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Abstract

The aimwas to investigatethe effect of consumption on an investor’s trading
strategy under correlating Brownian motions.

.The application of elimination of variable
dependency gave the optimal investment strategy for the investor’s problem. Among the findings
is that more fund should be made available for investment on the risky asset when there is
consumption to keep the investor solvent.
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1. Introduction

In the field of mathematical finance asset allocation problems in continuous time framework are
among the most widely studied problems, and dates back to Merton [I, 2]. In the
Merton’soriginal workprovidedexplicit solutions on how one’sexpected utility is maximized
while trading on stocks and consumption taking place as the underlying assets follow the Black—
Scholes—Merton model with specificutility preference. After these pioneer works, many
researcheshave been done and more are going on in many facetsof Mathematical Finance.Among
them, some allow for imperfections in the financial markets, Magill and Constantinides [3]. In
the case of transaction costs, Guasoni and Muhle-Karbe [4], have made contributions. For
investment under drawdown constraint, contributors include, Elie and Touzi [5]. In the case
oftrading with price impact we have,Cuoco and Cvitani’c [6] etc.

In the area of the volatility being stochastic, contributors includeZariphopoulou [7], Chacko and
Viceira[8], Fouque et al. [9] and Lorig and Sircar [10].

Empirical studies haveshownthat non-Markovian (dependence) structure models in long-
terminvestment whichis much related to daily data and long range dependence exhibits in both
return and volatilitydescribe the data better,(Cont [11], Chronopoulou and Viens [12]).

The introduction of transaction costs into the investment and consumption problems follow from
the works of Shreve and Soner [13],Akian et al. [14], and Jane’cek and Shreve [15].
Investigators into optimal consumption problem with borrowing constraints include, Fleming
and Zariphopoulou [16], Vilaand Zariphopoulou [17], Ihedioha [18]and Yao and Zhang [19].
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The mentioned models were studies under the assumption that the risky asset’s price dynamics
was driven by the geometric Brownian motion (GBM) and the risk-free asset with a rate of return
that is assumed constant.

1. The
constant elasticity of variance (CEV) model has an advantage that the volatility rate has
correlation with the risky asset price. Cox and Ross  originally proposed the use of constant
elasticity of variance (CEV) model as an alternative diffusion process for pricing European
option; Cox and Ross [20].Schroder [21], Lo et al. [22], Phelim and Yisong [23], and Davydov
and Linetsky [24] have applied it to analyze the option pricing formula. Further applications of
the constant elasticity of variance (CEV) model, in the recent years, has been in the areas of
annuity contracts and the optimal investment strategies in the utility framework using dynamic
programming principle.

Detailed discussions can be found in, Xiao et al.[25], Gao [26, 27], Gu et al. [28], Lin and Li
[29], Gu et al.[30], Jung and Kim [31] and Zhao and Rong [32].

This paper aims at investigating and giving a closed form solution to an investment and
consumption decision problem where the risk-free asset has a rate of return that is driven by the
Ornstein-Uhlenbeck Stochastic interest rate of return model. Dynamic programming principle,
specifically, the maximum principle is applied to obtain the HIB equation for the value function.
The rest of this paper is organized as follows: In section 2 is the problem formulation and the
model. In section 3, maximum principle is applied to obtain, the HJB equation, the optimal
investment strategy and the impact of consumption investigated. Section 4 concludes the paper.

2. The problem formulation:
Two cases are considered in the work, thus;

1. When there is no consumption

2. When there is consumption

. When there is no consumption

Adopting the formulation in Thedioha [33], we assume that an investor trades two assets in an
economy continuously-c riskless asset (bond) and a risky asset (stock), Let the price of the
riskless asset be denoted by P(t) with a rate of returnr(t) which is stochastic and driven by the
Orinstein-Uhlenbeck model.That is
dP(t) = r(t)P(t)dt(1)
where
dr(t) = a(,B — r(t))dt + 0dz,(t):7(0) = 1y(2)
wherea is the speed of mean reversion, the mean level attracting the interest rate and o the
constant volatility of the interest rate.Z; (t)is a standard Brownian motion. Also, let the price of
the risky asset be denoted byP; (t) with the process
dP;(t) = Py(t)[pdt + AdZ,(8)],(3)
wherep and A are constants and u the drift parameter while A is the diffusion parameter.z, (t)is
another standard Brownian motion.
Through this work, we assume a probability space (Q,F, p) and a filtration {F,}. Uncertainty in
the models are generated by the Brownian motionsZ, (t)and Z,(t).
Let (t) to the amount of money the investor decides to put in the risky asset at time t,then the
balance [X(t) — m(t)] is the amount to be invested in the riskless assets, wherew(t) is the total
amount of money available for investment.
Assumption:
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We assume that transaction cost, tax and dividend are paid on the amount invested in the risky
asset at constant rates, 0,6 and d respectively. Therefore for any policy m, the total wealth
process of the investor follows the stochastic differential equation (SDE)

