, () = % + Y=, ajcos jO



236  Making, the change of variable = cos8 and usingf (x) — @ — Xi=1a;Ti(x) = g(0) —

237 %—Z}‘zl a;cos j@

238  gives
1 [f)-52(0)1 % 4y
239 I f = Sat= [ LSO 0 0 5,01 do
1
240 = 11 g—Sall§

241 Recall thatif a =% J7 f(X)cosjxdy and
242 bj==f" fxSpix dy  j—1,2,..n
243 and S,(x) =T® = az_o + Z]p:l(aj cosjx + b]-sinjx), then
n2 If = Syll = o
244  Hence % lg—S,l3=0
245  Then the polynomial* whose coefficient isc* is a best approximation of f.
246 5.2.2. If &[a.b], then the best chebyshev polynomial approximation td from P, is unique 3]

247
248  Proof Letp,; and p, be best approximations féromP,, P; P,eP,

249  Now defineP, = (pl;—pZ) and
250 LetE=lIf—P = f—p, |l

_ f— _ _
251 Then EsIf—Pyli= =2+ EP0 < Boay 1002l _

252  ThusP, is also a best approximationfto

253  Let Xo < X1 <+ <Xpyq be points satisfying the equation.
f(x;) — Po(x)) = (-1)’8E,j=0,1 ...,n+1

254 Thenforj=o0,1,..n+1

E = If(x;) — Po(x;) | = f(xi)_zpl(xi) N f(Xj)—Zf’l(Xj)

255  But |f(x)) — p(x;) |and [f(x;) — p(x;) | are both less than or equal to E

256 = ()~ P(x) = f(x) ~ () = (~1)) VE
257  Thus
258 Pl(xj) = PZ(X]-),j =01,...,n+1
259 = P, — P, has n+2 zeros hence
P =P,
260 5.2.3 Iff is continuous ora, b], then a best approximation fdrom P, exists [9]

261 6 MATHEMATICAL MODEL
262 Let Q be a certain quantity of resource that will bertiated among n-number of depots. Let
263  Rbe the return which depends on the quantity afuese allotted to the depots.

264 The objective is to optimize total return



265 If r;(Q;) denotes the return from tit activity with resourcé;, then the total return is given as

266 R(Q1,Qz -+, Qn) = 11(Q1) +12(Q2) + - + 1,(Qr) (1)
267  The quantity of resource Qis limited hence thisgivise to the constant.

268 Q=0Q1+Q;++0,,0;,=20,i,=12,.....,n 3]

269  Hence the problem is therefore sated as:

270 Optimize R(Q1,Q2, -..,Qn) = R(Q1) + R(Q2) + -+ R (Qn)
271 Giventhat Q = Q; + Q@+ + Q,, Q; =0, i=1,2,..,n
272 If £,(Q) = 65, <q, [R(Q1,Q2,--., Qu]

273 = 020Q,<q, ITi(Q1)+ r2(Qz) + - + 1y (Qy)] )

274 f,(Q)is the maximum return fromthe distribution of tlesource Q to the n activities/depots.
275  To approximatd,(Q) ,use a corresponding polynomial function p, of f,(Q) from the allocation
276  table.i.e

277 RX) =ax" +a. X" +..+ &, @)

278  Choose another polynomial function(Xp, 1 =1,2,...,n-1 in reference to the

279 Chebyshev polynomial ,{x) to approximate .x)

280 where px) € Py(x) and deg p< deg R (x) and

281 where f(x) — T(xX) = p(X)

282  Find F(x) =f(x) — p(x) where [f(x) —p(X)| <e (5)

283  Obtain HKx) ifitexists and then

284  Calculate k, the zeros of F'(x) where; & [-1,1]

285  Proceed to find ||F|| = max [F(ag,k(k),... ,F(k.1),F(k, =b)]

286 eda,b]
287 = max[F(-1),Fgk...,F(k.2),F(1)] = 1 (6)
288 &[-1,1]

289  Thentestif k, the zeros of p forms an osddlaset in F.

290 Ifit does, then papproximates f.

291  For the best approximation, find ||f #|jp where f—R-=vmm (")

292 and where pe PR,

293 I lml <I|If—mll, then Ris the best approximation of f if

294 Max |f(x) — p(x) | < max | f(x) £4 | where q(xE P, (X)

295 xe [-1,1] € [-1,1]

296 7 ILLUSTRATION

297 7.1 The table below is the stock allocation afoanpany to their six warehouses. Obtain the best
298  approximation of allocation to ensure profitabililthe company.