Tl dpy(t) dp(t)
dX™(t) = n(t) 5 5 + X —n®O] 755 — @ + 0 — dDn(t)de.(4)

Applying (1) and (3) in (4) gives

dX™(t) ={[(u+d)— (@) +I9+0)]x(t) + r(t)X(t)}dt + An(t)dZ,(t). (5)

Suppose the investor has a utility function U(.) which is strictly concave and continuously
differentiable on (—o0, +00) and wishes to maximize his expected utility of terminal wealth, then
his problem can therefore be written as

Maxe[U(X(T)]  (6)

subject to (5).

This work assumes a probability space (€2, F, P) and a filtration {F;};»o, and uncertainties in the
models are generated by the Brownian motionsZ, (t)and Z, (t).

Case 2: When there is consumption

Also, adoptinglhedioha [34],further assumptions is that consumption withdrawals are made from
the risk-free account, therefore for any trading strategy (m(t), K(t)) the total wealth process of
the investor follows the stochastic differential equation (SDE)
dx(t) = n(t)%(tg’ + [X(t) — m(t)] 2 ‘”’(” — [ + 6 — D)) + K(®)]dt,(7)
whereK (t) is the rate of consumptlon.
Applying (2) and (3) in (4) obtains:
dX(t) = w(t)[pudt + AdZ, ()] + [X(t) — w(O)]r(t)dt — [ + 0 — d)n(t) + K(t)]dt. (8)
which becomes
dX(@) ={{(u+d)—(r+9+0)n(t) +r(t)X() — K(t)}dt + An(t)dZ,(t). 9)
Definition: (admissible strategy). An investment and consumption (7 (t), K(t)) strategy is said to
be admissible if the following conditions are satisfied:

i.  (m(t), k(t)) is F, —progressively measurable and

i f, T2(®)dt <o, [] k(t)dt < oo ; VT > 0(10)

E|f; (Zr2(@®)dt] < oo (11)

iv.  ForV (m(t), k(t)),the stochastic differential equation (9) has a unique
solution, Chang et al. [35].
Assuming the set of all admissible investment and consumption strategies (m(t),k(t)) is
denoted by B = [(n(t), k(t)): 0<t< T],then the investor's problem can be stated
mathematically
MaX (o) ke)jes EL(UX(T)].(12)
This study considers the power utility function given by

u(x@) = cp + 1.(13)
Using the classwal tools of stochastic optimal control where consumption is involved, define the
value function at time t as:
sup r K1~® XTI ¢
G(t,r(0), PL(), X()) = " RE UO e e — p dr 4+ e~°T 3|’
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P(t) =p; X)) =x;7(t) =7, K(t) =k;0 <t <T(14)
Therefore the investor's problem becomes

x1-¢
G(t, 1, pp,x) = [m(t)k(t)] € SupE [f _QT_dT te ﬁ](ls)
subject to (9).

3.The Optimal investment strategy for the power utility function

Here we obtain the explicit strategies for the optimization problem using the maximum principle
andstochastic control.

3.1. When there is no consumption

Define the value function as
G(t,r,p,x) =M%[e(UW)] =0, U(T,W)=UW),0<t<T
r(0) =7, X() = x, Py (t) = p1,(16)
then the Hamilton-Jacobi-Bellman equation (HIB) is
Ge+a(B —1)G + up1 Gy, +{[(u+ad) = (r +9 + O] + 123G, + 22pyGy . + pop1Grp, +
PONTGry + 5 [02Gyr + 12D, %G, + 122G = 0(17)
where the Brownian motions have correlation coefficient p.
Gt, Gp,, Gy and G,, are first partial derivatives with respect to t,s, wandr respectively. Also
Grpyr Gras Gp, x> Grry Gy, @Nd Gy are second partial derivatives.
Differentiating (17) with respect to  gives
[((u+d)— (@ +9+ )]Gy + 212Gy 5 + poAGyy + 121Gy, = 0,(18)
andthe optimal strategy

+d)-(r+9+6 _ b6 oAG
T[dlg 9 — [(M ) ( )] 1Yp1x P Tx’(lg)
A2Gox Gxx A2Gyx

To eliminate the dependency on x, let the solution to the HIB equation (17) be

G(t,r,py,x) =H(,, Pl) (20)

with boundary condition

H(T,7,p1) = 1,21)

Thenwe obtain from (20)

Gy =x"%H, Gy = —¢px ®7'H, G, =x"®H, , G, = x ?H,.(22)

Applying the equivalent of Gy, Gyy, Gp, x, and G, from equation gives
_ [utd)-(r+0+40))x | paxHp, | poxHy 23)

T[d 9,0 — 12 oH ApH

To eliminate dependency on p;, we further conjecture that
H(t,r,p1) =

where

I(T,r) = = ¢ (25)

H, = ”1 Ir, H,, =p;~?1.(26)
Using (24) and (26)1n (23) gives
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[(u+d)-(r+9+0)]x (1—¢)x poxly
Magp = [ g P 4 2 (27)
We conjecture further that

ri=¢
I(t,r) = 5/ (0.28)

to eliminate dependency on r such that at the terminal time T,

J(1) =29 99

(rp)=¢
From (28) we obtain,
I, = r=%].(30)

Therefore equation (27) becomes

[((u+d)—(r+9+6)] 1—¢ (1- d))po
Ta96 = x[ 22 += ](31)

the optimal investment in the riskyasset

3.2. When there is consumption

The derivation of Hamilton-Jacobi-Bellman (HJB) partial differential starts with the Bellman;

K- 1
G(t,r,pl,x)=sup,r{1 p +§E[G(t+Atr x)]} (32)
1-¢
The actual utility over time interval of length At is Clj At and the discounting over such
period is expressed as ﬁmt , (> 0.

Therefore, the Bellman equation becomes;
K1_¢ 1 ! ! !
G(t,r,p,x) = sup;, { . At + 1+19AtE[G(t + At,r',p, x )]}. (33)

The multiplication of (13) by (1 + {At) and rearranging terms obtains;
1-¢
9G (t, 7, py, X)AL = sup, {%ﬁ At (1+A6) +EQAG)}.  (34)
Dividing (14) by At and taking limit to zero, obtains the Bellman equation;

K™ 1
(G = sup, {ﬁ +—EdG)}.  (35)
Applying the maximum principle obtains the corresponding Hamilton-Jacob-Bellman equation
(HJB) as
kl—b

=+ Ge + up1Gy, + a(B —1)G +{{(u+d) — (r + 9 + O)]m + rx — k3G, + poxp,Gyp, +
pONTGry + R2TP1XGy, + 2 [02Gry + A2D12 Gy, + A2M2Gry] — (G = 0.(36)

G, Gp,and Gyare first partial derivatives Gyp,, Gy, Gp, %) Grr) Gy p,
partial derivatives.

Differentiating (36) with respect to  gives the optimal investment in the risky asset as;

—[(u+d)—(r+9+06)]G oG P1G
Tt = [(u+ad)=( )] x _ PO Grx _ P1bpy (37)
A2Goy A Gxx Gxx

To cope with this, it is conjectured that a solution of the form
1-¢
G(t,7pux) =5 ) (& 7,p1), (38)

such that

](T, r, pl) = 1,(39)
eliminates the dependency on x.

pys andG,, are second order




208  From (38) we obtain
x1-¢
209 Gy =x7P], Gy = —px~?71), Gy = T=pJou Grx = x~?],.(40)

210  Applying the equivalents of Gy,Gyy, Gp, x, and Gy, from (40) to (37) yields
* [(u+d)—(r+9+0)]x + pPox]r + p1XJp1 (41)

i A2 ®A] ¢J

212 To continue we conjecture that

213 J(t,r,py) = H(t,7) %, (42)
214 such that

215 H(T,r) = plljf’b,(43)

216  at the terminal time T, and dependency on p; eliminated.
217  Obtained from (42) are