Warehouse (X) 1 2 3 4 5 6
Allocation (in thousand units) f(x) 130 293 8 556 | 943 43

299
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The corresponding function to the allocation takdbove from regression
4x3 +2x% +x + 1.
Now, f(x) = 4x3 +2x%> +x+1,
Use p(x) = 2x?> +4x+ 1 as an approximate of f(x) i.e f(x) = (k) = p(x)
~Fx) =f(x) - p&)
F(x) = 4x3+2x2+x+1—-(2x*+4x+ 1+

= 4x3 — 3x
F/(x) =12x2—=3 =0
=3(4x%-1)
4x2—-1=0
1
=x%2=+ 7
x =105 i.e. A= 105 e[-1,1]

i.e F/ is zero att 0.5

Il fll=max [|f(—=1)], |F(—0.5)|, |F(0.5)], |[F(D|]=1
We note that—1,—0.5,0.5and 1 form an oscillation, set of four points
~ P is the best polynomial approximate fofrom P,.
To show thatp is the best approximation, we try two other appr@ations in R i.e.
P,(x) = 4x?> +2x+1 and P,(x) =x?+2x+1
Now

f(x) — Pa(x) = F1 (%)
F,(x) = 4x3 — 2x% —x

F/(x) = 12x% — —4x—1
F/(x) =0
= A = —0.1667 and 0.5 €[—1,1]
Fp(x) = f—Pp(x) = 4x3 + x? —x
=F{(x) = 12x% + 2x — 1
F/(x) is zero at—0.342 and 0.217
A, = —0.343 and 0.217 €[—1,1]

if(x) =

The zeros oFé and F{) do not form oscillation sets though they areagproximations off.

Henceh + 0.5 i.e p isthe best approximation. Furthermixp= +0.5 applied in|f(x) — p(x)||

shows that

max
xe[—1,1] |fG) = PG| < xe(or,n) ) = Pa(| < (211 1) = Pp ()|

For PeP,, P,eP, and P,eP,

=~ P is the best approximation to f froPg relative to the uniform (or chebyshev) norm. largque.

7.2. The supply of a firm to her eightpdes are given below. Use thecord to obtain an

optimal approximate for the firm.
X 1 2 3 4 5 6 7 8
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Y 8 128 648 2048 5000 10368 120 37768

Solution
The corresponding functional equation foe rtable above is 8x
The equation is quatic hence use the Clebypolynomial T(x). i.e T(X)=4X - 4¥ +
1 =npK
8R—(4X+4X-1)=4R-4¥ +1
F(x) = 4%—4X +1
F'(x) = 168—8x = 8x(2%—1)
X=0, x=.,1/2
The zeros of F' is the set K=(-1/t/2,0,,/1/2,1) and

(+/1/2,0,41/2,) € [-1,1]
(B

| F Il = max[|f (- DI, | 1)1, 1£(0)
Also -1,-,1/2,0,,/1/2 and 1 form an oscillation set.

’

P is therefore the best approximation of f
.7.3 DISCUSSION OF RESULT
The result above were compared with tegdt using the normal DP method

And the step function method. It was discedethat less computation time and steps were
used in the current method (Chebyshev). Itlear that the zeros of the best approxirgat
polynomials in [-1,1].The stability of the thed is ensured since the region of stgbilil,1]
contains zero. [22]
8 SUMMARY/CONCLUSION

The proper allocation of resources in manufactuamd distribution firm is of paramount
importance to the company and the society .Thertherefore the need to obtain an allocation tha
optimizes the returns of a company that puts ttme éin a good footing. The act of stocking to $atis
future demand has its associated costs. Thereiisftre the need to design a model that minimizes
the appropriate cost function that balances thad toist resulting from overstocking or under-stagki
The Dynamic Programming approach has beenlaiegg and applied to stock allocation
environment. The Chebyshev polynomial approxiomathas been employed on the resultant
polynomial function from the allocations. Anlgarithm has been adopted while a hybrid
model is developed. The model is applied aitocation of stock to obtain an optimum
allocation.
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