1-¢
218 J, =2—H,;J, =p; H.(49)

1-¢
219 The application of the equivalents of J, and J,, from (44) and (42) to (41) gives
o _ ) -(r+9+0)x | 1-¢  poxHy
220 = o2 + Xt )

221  as the optimal investment is the risky asset.
222 To eliminate the dependency on r, the conjecture that

ri=¢
223 H(t,r)=1I(t) — (40)
224  is used such that

_ _(1-9¢)?
225 I(T) = RS (47)
226  at the terminal time T.
227  From (46)
228 H, =1r~%1.(48)
229  Applying the equivalent of H, from (48) to (45) yields
[(M+d)—(r+19+9)]x+(1—¢)x+(1—¢)p0x

PA? ¢ gz
_ x [[(p+d)-(r+9+6)] _ po
230 = | +(1-)(1+2)] @9
231
232 3.3. The effect of the consumption
233

234  We shall assume that ¢ # land ¢ > 0.
235 Let m*N¢ and m*¢ denote the optimal investment in the risky asset when there is no
236 consumption and when there is consumption respectively. Therefore we have the following:

237 1. When there is no consumption; equation (31) gives;
«NC _ . [[(u+d)-(r+9+6)] | (A-¢)  (A-¢)po

238wty = x |20 R |50

239

240 2. When there is consumption, equation (49) becomes,
* x [[(u+d)—(r+9+6)] po

21 Wy = E[ = +(1-¢)(1+2)| 61

242 Taking ratio gives:
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. [(utd)-(r+9+0)] , 1-¢  (1-¢)pa
e [x[ 22 o T e ]

il [%[[(u+d)—(r+v9+9)] +(1_¢)(1 +%)]

(52)
AZ
Notice:
*NC

: Ta90| _
1. 11m¢_)1 [%] = 1(53)

*NC
. Tg90| _ 4 T[(#+d)—(r+19+9)]]
2. limy_,, [—n:i%ﬂ] =1 [ SO (54
Since the investor holds the risky asset as long as [(u +d) — (r +9 +0)] >0 and A,r,p, 0 are
all positive constants, then
r[(u+d)-(r+9+6)]] _
[ A(Ar+po) ] =k, (53)
is positive, ,
lim [”%] =1—k (56)
$=e0 ”Z,Cﬁ,e ’
This implies that the limit of the investment in risky asset when there is no consumption is less
than that of when there is consumption. Put in another way, when there is consumption, more

fund is required for investment in the risky asset to keep the investor solvent.

3.4. Findings

1.When there is no consumption:
Equation (31)

"a96 = 72 ¢ Agr
shows that the investment in the risky a fraction of the total amount available for investment
which becomes dependent on x,p, g, A,r and ¢ whenever [(u+d) — (r+9 +6)] = 0.
2. When there is consumption:
It can be seen from equation (49)
T[:lﬁg,g _ é [(y+d)—l(2r+19+0)] +—-¢) (1 4 %)]
that the optimal investment is a ratio of the total amount available for investment and the relative
risk aversion coefficient.
3. From the effect of consumption, more fund is required for investment on the risky asset when
There is consumption to keep the investor solvent.

ANC _xl[(,u+d)—(r+19+9)]+1—¢+(1—¢)pa

4. Conclusions

This work investigated the effect of consumption on the investment strategy of an investor. It
assumed that the price process of the risk less asset hasa rate of return that is driven Ornstein-
Uhlenbeck model. Using themaximum principle and conjectures on elimination of variables
obtained the optimal investment strategy of investor who has power utility preference where
taxes, transaction costs and dividend payments are charged and paid.

It was found that the investment in the risky a fraction of the total amount available for
investment which becomes dependent on x,p, o, A,r and ¢ whenever [(u+d)—(r+9 +
0)] = 0, when there was no consumption, while when there was consumption, the optimal
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investment in the risky asset was a ratio of the total amount available for investment and the
relative risk aversion coefficient. Also, consumption resulted that more fund is required for
investment on the risky asset if the investor is to remain in business.
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